
ADVANCES IN ATMOSPHERIC SCIENCES, VOL. 24, NO. 1, 2007, 89–100

Principle of Cross Coupling Between Vertical Heat Turbulent
Transport and Vertical Velocity and Determination

of Cross Coupling Coefficient

CHEN Jinbei∗1,2,3 (陈晋北), HU Yinqiao1,2 (胡隐樵), and ZHANG Lei1 (张 镭)

1College of Atmospheric Sciences, Lanzhou University, Lanzhou 730000

2 Cold and Arid Regions Environment and Engineering Institute, Chinese Academy of Sciences,

Gansu Province Key Laboratory of Arid Climatic Change and Reducing Disaster, Lanzhou 730000

3Department of Environment and Resource, Gansu Agriculture University, Lanzhou 730060

(Received 20 July 2005; revised 8 May 2006)

ABSTRACT

It has been proved that there exists a cross coupling between vertical heat turbulent transport and
vertical velocity by using linear thermodynamics. This result asserts that the vertical component of heat
turbulent transport flux is composed of both the transport of the vertical potential temperature gradient
and the coupling transport of the vertical velocity. In this paper, the coupling effect of vertical velocity on
vertical heat turbulent transportation is validated by using observed data from the atmospheric boundary
layer to determine cross coupling coefficients, and a series of significant properties of turbulent transportation
are opened out. These properties indicate that the cross coupling coefficient is a logarithm function of the
dimensionless vertical velocity and dimensionless height, and is not only related to the friction velocity u∗,
but also to the coupling roughness height zW0 and the coupling temperature TW0 of the vertical velocity.
In addition, the function relations suggest that only when the vertical velocity magnitude conforms to the
limitation |W/u∗| 6= 1, and is above the level zW0, then the vertical velocity leads to the cross coupling effect
on the vertical heat turbulent transport flux. The cross coupling theory and experimental results provide a
challenge to the traditional turbulent K closure theory and the Monin-Obukhov similarity theory.

Key words: linear thermodynamic, turbulent transportation, atmospheric boundary layer, coupling coef-
ficients

DOI: 10.1007/s00376-007-0089-7

1. Introduction

A cross coupling phenomenon between vertical
heat turbulent transport and vertical velocity, viz. the
influence of convergence movement on turbulent trans-
portation, in the atmospheric boundary layer has been
proven by using linear thermodynamics (Hu, 2003). It
is beneficial to first review the history of turbulent
transport to understand the cross coupling between
vertical heat turbulent transport and vertical veloc-
ity. It is well known that experiments of energy and
substance transportation validated that heat flux and
substance flux transported by the molecular viscosity
have a direct ratio to their own gradients. They are
known as Fourier’s Law and Fick’s Law:

Jqj = −ρλ̃
∂T

∂xj
, Jcj = −ρD̃

∂c

∂xj
. (1)

These are two basic physical empirical laws, char-
acterized by the phenomenological relations of molec-
ular viscosity transportation (Hu, 2002a). In Eq. (1),
Jqj and Jcj are the fluxes of heat and substance,
respectively; ρ fluid density; T and c the tempera-
ture and specific component; and λ̃ and D̃ the Fourier
conductivity and Fick diffusivity. Prandtl (1904) ex-
tended first Fourier’s Law and then Fick’s Law to de-
velop a mixing length theory of turbulent transport.
The mixing length theory considers that the viscosity
of turbulent eddy is similar to the molecular viscos-
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ity, and the mixing length of an eddy is similar to
the molecular free path, and further that the turbu-
lent transport flux has a direct ratio with the gradi-
ent of relevant transport quantity, as shown in Eq.
(1). The conductivity and diffusivity are defined as
the turbulent transport coefficients K of heat and sub-
stance, respectively. The mixing length theory is also
known as the K closure theory of turbulent transport.
Hence, Prandtl (1904) mixing length theory of tur-
bulent transport forms the theoretical basis of atmo-
spheric turbulent transport. However, the turbulent
transport coefficient is a parameter that must be de-
termined experimentally in order to avoid difficulties
in practical application.

