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ABSTRACT

The characteristics of helicity in a hurricane are presented by calculating the MM5 model output in
addition to theoretical analysis. It is found that helicity in a hurricane mainly depends on its horizontal
component, whose magnitude is about 100 to 1000 times larger than its vertical component. It is also
found that helicity is approximately conserved in the hurricane. Since the fluid has the intention to adjust
the wind shear to satisfy the conservation of helicity, the horizontal vorticity is even larger than the vertical
vorticity, and the three-dimensional vortices slant to the horizontal plane except in the inner eye. There

are significant horizontal vortices and inhomogeneous helical flows in the hurricane.

The formation of

the spiral rainband is discussed by using the law of horizontal helical flows. It is closely related to the
horizontal strong vortices and inhomogeneous helical flows.
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1. Introduction

Helicity, which is defined as the volume integral of
the inner vector product of vorticity and velocity, has
been intriguing and perplexing fluid dynamicists for a
number of years. Pseudoscalar ‘helicity’ can be associ-
ated with the topological properties of the field lines.
The magnetic helicity is constant for the motion in
ideal magnetohydrodynamics (Elsasser, 1956), as the
field lines are frozen into the fluid as it moves. Sim-
ilarly, the fluid helicity is constant for the motion in
ideal hydrodynamics when all external forces are due
to potentials (Maffatt, 1969, 1978, 1981). Meteorolo-
gists are more interested in its property of atmospheric
flows. Helicity has been found in several types of atmo-
spheric flows, like turning shear flows (Ekman-layer,
baroclinic-layer), boundary layer vortices, or rotating
thunderstorms. A number of studies have paid atten-
tion to its conservation. Eting (1985) showed that the
helicity is an invariant property of inviscid incompress-
ible flow. Wu and Tan (1989), and Tan and Wu (1994)
discussed the conservation of helicity as a generalized
vorticity. Helicity is conserved in inviscid atmospheric
flow when geostrophic balance and static equilibrium
are satisfied. Many other works have been more inter-
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ested in helicity affecting the cascade process in devel-
oped turbulence (Maffat, 1981). Helical flows are more
stable than non-helical flows due to the suppression
of nonlinear interaction. The intense supercell thun-
derstorms tend to be strongly helical and develop in
an environment with a helical wind field (Lilly, 1986).
High helicity can suppress turbulent dissipation. The
helicity of long-lived storms is dominant. Lilly (1990)
supposed the effect of helicity on direct generation of
tornadic vortices may be important.

Although a number of studies have provided valu-
able insight into helical flows in the atmosphere, most
of them placed their attention on perfect fluids such as
barotropic inviscid and incompressible flows. We are
concerned with typhoons and feel that helicity can play
an important role in typhoon research work. Since we
have not found any research work on helicity in ty-
phoons, it is interesting to study its scale and time
variant properties as well as the relation of helicity
with cloud and rain. The results will help to simplify
the complex equations and discover physical processes,
which are still ambiguous.

In the next section, we present formulas that may
be used in the following sections and theoretically show
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the variation of helicity in a real viscid and compress-
ible atmosphere. By calculating the model output of
hurricane Andrew (1992), the general features of he-
licity are presented in section 3. In section 4, the time
invariant characteristic of helicity in hurricanes is stud-
ied and the conservation is used to explain the forma-
tion of significant horizontal vortices and inhomoge-
neous helical flows. The formation of spiral rainbands
is discussed by using the rule of horizontal helical flows
in section 5. Conclusions are given in section 6.

2. The conservation of helicity in the atmos-
phere

Helicity density, which is the dot product of veloc-
ity and vorticity, is defined as

h=V.-Vx V. (1)
For convenience, we also define h,, hy, and h. as the
product of velocity and vorticity in x,y, and z direc-

tions. The three components of helicity density in local
rectangular coordinates are

hy =u 8&—@
Ty 0z)

ou Ow ,

Similarly, in cylindrical coordinates (r, 6, z), the hori-
zontal components of the helicity density in the radial
and tangential directions h, and h¢ can be expressed

as
by (00 oy
rdf 0z (17)
v (e
T\ o ar )

Total helicity H is defined as

o[l

We start with the primitive equations of three-
dimensional viscid motion to obtain the time variant
equations of helicity. The momentum equation is ex-
pressed as

ov

E%—(V-V)V: T-20x V, (3)
where

1

and F' is the frictional stress. Taking the curl of (3),
we obtain the vorticity equation as

%3

E—VX(VX&E):VXT, (4)
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where
£, =6+20=V x V+2Q

is absolute vorticity and £ is relative vorticity.

