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ABSTRACT

The radon transport test, which is a widely used test case for atmospheric transport models, is carried
out to evaluate the tracer advection schemes in the Grid-Point Atmospheric Model of IAP-LASG (GAMIL).
Two of the three available schemes in the model are found to be associated with significant biases in the polar
regions and in the upper part of the atmosphere, which implies potentially large errors in the simulation of
ozone-like tracers. Theoretical analyses show that inconsistency exists between the advection schemes and the
discrete continuity equation in the dynamical core of GAMIL and consequently leads to spurious sources and
sinks in the tracer transport equation. The impact of this type of inconsistency is demonstrated by idealized
tests and identified as the cause of the aforementioned biases. Other potential effects of this inconsistency
are also discussed. Results of this study provide some hints for choosing suitable advection schemes in the
GAMIL model. At least for the polar-region-concentrated atmospheric components and the closely correlated
chemical species, the Flux-Form Semi-Lagrangian advection scheme produces more reasonable simulations
of the large-scale transport processes without significantly increasing the computational expense.
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1. Introduction

The atmospheric general circulation model
(AGCM) is an indispensable tool to understand the
climate system and predict future climate change. The
large-scale transport process of important atmospheric
components in AGCMs is calculated by the numerical
advection scheme. It immediately affects the spatial
and temporal distribution of tracers such as the water
vapor and hence have a comprehensive impact on the
simulated hydrological cycle and all the related cli-
mate processes. For the past few years the traditional
physical climate system models have been evolving to-
wards the comprehensive earth system models which
various chemical and biological processes are involved.
A large number of chemical species, such as ozone and

aerosols, are introduced to the model system, and pose
new challanges to the numerical schemes for transport
simulation.

The GAMIL model developed at the Institute of
Atmospheric Physics in Beijing is a global atmospheric
model with a finite-differece dynamical core (Wang et
al., 2004; Wan et al., 2006). The first model ver-
sion has two schemes for the water vapor advection:
the Two-step Shape Preserving Advection Scheme
(TSPAS) (Yu, 1994) and the Multidimensional Pos-
itive Definite Advection Transport Algorithm (MP-
DATA) (Smolarkiewicz and Grabowski, 1990). Both
schemes are mass conservative, shape-preserving and
positive definite, although TSPAS is more efficient in
regard to computational expense.

MPDATA is a flexible algorithm that has been ex-
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tensively modified and implemented over more than
twenty years in various application such as advection
modeling (Smolarkiewicz and Grabowski, 1990) and
nonoscillatory interpolation (Smolarkiewicz and Grell,
1992). This algorithm is based on the donor-cell advec-
tion scheme and belongs to the general class of Lax-
Wendroff methods. The basic idea is to compensate
the second-order error of donor-cell advection by the
iterated upwind approximation.

TSPAS is also a finite-difference advection scheme.
For each temporal integration step, the Lax-Wendroff
scheme with an adjusted time increment is used first as
a pre-estimator to get the first-guess of the tracer con-
centration at the next time step. A shape-preserving
check is then performed at each grid point. At those
locations where the shape-preserving requirement is
fulfilled, the Lax-Wendroff scheme is then used for the
temporal integration; elsewhere the upstream scheme
is used. Combining the advantage of small dispersion
error in the upstream scheme and small dissipation er-
ror in the Lax-Wendroff scheme, TSPAS has been per-
forming quite well in the simulations of heavy rainfall
and tropical cyclones in East Asia.

Recently the Flux-Form Semi-Lagrangian trans-
port schemes (FFSL) proposed by Lin and Rood
(1996) (hereafter LR96) have been implemented in
GAMIL as the third option of the advection scheme.
The FFSL package includes a family of finite-volume
schemes that are forward-in-time, upstream-biased
and oscillation-free (with the optional monotonicity
constraint). The semi-Lagrangian feature of FFSL en-
sures computational stablity when the Courant num-
ber exceeds unity in the longitudinal direction, hence
imposes less restrictive constraints over the polar re-
gions. The flux-form discretization, on the other hand,
guarantees the mass conservation. The FFSL algo-
rithm has been employed in many AGCMs and atmo-
spheric chemistry transport models (see, e.g., Chin et
al., 2000; Rotman et al., 2001; Roeckner et al., 2003).