Monin and Obukhov (1954) developed a similarity
theory of the atmospheric boundary layer (ABL) under
the supposition of the stationary state and the homo-
geneous underlying surface to establish the theoretical
basis of applying the turbulent transport theory of the
ABL in practice. Businger et al. (1971) and Dyer and
Bradley (1982) determined Monin-Obukhov’s similar-
ity functions and relevant turbulent transport coeffi-
cients, respectively, by using experiments in the sur-
face layer. The similarity theory of the ABL is em-
ployed in various fields of atmospheric science, e.g. at-
mospheric diffusion, land surface processes etc. How-
ever, Monin-Obukhov’s similarity theory was deduced
by hypothesis of the homogeneous underlying surface
and the constant flux layer in which any vertical move-
ment of the system never existed, viz. the vertical ve-
locity is always equal to zero. This hypothesis means
that the application of Businger-Dyer similarity re-
lations is limited in range of the ideal homogeneous
underlying surface with non-vertical velocity. How-
ever, natural processes such as atmospheric diffusion,
land surface processes etc. commonly occur over the
heterogeneous underlying surface, causing great diffi-
culty in applying the theory of the ABL. The turbu-
lent transport K closure theory has been applied to
atmospheric studies for more than a century, and the
Monin-Obukhov similarity theory and Businger-Dyer
similarity relations have been employed for nearly half
a century. They still form the theoretical bases of tur-
bulent transport and parameterization of the ABL in
the modern climate system. However, in practical sit-
uations, the mean vertical velocity is small (∼0.1 mm
s−1), but not exactly zero. Some scholars, such as
Webb et al. (1980), van Dijk et al. (2004), pointed
out the importance of a non-zero mean vertical ve-
locity, called the Webb term, for surface fluxes and
eddy-correlation measurement. Kaimal (1968) indi-
cates that it is peculiar to notice that in recent liter-
ature some researchers still omit the Webb term. Of
course, there is a basic problem, which will be called

the eddy-correlation problem, caused by the immea-
surability of mean vertical velocity.

With the development of linear thermodynamics
(Onsager, 1931a,b; Prigogine, 1945), in theory, one
proved the phenomenological relations of molecular
viscosity transport, and discovered that there exists
a cross coupling between the transport of energy and
substance. In this cross coupling process, substance
flow caused by the temperature gradient is called the
Soret effect, and heat flow caused by the concentra-
tion gradient of substance the Dufour effect (Li, 1986;
Hu, 2002a). The cross coupling theory between the
transports of energy and substance is mainly applied
to physics and chemistry, and rarely applied to atmo-
spheric science. Clapp and Homberger (1978) first ap-
plied the cross coupling theory between the transports
of energy and substance to the parameterization of soil
heat and vapor transport in the land surface process
model of climate. Subsequently, Sun (1987) applied
the cross coupling parameterization of soil heat and
vapor transport to the land surface process model of
arid area to improve the existing climatic model.

Hu (2002a,b) developed the atmospheric linear
thermodynamics to prove phenomenological relations
of turbulent transport based on thermodynamics the-
ory, and then went on to demonstrate the existence
of linear phenomenological relations in the ABL by
using large amounts of observed data from the ABL
to obtain relations between the phenomenological co-
efficient and the turbulent transport coefficient of K
theory (Hu, 2002c). Even a cross coupling effect be-
tween the mechanical dynamic process and the ther-
mal process was proved, e.g., the relationship between
the geostrophic and thermal winds is a special cross
coupling phenomenon between dynamic and thermal
processes in the atmospheric system (Hu, 2002c). Fur-
thermore, Hu (2003) studied another cross coupling
phenomenon between dynamic and thermal processes
in the atmospheric system to prove that there exists a
cross coupling between vertical movement and vertical
turbulent transport. This breaks away from classical
turbulent transport theory, which states that the verti-
cal turbulent transport flux of any macroscopic quan-
tity is equivalent to the vertical gradient transport flux
of a corresponding macroscopic quantity. However, the
cross coupling between vertical movement and vertical
turbulent transport points out that the vertical heat
turbulent flux and the vertical vapor turbulent flux
must both include the vertical transport caused by the
convergence or the divergence of atmosphere due to
the cross coupling effect, except the transport caused
by the vertical gradient of the corresponding temper-
ature and vapor. The transport of the convergence or
divergence movement always occurs for the ABL under
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the natural underlying surface and convection bound-
ary layer (CBL), because that the heterogeneity of un-
derlying surface and atmospheric convection cause the
convergence or divergence movement. These studies
may offer clues not only for establishing the ABL the-
ory regarding the heterogeneous underlying surface,
but also for overcoming the difficulties encountered in
recent applications of the ABL theory (Hu, 2004).

Until now, the cross coupling between vertical
movement and vertical turbulent transport is only a
theory deduced from linear thermodynamics. Just as
the turbulent transport coefficient must be determined
experimentally, so as must the cross coupling coeffi-
cient between vertical movement and vertical turbu-
lent transport. The aims of the present study are to
validate the cross coupling phenomenon between ver-
tical movement and vertical heat turbulent transport,
and to determine the relevant cross coupling coefficient
and its properties by using observed data.