By summing the vector product of Eq. (3) with &
and of Eq. (4) with V| we obtain the helicity equation
of three-dimensional viscid motion,

AV-€) V2
T+V~ [VXV(2)—V><£Q>< V-TxV

=2(Vx V) (T-202x V). (5)

Equation (5) is then rewritten as

%JrV-Mzz(Vx V) (T-2QxV),

where

(57)

V2
M= V><V<2) - VxE, xV-TxV.
Adding term (V- V)h to each side of Eq. (5'), gives
dh
E+V~M:2(V x V)-(T-2Q x V)+(V-V)h. (6)
The second term on the right-hand side of (6) can be
recast in the form of
(V-V)h=V-(hV)—-hV- V.

Then Eq. (6) can be rewritten as

dh
E+VoM:2(Vx V) (T-2Qx V)—hV- -V,
(6)
where
M=M-hV

= Vx [V(‘;)—&ax V+ T} ~hV.

The integral of V- M’ in a whole enclosed atmosphere
as well as in an isolated system with little flux across
boundaries, such as a typhoon, is equal to zero.

Since

B e
[ i [[f 5 vie

the following result is obtained by integrating Eq. (6”)
with respect to the whole volume,

%:///Q(Vx V) (T— 290 x V)dr

—9 / / / odr (1)
where

c=(Vx V) (T-20x7V)

1
= (V x V)-(—;Vp+g+F—QQ>< V).
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Fig. 1. Helicity density (h, m s™2) of hurricane Andrew at 2100 UTC 23 August 1992. Radius is
the distance from the center of the hurricane. (a) at 1 km; (b) at 5 km; (c) at 10 km; (d) vertical

cross section along line AB in panel a.

Thus, the time variant property of the total helicity is
dependent on the volume integral of . If o equals zero
or [[[ odr is zero, total helicity is conserved. For con-
venience, we define b as the vertical net force and D as
the horizontal net force. We also define £, and ¢ as the
horizontal vorticity and vertical vorticity respectively.
Equation (7) is then simplified as

By [ D i

3. General features of helicity and significant
horizontal vortices

(®)

In this section, the general features of helicity are

presented.
First of all, the scale and sign of h (defined by
formula (1)) are investigated. Since vertical vorticity

is more significant than horizontal vorticity for large
scale motion, the vertical component of helicity repre-
sents the scale of the helicity. In a hurricane, the scale
of vertical velocity is about O (1 m s™!) and vertical
vorticity is about O (0.5 x 1073 s71) (Liu et al., 1997).
If its vertical eddy is significant, the scale of h is O
(1073 m s=2). Both vertical velocity and vorticity are
positive in a cyclone and negative in an anticyclone.
h is positive in both cyclones and anticyclones (Wu,
2002). It is reasonable to deduce that h is positive
except in the inner eye, which is suggested to be the
only exception for its downdraft and positive vertical
vorticity. The theoretical conclusions must be verified
by the observational facts.

The greatest difficulty in hurricane research is the
lack of high-resolution observational data. The best
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Fig. 2. Horizontal and vertical components of helicity density calculated by formula (1”). (a)
horizontal component (hr 4+ h¢) at 1 km; (b) the same as Fig. 1 (d) but for h: + he; (c) vertical
component h, at 1km; (d) the same as Fig.1d but for h,.