Prior to the present work the performance of the
FFSL scheme in the GAMIL model has not been as-
sessed. The TSPAS and MPDATA schemes have been
used for water vapor transport only, with some prelim-
inary evaluations focusing on the general circulation
of the atmosphere. Currently the aerosol and atmo-
spheric chemistry modules of GAMIL are under devel-
opment. Many of the newly introduced species have
their own distinct properties. For example, methane
(CH4) is an important greenhouse gas which has a
much longer lifetime than the water vapor; ozone (O3),
also a greenhouse gas, is very active in chemical reac-
tions and has higher concentrations in the upper atmo-
sphere. It is therefore necessary to carry out compre-
hensive comparisons between the available advection

schemes via carefully designed tests, so that useful in-
formation can be obtained for choosing appropriate
advection schemes for various tracers. The result of
this study should be very helpful in providing a sound
basis for simulating chemical processes. In section 2
of this paper, results of the radon transport test are
described, and some evident biases are detected. Sec-
tion 3 addresses the source of the biases as analyzed
theoretically and it is verified with an idealized numer-
ical experiment. Additional discussions are presented
in section 4, and conclusions presented in section 5.

2. Results of the radon transport test

The radon (222Rn) transport test is now widely
used for the evaluation and intercomparison of tracer
transport models and schemes (Jacob and Prather,
1990; Genthon and Armengaud, 1995; Jacob et al.,
1997; Rasch et al., 2000). The species of interest,
radon, is a natural radioisotope emitted ubiquitously
from soils and removed from the atmosphere by ra-
dioactive decay with an e-folding lifetime of 5.5 days.
According to the World Climate Research Program
(WCRP) 1995 protocol (Rasch et al., 2000), the test
assumes a uniform emission of 1.0 atoms cm−2 s−1

from the land between 60◦S and 60◦N, and 0.5 atoms
cm−2 s−1 from the land between 60◦N and 70◦N ex-
cept Greenland. With radon treated as a passive
tracer, climate simulations are carried out with the
GAMIL model using climatological sea surface tem-
perature and sea ice distribution as the lower boundary
conditions. Meteorological fields at the initial step are
interpolated from the ECMWF 40 Years Re-Analysis
(ERA40) data (Uppala et al., 2005) for 1 January 1979.
The initial concentration of radon is set to zero. Each
simulation proceeds six years with the first year dis-
carded as the spin-up period. Five-year mean radon
concentration is then calculated and compared with
observations and results from other models.

It should be noted that distributions of radon in
AGCMs are affected not only by synoptic-scale trans-
port, but also by subgrid processes such as cumu-
lus convection and boundary layer mixing. Nonethe-
less, the former is the major factor that determines
the global distribution of radon concentration and is
the focus here. In order to isolate the impact of the
large-scale transport from other factors, the test is
conducted using all the three advection schemes in
GAMIL while keeping the rest parts of the model ex-
actly the same. By intercomparison of results from
these three realizations, we are able to identify errors
that are caused by specific features of each advection
schemes. A comprehensive evaluation of the results
from the radon transport test, including investigation
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Fig. 1. Simulated zonal mean radon concentration in boreal winter by GAMIL using the (a) TSPAS,
(b) MPDATA, and (c) FFSL (van Leer) advection scheme, respectively. Results shown here are the
averages over December, January and February. (units: pCI m−3 STP)

of the roles of other processes, is presented in else-
where.