2. Basic theory: principle of cross coupling
between vertical heat turbulent transport
and vertical velocity, and the determina-
tion of cross coupling coefficient

The turbulent heat flux Jθj and airflow ρU are
both defined as “generalized flow”, and the force that
drives the generalized flow is defined as “generalized
force” in nonequilibrium thermodynamics. In the at-
mospheric system, the temperature gradient causes
the turbulent heat flux, and Newton force drives the
airflow. The generalized force Xθj of the generalized
flow of heat turbulent flux and the generalized force
Xgi of the generalized flow of airflow are, respectively
(Hu, 2002a,b):

Xθj =
∂

∂xj

(
1
θ

)
, (2)

Xgi =
1
T

(
1
ρ

∂p

∂xj
δij + gδi3 − fcεij3U j

)
. (3)

Based on the Curier-Prigogine principle of linear ther-
modynamics (Prigogine, 1967), there exists a cross
coupling between the airflow and the heat flux due to
the fact that they are both vectors. Considering the
Onsager reciprocal relation (Onsager, 1931a,b); Pri-
gogine, 1945), the cross coupling relations between the
heat flux and airflow are as follows (Hu, 2003):

Jθj =Lθ
∂

∂xj

(
1
θ

)
+

Lθα
1
T

(
1
ρ

∂p

∂xj
δij + gδi3 − fcεij3U j

)
, (4)

ρU i =Lα
1
T

(
1
ρ

∂p

∂xj
δij + gδi3 − fcεij3U j

)
+

Lθα
∂

∂xj

(
1
θ

)
δij , (5)

where T, θ, p, and ρ are the absolute temperature, po-
tential temperature, air pressure and air density, re-
spectively; g and fc are gravity acceleration and the
Coriolis coefficient; Lθ, Lα, and Lθα are respectively
defined as the thermodynamic phenomenological coef-
ficient, the dynamic phenomenological coefficient, and
the cross coupling coefficient. Relationship (4) shows
that the potential temperature gradient and any de-
parture from the dynamic balance would all cause the
turbulent heat flux. This means that the turbulent
heat flux is related not only to the potential temper-
ature gradient but also to the departure from the dy-
namic balance owing to the cross coupling between tur-
bulent heat flux and airflow. Relation (5) shows that
the airflow is related not only to the departure from the
dynamic balance but also to the potential temperature
gradient due to the same reason. Hu (2002c) demon-
strated that the cross coupling between turbulent heat
transport and horizontal velocity in Eq. (5) describes
the well known relationship between the geostrophic
and thermal winds.

The left side of Eq. (5) expresses the airflow, for
which the vertical component can be written as:

ρW = Lg
1
T

(
1
ρ

∂p

∂z
+ g

)
− Lθp

1
θ2

∂θ

∂z
, (6)

where W is the vertical velocity, and Lg and Lθp the
relevant phenomenological and cross coupling coeffi-
cients. The Eq. (6) indicates that any departure from
the static balance or from the neutral stratification
causes vertical velocity. On the other hand, the atmo-
sphere is assumed to be an incompressible fluid, and
then the continuity equation is:

∂U

∂x
+

∂V

∂y
+

∂W

∂z
= 0 . (7)

The vertical component of Eq. (4) can be written as:

Jθz =H|z = ρcpw′θ′ = −ρcpK
′
θ

∂θ

∂z
+

Lθα
1
T

(
1
ρ

∂p

∂z
+ g

)
, K ′

θ =
Lθ

ρcpθ2
, (8)

in which cp is the specific heat at constant pressure,
and the turbulent transport coefficient K ′

θ is a linear
function of the phenomenological coefficient Lθ (Hu,
2003). Using Eq. (6), one can eliminate the second
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term on the right side of Eq. (8):

Jθz = H|z =ρcpw′θ′ = −ρcpK
′
θ

∂θ

∂z
+

+ ρ
Lθα

Lg
W + ρ

LθαLθp

Lg

1
θ2

∂θ

∂z
. (9)

Then, using Eq. (7), one can eliminate the vertical ve-
locity on the right side of Eq. (9) to obtain the vertical
component of turbulent heat flux:

Jθz = H|z = ρcpw′θ′ = −ρcpKθ
∂θ

∂z
+ ρcpKθwW

= −ρcpKθ
∂θ

∂z
− ρcpKθW

∫ z

0

(∇|h · V )dz ,

∇|h · V =
∂U

∂x
+

∂V

∂y
.





(10)

Here, the turbulent transport coefficient Kθ of verti-
cal heat transport caused by the potential tempera-
ture gradient and the relevant cross coupling coeffi-
cient KθW are respectively defined as:

Kθ =
(

Lθ − LθαLθp

Lg

)
1

ρcpθ2
, KθW =

Lθα

cpLg
. (11)

In Eq. (10), Jθz is the vertical component of heat tur-
bulent flux, H|z the vertical component of heat tur-
bulent flux observed by the eddy correlation method
at level z, w′ the fluctuation of vertical velocity, and
θ′ the fluctuation of the potential temperature. The
turbulent vertical flux relation [Eq. (10)] indicates that
the vertical component of heat turbulent flux is con-
stituted by both the transports of vertical potential
temperature gradient and vertical movement, viz. hor-
izontal convergence or divergence movement.