way may be to analyze successive model output data to
discuss the features of a hurricane. Andrew is a hurri-
cane that was the most serious disaster in the history
of the United States. Its simulation has been made
and verified by Liu et al. (1997). The model system
is the PSU-NCAR nonhydrostatic, two-way interac-
tive, movable, triply-nested grid, 3D mesoscale model
(MMS5, version 2). The model physics include Black-
adar PBL parameterization and a cloud-radiation in-
teraction scheme. The model water cycles include the
simultaneous use of the Betts-Miller deep and shal-
low convective parameterization and the Tao-Simpson
cloud microphysics scheme for the 54-km and 18-km
grid meshes, but only the latter is used for the 6-km
grid mesh. In this study, the model output of the finest
mesh domain with a grid size of 6-km is used.
Equation (1) is used to calculate h of Andrew at

the mature stage (at 2100 UTC 23 August 1992). The
calculated values are shown in Fig. 1. Figures la, b,
and c are the distribution of h at low (1 km), middle
(5 km), and high (10 km) levels respectively. Figure
1d is the vertical cross section along line AB in Fig.
la. The result is interesting. First, h is much larger
than 1072 m s72. Its order is about O (1 m s™2) in
the planetary boundary layer and O (0.1 ms~2) in the
layers above the boundary layer. Second, except in the
planetary boundary layer, h is negative in the eyewall
and spiral band as well as in the inner eye. Thirdly,
the inhomogeneous feature is significant.

In order to clarify the above characteristics, the
horizontal and vertical components of helicity are cal-
culated separately by using Egs. (1) and (1”). Figures
2 and 3 present some of the calculated values. Figures
2a and 2b show the horizontal component of helicity.



944

180
150 (a)
120
90
60

30

=30

Radius (km)

-60

-90

-120

-150

—180
-180-150-120 -90 -60 -30 0O 30 60 90 120 150 180

Radius (km)

180

150

120

90

o
S

w
S

Radius (km)

|
o
S

-90

-120

-150

-1

80
-180-150-120 -90 -60 -30 O 30 60 90 120 150 180

Radius (km)

ADVANCES IN ATMOSPHERIC SCIENCES

VOL. 20

Height (km)

Height (km)

~180 150 —120 ~90 60

-3 0

Radius (km)

Fig. 3. Radial and tangential components in cylindrical coordinates by formula (1”). (a) h, at 1
km; (b) the same as Fig. 1d but for h.; (c) hy at 1 km. (d) the same as Fig. 1d but for hs.

It is the sum of h, with hy (Eq. (1”)), the same as
the sum of hy with hy (Eq. (1')). Figures 2c and 2d
present the vertical component (h,). The scale of the
horizontal components is 100 to 1000 times that of the
vertical. This denotes that the horizontal components
are the main parts of the helicity. The helicity in a hur-
ricane mainly depends on its horizontal components.
Both h, and h; are presented in Fig. 3. The values
of the tangential component (hy) are larger than the
radial component, just as the components of wind do.

Besides the values of the helicity, its inhomoge-
neous feature also depends on the horizontal compo-
nents, especially on the tangential component. The
patterns of Figs. 1d, 2b, and 3d are very alike.

The values of helicity at other integral times are
also calculated. The results are similar and not pre-
sented here.

We are puzzled by the results. In hurricane An-

drew, the horizontal wind is no more than 50 times of
the vertical velocity (Liu et al., 1999). How can the
horizontal components of helicity be 100 to 1000 times
the vertical one? The horizontal motion in a hurricane
is cyclostrophic convergence from low level to middle
level and cyclostrophic divergence from middle level
to high level. How can the sign of helicity density be
negative?

From Figs. 4 and 5 of the components of vortic-
ity, our puzzle is solved completely. We can find from
these figures that there are strong horizontal vortices
in the hurricane. The horizontal vorticity is larger
than the vertical except in the eye areas. Vortices at
the boundary layer are dominated by the horizontal
vorticity, whose order is ten times the vertical vortic-
ity. In the layers above the planetary boundary layer,
although the horizontal vorticity is smaller than that
in the planetary boundary layer, it is still larger than
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the vertical vorticity. In the hurricane except in the
inner eye, since the horizontal vorticity is larger than
the vertical component, the vorticity vectors slant to
the horizontal plane. The figures denote that the ro-
tation around the horizontal axis is more significant
than that around the vertical axis.