Figure 1 shows the 5-year-mean zonally averaged
radon concentration in boreal winter simulated by
GAMIL using three advection schemes. Note that
the FFSL advection package is actually a family of
schemes. We only present here in Fig. 1c the re-
sults calculated with the piecewise linear (i.e., the van
Leer type) approximation. (Experiments using other
options, for example the piecewise parabolic approx-
imation with different monotonicity constraints, have
also been carried out. The results are very similar to
Fig. 1c. The maximum concentrations appear in mid-
latitudes in the Northern Hemisphere where the source
exists near the surface. The concentrations in the
Southern Hemisphere are considerably lower. There is
an approximately logarithmic decrease of concentra-
tion with height since the only sources are located at

the earth’s surface. The relatively large values cen-
tered around 15◦S in the middle and upper tropo-
sphere coincide very well with the ascending region of
the Hadley cell in the model (not shown). These fea-
tures are common in all the three panels of Fig. 1 and
agree well with results from many other models. The
simulated values are within the range of inter-model
variation in most regions (see, e.g., Jacob et al., 1997;
Rasch et al., 2000).

There are also unrealistic aspects in the results,
however. Both the TSPAS and MPDATA scheme pro-
duce evident high values of radon concentration near
the North Pole in the middle and upper troposphere,
showing a peak around 85◦N. A similar phenomenon
also appears in austral winter near the Antarctic, al-
though the biases are not as pronounced (not shown).
These high concentrations are unrealistic since there is
neither emission from 70◦N or 60◦S poleward, nor sys-
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tematic ascending motions in the polar regions. They
are also inconsistent with the results from most other
models.

This kind of error is not negligible although it ap-
pears only in relatively small regions compared to the
global domain. High latitude areas in the middle and
upper part of the troposphere are key regions for many
chemical species. Ozone, for example, is both abun-
dant and active in the polar regions and involved in
a series of important chemical reactions taking place
in the polar winter. The spurious high concentration
noted above may possibly lead to large errors when
various chemical species are included in the AGCM.
Consequently they will result in an unrealistic simula-
tion of the atmospheric components, not only because
of the errors in transport, but also as a result of the
biased chemical reactions.

It is worth noticing that in this test, the result ob-
tained with the FFSL advection scheme (last panel of
Fig. l) is free of the aforementioned biases in the polar
regions. Given that large-scale advection is the only
difference among the three realizations, it is reasonable
to look for the causes of error via investigation of the
properties of the advection schemes. A distinct fea-
ture of the FFSL scheme is that the semi-Lagrangian
approach makes it much less restrictive in the stability
constraint in the polar regions in comparison with the
other two schemes. However, since the simulations are
carried out with the Courant number less than unity
even near the poles, the Courant criterion should not
be the reason for the differences. It will be shown in
the next section that inconsistency between the ad-
vection schemes and the discrete continuity equation
in the dynamical core of the atmospheric model is pos-
sibly the reason that leads to the significant errors de-
tected.

3. The consistency issue

To investigate the cause of the biases detected in
section 2, we start from discussions on the generic
transport problem in atmospheric models. If the dis-
tribution of a tracer is affected only by the transport
process with no external sources or sinks, the mass of
the tracer is conserved. This conservation law can be
formulated in a generic pressure-based vertical coordi-
nate η as

∂

∂t

(
q
∂p

∂η

)
+∇ ·

(
q
∂p

∂η
V

)
= 0 . (1)

Here q denotes the mixing ratio of the tracer, p the
air pressure and V the 3-dimensional wind vector. By

setting q to a constant value, we obtain

∂

∂t

(
∂p

∂η

)
+∇ ·

(
∂p

∂η
V

)
= 0 . (2)

This is nothing more than the continuity equation,
which describes conservation of total mass of the atmo-
sphere. ∂p/∂η is the pseudo density in a hydrostatic
system which is proportional to air density in a height
coordinate and equals the surface pressure in a sigma-
coordinate. Combining Eqs. (1) and (2), we get

∂q

∂t
+ V · ∇q = 0 , (3)

which implies that a spatially uniform distribution of
tracer will be preserved. Eqs. (1) and (3) are usu-
ally called the flux form and the advective form of the
tracer conservation law, respectively.