The turbulent flux relation [Eq. (10)] of vertical
heat transport is only a theoretical conclusion deduced
by linear thermodynamics, which must be validated by
atmospheric observational facts. Moreover, the verti-
cal heat turbulent transport coefficient and the cross
coupling coefficient must be determined through ex-
perimental observations. If the vertical component
H|z = ρcpw′θ′ of heat turbulent transport flux, tem-
perature gradient ∂θ/∂z, and the average vertical ve-
locity W |z at the level (z) in Eq. (10) have been gained
through experiment, and the turbulent transport coef-
ficient Kθ of vertical heat transport can be determined
by the classical theory of the ABL, then the cross cou-
pling coefficient KθW of vertical velocity could also be
determined by experimental observations, as shown:

KθW =
H|z + ρcpKθ∂θ/∂z

ρcpW |z =
w′θ′ + Kθ∂θ/∂z

W |z .

(12)

In order to determine the cross coupling coefficient
KθW , it is beneficial to analyze the possible form of
KθW by applying the π similarity principle of the phys-
ical dimension. The dimensional analysis for the rela-
tion shown in Eq. (10) points out that KθW possesses
a temperature dimension (K), and therefore a param-
eter TW0 possessing the temperature dimension (K)
is given as a temperature characteristic scale of the
airflow coupling. Considering vertical velocity W is
an important parameter of the cross coupling between
vertical turbulent transport and vertical velocity, fric-
tion velocity u∗ characterizing momentum flux might
be the velocity characteristic scale of airflow coupling.
Furthermore, it is considered that the underlying sur-
face as the boundary influences KθW , viz. KθW is
likely to relate to the height z, and it is presumed that
there is a coupling roughness zW0. Based on the π di-
mension principle, three non-dimensional parameters
are defined as π1 = KWT /TW0, π2 = z/zW0, and π3 =
W/u∗, and then the function relation π1 = φ(π2, π3) is
obtained. This non-dimensional relation can be writ-
ten as:

KθW

TW0
=φ

(
z

zW0
,
W

u∗

)
, or KθW =TW0φ

(
z

zW0
,
W

u∗

)
.

(13)

Equation (13) shows the likely similarity relationship
between the coupling coefficient of vertical velocity
and the characteristic scales of the ABL. It is pos-
sible to determine the specific form of Eq. (13), and
the characteristic scales, u∗, TW0 and zW0, by using
observed data from the ABL.

3. Properties of the cross coupling coefficient
of vertical velocity

3.1 Source of data and operated method

Unquestionably, the first term on the right side of
Eq. (10) (turbulent transport of the temperature gra-
dient) is a dominant term; and the second term (the
cross coupling of vertical velocity) is only an amenda-
tory minor term. In order to determine the cross cou-
pling coefficient of vertical velocity from Eq. (12) using
observed data, it is necessary that such observations
should include the vertical component H|z = ρcpw′θ′

of heat turbulent transport flux, the temperature gra-
dient ∂θ/∂z, and the average vertical velocity W |z at
the level (z), and that these data should possess higher
accuracy. We selected and used observed data of a tur-
bulent experiment in the surface layer, which were pro-
vided by Prof. Högström of Uppsala University, Swe-
den. These data were observed at the Lövsta site in the
south of the city of Uppsala during the period 16 May
to 17 June 1966. The details of the experimental data



NO. 1 CHEN ET AL. 93

are described in Högström (1988). The data include
turbulent fluctuations of wind, temperature, and hu-
midity at three levels, and the average wind, tempera-
ture, and humidity at six levels. Information about the
experimental data is provided in Table 1. The accu-
racy of wind calibrated in the wind tunnel was±0.05 m
s−1, and the accuracy of temperature calibrated in the
water bath was 0.01◦C. The accuracy of temperature
in the field does not usually exceed 0.02◦C, and when
the average wind speed is greater than 3 m s−1, the
relative error of velocity fluctuates between 2%–3%.
The accuracy of the data is sufficient for the purposes
of this study. The selecting criteria of data is similar
to Prof. Högström’s in eliminating the friction veloc-
ity u∗ < 0.1 m s−1 and the heat flux H < 10 W m−2