The figures also show that the horizontal vorticity
is inhomogeneous (Figs. 4b and 4d). The variation of
the horizontal vorticity is more significant than that
of the vertical one. The vertical vorticity is always
positive (Fig. 5b). The tangential and radial vortici-
ties are positive in some places and negative in other
places (Fig. 4d).

We can conclude that the helicity mainly depends
on its horizontal component. The scale of the hori-
zontal components of helicity is O (1 m s72) in the
planetary boundary layer and O (0.1 m s=2) in the
layers above the boundary layer. It is only O (0.001
m s~2) for the vertical component. The distribution

of helicity density is inhomogeneous and mainly de-
termined by the horizontal components. The sign of
helicity density can be negative in the eyewall and spi-
ral rainband as well as in the inner eye.

The most important and interesting result is that
there are strong horizontal vortices in the hurricane.
The three-dimensional vortices slant to the horizon-
tal plane except in the inner eye. The main vortical
motion in the hurricane is found to be the horizontal
vortex since the horizontal vorticity is larger than the
vertical one.

4. The conservation and horizontal inhomoge-
neous helical flows

In this section, the values of helicity and its source-
sink terms at different integral times as well as the
horizontal inhomogeneous helical flows are calculated.

We define H as the total helicity of a unit volume.
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as the radial, tangential, and vertical components of
the total helicity of a unit volume. The integral vol-
ume is in the layer between 0 km to 17 km over an
area within a radius of 180 km around the core of the
hurricane.

Figure 6 presents the variation of total helicity as
Andrew deepened before its landing. Figure 6a shows
the variation of H, H,, H;, and H, with respect to
time. Figure 6b shows their relative variant rate,
which is defined as

A;IA x 100% ,

We also define

where A is the time-averaged value of A, and A can
be one of H, H,, H, or H,. As the vertical compo-
nent of helicity is small, the value of H, is multiplied
by 500 in Fig. 6a. From Fig. 6, we can find that the
variation of H is small and its variant rate is no more
than 5%. This denotes that helicity is approximately
conserved as the hurricane deepens. However, the vari-
ations of the three components of helicity are different
and the tangential component (H;) is even more con-

servative than H. Although the variant rate of H, is
about 15% sometimes, it does not affect the conserva-
tion of total helicity as its value is small. The terms
on the right-hand side of Eq. (8) are also calculated.
It is shown that the magnitude of both terms is small
and their signs are different so that their sum closes
to zero. This means the helicity is conservative (fig-
ure omitted). The conclusion is drawn that helicity is
approximately conserved as the hurricane deepens.

When calculating helicity density (h) at different
integral times, it is found that its time variation is sig-
nificant. How can total helicity (H), and its integral,
be time invariant?

Relative helicity, which is defined as

_— V.VxV
VIV < V]
helps us to solve the question. We define 7, as the
layer-averaged relative helicity and 71,ps, the same as
7h but for the average of absolute value. The integral
area is an area within a radius of 180 km around the
core of the hurricane.

hzfﬁzfs, 9)

S Irulds

Thabs = W .

Figures 7a and b show the calculated results of for-
mulas (9) and (10). Both the values of 7, and Thaps in
the planetary boundary layer are more than 0.8. This
means that fluids in the planetary boundary layer or-
ganize themselves to a nearly Beltrami flow, which is
the highest helical flow. Although 77, is limited by —0.3
to 0.3, Thabs ranges between 0.7 to 0.8 in the layers

(10)
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main horizontal vortices.

above the boundary layer. It is shown that the flows
in these layers are highly helical but relative helicity
density is positive at some places and negative at other
places. They counter each other when the volume in-
tegral is calculated. The flows in the layer above the
boundary layer are highly helical too, but strongly in-
homogeneous.

The conservation of helicity is used to explain the
phenomena of strong horizontal vortices and inhomo-
geneous helical flows in the hurricane. As the hori-
zontal component is the main part of helicity density
and the flows in the hurricane are highly helical, total
helicity H is approximately the integral of the scalar
product of horizontal velocity with wind shear. When
the hurricane deepens, horizontal velocity increases.
The fluid must adjust wind shear to satisfy the con-
servation of H. We infer that strong wind shear and
its significant variation are caused by the requirement
of the conservation of helicity. Horizontal vortices and
inhomogeneous helical flows are the results of conser-
vation.

In this section, it is found that the helicity is con-
served as the hurricane deepens. It is also found
that there are horizontal inhomogeneous helical flows,

which are inferred to result from the fluids in the hur-
ricane adjusting themselves to satisfy the conservation
of total helicity.

5. The formation of the spiral rainband

After the characteristics of helicity are studied, it
is interesting to investigate the relation of helicity with
cloud and rain in a hurricane.

Brown (1980) and Eting (1985) stated that the for-
mation of a cloud street is caused by the horizontal in-
homogeneous helical secondary flow in the planetary
boundary. As shown in sections 3 and 4, the horizon-
tal inhomogeneous helical flow in the hurricane is also
significant. This reminds us that the formation of the
spiral rainband is similar to that of the cloud street.

The conjecture is supported by Fig. 8. In the figure,
the regions with cloud water mixing ratio more than
0.0002 kg kg~! are shaded. It is seen that all regions
with high cloud water are on the left-hand side of the
strong horizontal vortices and the areas with little or
no cloud water are on the right-hand side of the vor-
tex or region with weak horizontal vorticity. The case
completely meets the ideal patterns of Brown (1980)



NO. 6

and Eting (1985), which have been used to explain the
formation of the cloud street. Using the right hand
rule, there is updraft caused or increased on the left-
hand side of a strong horizontal vortex and downdraft
on the right-hand side. The stronger and more inho-
mogeneous the horizontal vortex is, the more signifi-
cant the vertical motion is. The nonlinear advection
term and the slant term in the vorticity equation coun-
teract each other in high helical flows. As the flows in
a hurricane are highly helical, the horizontal vortices
can be sustained due to the suppression of nonlinear
interaction. The cloud and rain are caused or increased
on the left-hand side of a strong horizontal vortex and
reduced on the right-hand side. Cloud and rain are
as inhomogeneous as the horizontal helical flow. The
spiral rainband is closely related with the spiral hori-
zontal helical flows.

Based on the results obtained so far, we can pro-
pose that the formation of the spiral rainband has a
close correlation with the strong horizontal vortices
and inhomogeneous helical flows, which are the re-
sults of the conservation of helicity. When the hur-
ricane deepens, helicity is raised as velocity increases.
Since the fluid must adjust itself to satisfy the conser-
vation of helicity, horizontal strong vortices and inho-
mogeneous helical flows result. Updraft is caused or

EYEWALL
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increased on the left-hand side of a strong horizontal
vortex and downdraft on the right-hand side (Fig. 9).
The spiral rainband is closely related with inhomoge-
neous helical flow in the hurricane.

6. Conclusions

In this paper, the characteristics of helicity are
studied by calculating the MM5 model output of a
successfully simulated hurricane in addition to theo-
retical analyzing. Since there are great similarities in
structure and organization for different hurricanes and
typhoons, the characteristics shown in Figs. 1-8 can be
considered as the general features of helicity in hurri-
canes and typhoons.

Helicity in a hurricane mainly depends on its hor-
izontal component, whose magnitude is 100 to 1000
times larger than the vertical component. The scale of
the horizontal component is O (1 m s™2) in the plane-
tary boundary and O (0.1 m s~2) in the layers above
the boundary layer. It is only O (0.001 m s~2) for the
vertical component.

Helicity is approximately conserved in a hurricane.
Since the fluid has the intention to adjust the wind
shear to satisfy the conservation of helicity as the hur-

Fig. 9. Conceptual model of the formation of the spiral rainband. The
black curve with arrows is the three-dimensional stream line around

the horizontal rotational axis &..
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ricane deepens, there appear significant horizontal vor-
tices and inhomogeneous helical flows in the hurricane.
The horizontal vorticity is larger than the vertical vor-
ticity. The three-dimensional vortices slant to the hor-
izontal plane except in the inner eye.

The formation of the spiral rainband is discussed
by using the law of horizontal helical flows. It is closely
related with the horizontal strong vortices and inho-
mogeneous helical flows.
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