from the analysis, and the direction of the temperature
gradient isn’t identical to the direction of the heat tur-
bulent flux. However, the non-stationary data (period
during 0600–0800 and 1900–2100) are not restricted;
they are reserved in this analysis. Considering that
the heat turbulent flux, gradient transport flux, and
coupling term of vertical velocity in Eq. (10) under sta-
ble stratification are all minor and their relative errors
are great, then the measurement accuracy could not
be satisfactory for this study, and therefore only the
data under unstable stratification are selected in the
analysis. In order to filter perturbation of turbulent
fluctuations, the moving average for 30 mins is cal-
culated for the original data, and in order to use ade-
quately the data of average wind and temperature, the
curve fitting of the mean wind and temperature at six
corresponding levels are made using the least squares
procedure. Hereafter, the turbulent fluxes caused by
the temperature gradient and the average vertical ve-
locities at three levels (3 m, 6 m, and 13.9 m) are taken
from the fitting curve. Each gradient value of the po-
tential temperature and the horizontal wind at each
level (3 m, 6 m, and 13.9 m) is calculated by the cor-
responding values at two levels in the neighborhood of
the above three levels.

When measurements began on 16 May, the height
of vegetation in the experimental site was 25 cm, grad-
ually growing to 75 cm on 13 June. The underlying
surface within the sectors where the wind came from
220◦–310◦, or from 110◦–170◦, was absolutely uniform
and is to be regarded as a homogeneous underlying
surface. The underlying surface within the remaining
sectors was complex and is to be regarded as a hetero-
geneous underlying surface, as in Högström (1988). In
this paper, therefore, the data over the two different
underlying surfaces are analyzed separately.

In order to determine the coupling coefficient KθW

of vertical velocity from Eq. (12), the traditional
Monin-Obukhov similarity theory of the surface layer

and the Businger-Dyer similarity relation are applied
to calculate the vertical turbulent transport coefficient
Kθ (Businger et al., 1971). The calculated formulas
are as follows:

Kθ =
κ2(z − d− z0)2

ΦMΦH

∂u

∂z
, (14)





ΦM = (1− αMz/L)−1/4 ,

ΦH = a(1− αHz/L)−1/2 ;

}
z/L < 0,

ΦM = 1 + βMz/L ,

ΦH = b + βHz/L .

}
z/L > 0

(15)

z/L =

{
1.0Ri Ri 6 0 ,

Ri/(1.0− 5.0Ri) Ri > 0 ,
(16)

u∗ =
kM (z − d)

ΦM

∂u

∂z
. (17)

where

L =
−u3

∗θ
kgw′θ′

is the Monin-Obukhov stability length; z/L is an at-
mospheric stability parameter;

Ri =
g∂θ/∂z

θ(∂u/∂z)2
,

is the gradient Richardson parameter; the Kàrmàn
constant is κ = 0.40; and ΦM and ΦH are Monin-
Obukhov’s similarity universal functions. The param-
eters in Monin-Obukhov’s similarity universal func-
tions [Eq. (15)] are a=0.95, b=0.95, αM =19.3, βM =
6.0, αH = 11.6, and βH = 7.8, and were obtained
by Businger et al. (1971). The roughness z0 adopts
z0 = 0.01 m, which is obtained by the wind profile in
neutral stratification, and the zero displacement height

Table 1. Measuring quantities and the relevant exact
heights.

Measured property Level (m)

Horizontal wind speed 0.76, 1.68, 3.43, 6.57,
12.45, 23.58

Temperature 0.94, 1.86, 3.61, 6.75,
12.64, 23.76

Humidity 13, 24
Wind direction 3, 6, 13.9
Turbulent flux 3, 6, 13.9

Vertical velocity 0.76, 1.68, 3.43, 6.57,
12.45, 23.58
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d = 0.75h is a result from Högström (1988). The zero
displacement height d is calculated by the vegetation
height h, measured every day.

Firstly, the Richardson parameter Ri and Monin-
Obukhov’s atmospheric stability parameter z/L is cal-
culated by the gradient data of temperature and wind
from Eq. (16); secondly, Monin-Obukhov’s universal
function is obtained using Eq. (15); and thirdly, the
vertical turbulent transport coefficient Kθ of heat is
determined using Eq. (14). The friction velocity u∗ can
be obtained from Eq. (17). Finally, all data are nor-
malized according to Eq. (13), and the relation among
the normalized quantities is analyzed further to ob-
tain specific form and properties of the cross coupling
coefficient KθW of vertical velocity.

3.2 Properties of the cross coupling coefficient
KθW of vertical velocity

Elementary analysis for the normalized data shows
that KθW /Tw0 → 0, when |W/u∗| → 1 and z/zw0 → 1.
Moreover, KθW /TW0 has two fluctuating branches at
the point |W/u∗| = 1 for W > 0 and W < 0. Accord-
ing to these properties, one expects that KθW pos-
sesses characteristics as follows:

KθW = TW

[
ln

(
W

u∗

)2
]β

, (18)

TW = TW0

(
ln

z

zW0

)α

. (19)

The function relation in Eq. (18) of the coupling
coefficient KθW of vertical velocity vs ln (W/u∗)

2 ob-
tained by the normalized data is shown in Fig. 1. The
value of β is determined as β = 4 owing to β values
of fitting curves all closing to four at each level. The
correlation coefficient R and residual error S of the
fitting curves for KθW are also given in Fig. 1. In Fig.
1, the left values (a) and (b) are the results for the
homogeneous underlying surface; the right values (c)
and (d) are the results for the heterogeneous under-
lying surface; the top values (a) and (c) result from
W > 0; and the bottom values (b) and (d) result from
W < 0. Figure 1 shows results at the level z = 13.9 m
and is illustrated as an example.

The results of fitting curves at the other levels are
analogous with the results in Fig. 1, but their param-
eters TW are different to each other (Table 2). As
expected from Eq. (19), the results in Table 2 indicate
that there is a logarithmic relation between TW and
the height z. The function relation of TW to ln (z/zW0)
is shown in Fig. 2, in which the correlation coefficients
R and residual errors S of the fitting curve are also
given. In Fig. 2, the top values (a) and (b) are the
results for the homogeneous underlying surface; the

bottom values (c) and (d) are the results for the het-
erogeneous underlying surface; the left values (a) and
(c) result from W < 0; and the right values (b) and
(d) result from W > 0. Figure 2 shows that the fitted
straight lines all possess a good logarithmic relation,
as in Eq. (19), viz. corresponding parameters α equal
one; α = 1.

The intercept on ordinate lnz is the height char-
acteristic scale zW0, which is defined as the coupling
roughness height of vertical velocity; and the slope rate
of the fitted straight line is the temperature character-
istic scale TW0. As the scales zW0 and TW0 character-
ize the dynamic and thermal features of the underly-
ing surface, their values are therefore different under
the dissimilar conditions of the homogeneous or het-
erogeneous underlying surface, and of the upward flow
W > 0 or downward flow W < 0.

To generalize the above conclusions, the cross cou-
pling coefficient of vertical velocity for the vertical heat
turbulent flux is determined as follows:

KθW = Tw0 ln
(

z

zw0

) [
ln

(
W

u∗

)2
]4

. (20)

This is an empiric function form of the similarity rela-
tion of the cross coupling coefficient of vertical velocity
for the vertical heat turbulent flux. It possesses the
following important properties:

(1) The empiric function form [Eq. (20)] of the
cross coupling coefficient of vertical velocity is possibly
a similarity relation that possesses universality. The
coupling coefficient KθW is related to the velocity char-
acteristic scale, friction velocity u∗; the height charac-
teristic scale, coupling roughness height zW0; and the
temperature characteristic scale, coupling temperature
TW0. The coupling roughness height and the tempera-
ture characteristic scale are all decided by the dynamic
and thermal features of the underlying surface.

(2) The cross coupling coefficient KθW of the ver-
tical velocity branches off at point |W/u∗| = 1, viz.
KθW > 0, as W > 0 and KθW < 0, as W < 0. Fur-
thermore, the ratio of the coupling coefficient to the
temperature characteristic scale tends to zero as the
normalized vertical velocity or the normalized height
tends to 1, viz. KθW /TW0 → 0 as |W/u∗| → 1 or
z/zW0 → 1; however KθW = 0 as |W/u∗| → 1 or
z/zW0 6 1. This means that only when the absolute
value of vertical velocity varies in a definite scope, viz.
it is less than the friction velocity (|W | < u∗), and
when the level is greater than the height characteris-
tic scale z > zW0, the cross coupling effect of vertical
velocity for the vertical heat turbulent transport flux
is valid. It is a pity that our study excludes data for
|W | > u∗.

The characteristic scale zW0 of the coupling rough-
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Fig. 1. The function relation of the cross coupling coefficient KθW (K) of vertical velocity vs ln(W/u∗)2.

Table 2. The relation between Tw(×10−4 K) and height z.

Level Homogeneous underlying surface Homogeneous underlying surface

W > 0 W < 0 W > 0 W < 0

3 m 0.85 −4.83 2.63 −2.06
6 m 6.27 −8.66 5.54 −6.42
3 m 12.64 −13.48 8.35 −10.15

ness height and the characteristic scale TW0 of the
coupling temperature of vertical velocity, as shown in
Table 3, are determined by the dynamic and thermal
features of the underlying surface. However, it is diffi-
cult to deduce whether the dynamic and thermal fea-
tures of the underlying surface relate to these scales
due to a limitation of data. The results in Table 3
show that these scales are related to the vertical ve-

locity, TW0 > 0 as W > 0 and TW0 < 0 as W < 0.
It is estimated from the results in Table 3 that TW0 is
likely to be related to the horizontal temperature gra-
dient between the observational site and the surround-
ings; viz. the horizontal temperature gradient causes
the vertical velocity. The characteristic temperature
scale TW0 of vertical velocity coupling characterizes
the horizontal temperature gradient that causes the
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Fig. 2. The relationship of coupling coefficient KθW of vertical velocity vs ln(z/zW0).

convergence and divergence movement. In addition,
the characteristic scale zW0 of the coupling roughness
height is possibly a function of the height or displace-
ment height of vegetation. These doubtful points need
validation with observed facts.

The cross coupling coefficient could be decided by
Eq. (20), once the characteristic scales are determined.
Consequently, for a special underlying surface, as long
as the data of temperature gradient, wind speed and
the vertical velocity are obtained, the cross coupling
coefficient of vertical velocity could be calculated, then
the turbulent transport term of temperature gradient
and the coupling transport term of vertical velocity
can also be calculated.

4. Verifying the cross coupling effect of verti-
cal velocity on the vertical heat turbulent
transport flux

Equation (10) shows that the coupling term of ver-
tical velocity is a revision by the temperature gradient
transport term in the heat turbulent transport flux.
Now we apply the cross coupling coefficient of vertical
velocity from Eq. (20) to estimate this revision term,
in order to verify the cross coupling effect of verti-
cal velocity on the vertical heat turbulent transport
flux and the reliability of the cross coupling coefficient
KW0. Each term in Eq. (10) is noted as:



NO. 1 CHEN ET AL. 97

Table 3. The characteristic scales, zW0 and TW0.

Characteristic Homogeneous underlying surface Homogeneous underlying surface

scale W > 0 W < 0 W > 0 W < 0

TW0 (K) 7.7×10−4 −5.6× 10−4 3.7×10−4 −5.3× 10−4

zW0 (m) 2.67 1.28 1.43 1.93





HT = ρcpw′θ′ ,

HK = −ρcpKθ
∂θ

∂z
,

HW = ρcpKθW W ;

(21a)

There exists no cross coupling:
{

HT = ρcpw′θ′ = −ρcpKθ
∂θ

∂z
,

HT = HK ;
(21b)

There exists cross coupling:
{

HT = ρcpw′θ′ = −ρcpKθ
∂θ

∂z
+ ρcpKθW W ,

HT = HK + HW .

(21c)

Subsequently, the cross coupling coefficient [Eq. (20)]
and each heat flux in Eq. (21) are calculated by using
the observed data of above temperature gradient, and
wind and vertical velocity, along with the characteris-
tic scales of the underlying surface. The result at level
z = 13.9 m under the homogenous underlying surface
is illustrated in Fig. 3. The left values, (a) and (b),
result from no revision by vertical velocity coupling;
the right values, (c) and (d), result from a revision by
vertical velocity coupling; the top values, (a) and (c),
result from the upward flow W > 0; and the bottom
values, (b) and (d), result from the downward flow
W < 0. The correlation coefficient R and the residual
error S of the fitted straight line are also shown. Fur-
thermore, CD and CDW in Fig. 3, respectively, are the
slope rate of the fitted straight line of heat flux, non-
revised and revised by the vertical velocity coupling to
characterize the revised effect.

The traditional turbulent transport theory states
that the vertical heat turbulent transport flux is equiv-
alent to the transport flux of the temperature gradient,
viz. HT = HK , and then the slope rate of the fitted
straight line should be CD = 1. However, values (a)
and (b) in Fig. 3, which result from no revision by
vertical velocity coupling, show that the slope rate is
CD = 0.77 for W > 0 and CD=0.70 for W < 0, viz.
HT 6= HK . This means that the heat flux calculated
by the temperature gradient is greater than the turbu-
lent transport heat flux observed directly by the eddy

correlation method, viz. the heat flux calculated by
the temperature gradient is greater than the turbu-
lent transport heat flux. However, the values (c) and
(d), which are the revised results, show that the slope
rate is CDW = 1.01 for W > 0 and CDW = 0.92 for
W < 0. This shows that after revision by vertical ve-
locity coupling, the transport flux value calculated by
the temperature gradient is not only more close to the
directly observed value, but also the correlation coef-
ficient R of the fitted straight line increases, and the
residual error S decreases. The effect of revision by
vertical velocity coupling is remarkable. The results
over the heterogeneous underlying surface are shown
in Fig. 4. Just as in Fig. 3, the vertical heat turbu-
lent transport flux is not as equivalent to the vertical
temperature gradient transport flux, HT 6= HK , but
the transport flux calculated by the vertical tempera-
ture gradient is also greater than the directly observed
value. However, the deviation of the vertical tempera-
ture gradient transport flux from the vertical heat tur-
bulent transport flux decreases after revision by ver-
tical velocity coupling, and the correlation coefficient
R also increases, and the residual error S decreases.
The fact after having been revised by vertical veloc-
ity coupling for W > 0 is interesting, for which the
slope rate CDW reaches CDW = 1.01 over the homo-
geneous underlying surface (Fig. 3c) and CDW = 0.98
over the heterogeneous underlying surface (Fig. 4c), re-
spectively. The observed results prove almost entirely
the facticity of Eqs. (10) and (20). These results vali-
date that the vertical heat turbulent transport flux is
indeed composed of both the vertical temperature gra-
dient transport and the coupling transport of vertical
velocity, viz. the coupling transport of convergence or
divergence of the horizontal velocity. However, the re-
vision of vertical velocity coupling for the downward
flow W < 0 is not good enough comparing with the
upward flow W > 0, the reason for which requires fur-
ther research.

5. Discussion

Firstly, it is proved that there exists a cross cou-
pling between vertical turbulent transport and vertical
velocity based on linear thermodynamics. The vertical
heat turbulent transport flux is composed of both the
vertical temperature gradient transport and the cou-
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Fig. 3. The heat turbulent transport flux revised by vertical velocity coupling for the homogeneous un-
derlying surface.

pling transport of vertical velocity. The coupling effect
of vertical velocity on the vertical turbulent heat trans-
port is validated by using the experiment data from the
ABL, and further to determine concretely the relevant
coupling coefficient. Even a series of properties of the
cross coupling coefficient is revealed. These studies
establish a foundation for the practical application of
the cross coupling theory between vertical velocity and
vertical turbulent transport. The results show that
the cross coupling coefficient KθW of vertical velocity
is a logarithmic function of the vertical velocity and
height; the cross coupling coefficient KθW is also re-
lated to the friction velocity u∗, and that the coupling
roughness height zW0 and the coupling temperature

TW0 of vertical velocity, which are the characteristic
scales caused by the feature of the underlying surface.
The results also suggest that the coupling effect of ver-
tical velocity on the vertical heat turbulent transport is
suitable definite scope that the vertical velocity varies
in |W | < u∗ and the level is higher than the height
characteristic scale.

The traditional turbulent transport K theory
states that the vertical turbulent transport flux of any
macroscopic quantity is equivalent to the transport
flux of the vertical gradient of the relevant macro-
scopic quantity. Monin-Obukhov’s similarity theory
is obtained under the hypotheses of the homogeneous
underlying surface and the constant flux layer, these
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Fig. 4. The heat turbulent transport flux revised by vertical velocity coupling for the heterogeneous
underlying surface.

hypotheses mean vertical velocity is equal to zero for-
ever. However, the cross coupling theory between ver-
tical velocity and vertical turbulent transport states
that the surface layer cannot simply be presumed to
be a constant flux layer owing to the fact of existence
of vertical movement caused by the heterogeneity of
the underlying surface or the development of convec-
tion. Thus, the vertical heat turbulent transport flux
is always not entirely equivalent to the transport flux
of the vertical temperature gradient, but is instead
equivalent to the sum of both the transport flux of the
vertical temperature gradient and the coupling trans-
port flux of vertical velocity. Though the coupling
transport flux of vertical velocity is a small revision
compared with the gradient transport flux of vertical
temperature, this revision could not be neglected for
the heterogeneous underlying surface and convection

boundary layer. Until now, the turbulent transport K
theory has been employed for more than a century, and
Monin-Obukhov’s similarity theory has been applied
to the ABL for nearly half a century, and they still
form the theoretical basis for studying atmospheric
turbulent transport. However, the results of theory
and experiment of cross coupling between vertical ve-
locity and vertical turbulent transport is a challenge
to the traditional turbulent transport K theory and
Monin-Obukhov’s similarity theory. It is a demanding
task to develop a cross coupling theory between ver-
tical velocity and vertical turbulent transport derived
from linear thermodynamics, and to carry out an asso-
ciated experimental study. This cross coupling theory
may offer the key to dealing with turbulent transport
under the conditions of heterogeneous underlying sur-
face.
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The similarity relation [Eq. (20)] is obtained by
only using one experiment. This study is preliminary
and needs more observed data to validate the conclu-
sions and to eliminate the limitation of localization in
the possessing of data. Is the experiential similarity
relation [Eq. (20)] of the coupling coefficient of verti-
cal velocity universal? What is the scope of its ap-
plication? And why does the coupling coefficient of
vertical velocity possess the above mentioned proper-
ties? These questions need more experimental valida-
tion and clarification by theoretical studies.
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