In order to conserve tracer mass, usually the flux
form Eq.(1) is discretized to construct a numerical
scheme to predict q. The values of (q∂p/∂η) and ∂p/∂η
at the new time step are calculated using Eqs. (1) and
(2) independently, then the quotient is taken to obtain
the value of q. Let Q and π denote the discrete solu-
tions of (q∂p/∂η) and ∂p/∂η, respectively. Suppose
Eqs. (1) and (2) are discretized using the following
formulas to solve q in an AGCM:

Qn+m −Qn = −m∆tFn(V , Q) , (4)

πn+m − πn = −m∆tGn(V , π) , (5)

where n and m are positive integers denoting the time
step index, and ∆t is the time step. (Please note that
in this paper, superscripts in the formula always de-
note the time step index unless further notice.) If
we assume the time integration scheme is explicit for
the tracer, then Fn may involve values of the mixing
ratio at the nth and earlier time steps, but no un-
known values in the future. Furthermore we assume
Fn(βQ) = βFn(Q) holds for an arbitrary positive con-
stant β. (These two assumptions are true not only for
all the three advection schemes in GAMIL, but also for
many other advection schemes). In case q has a non-
trivial constant value at all the previous time steps,
we will have

qn+m − qn ≡ Qn+m

πn+m
− Qn

πn

=
m∆t

πn+mπn
[QnGn(V , π)− πnFn(V , Q)]

= m∆tRc
qn

πn+m
. (6)

The consistency residual Rc in Eq.(6) is defined as

Rc ≡ Gn(V , π)− Fn(V , π) . (7)
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Since m∆t and qn is never zero, the temporal incre-
ment of q will be zero if and only if Rc is zero. In other
words, if the numerical approximation to Eq. (1) does
not degenerate to the discrete continuity equation for
q = 1, spurious sources and sinks will be generated in
the discrete analogue of Eq. (3).

Traditionally, numerical schemes for advection pro-
cesses are constructed with the assumption that the
other variables in the transport equation are obtained
by some independent external procedures. When these
advection schemes are later adopted in an AGCM, the
numerical methods used in the advection scheme and
in the circulation model can be entirely different. De-
generation of the discrete tracer conservation to the
continuity equation of air is therefore not guaranteed.
As addressed in Jöckel et al. (2001), Rotman et al.
(2004) and highlighted in Hourdin and Armengaud
(1999), consequences of this inconsistency in long sim-
ulations could be severe if no special “fixing” is per-
formed.

In the following, the consistency between the dy-
namical core of GAMIL and the advection schemes
mentioned in section 1 is investigated. For simplic-
ity and without loss of generality, all the formulas
are written in one-dimensional form in the theoreti-
cal analysis.

Let u denote the wind velocity along the x axis and
∆x be the grid size. For a generic variable φ, define
the finite-difference operator δx(·) and the averaging
operator (·)x

as

δx(φi) ≡
φi+ 1

2
− φi− 1

2

∆x

φ
x

i+ 1
2
≡ φi+1 + φi

2
,

respectively. The subscript i is the spatial indice of the
grid point along the x axis. With these notations and
m = 1, the discrete continuity equation in GAMIL can
be compactly written as

πn+1
i − πn

i = −∆tGn
i (u, π) ≡ −∆tAn[Si(u, π)] . (8)

In Eq. (8) we have decomposed Gn
i into a temporal

operator An and a spatial operator Si

Sn
i (u, π) ≡ δx

(
unπnx)

i
, (9)

while An stands for a two time level semi-implicit
scheme (Wang and Ji, 2006) of which the details are
given in Appendix A.

Similarly, the TSPAS scheme can be formulated as

Qn+1
i −Qn

i =−∆tFn
T

(u,Q) ≡−∆tÃn[S̃i(u,Q)] (10)

with

Ãn(S̃i) ≡ S̃n
i , (11)

S̃n
i (u,Q) ≡ δx(uQnx

)i − 1
2
δx(T n

i ) , (12)

and

T n
i+ 1

2
≡ |ũ|i+ 1

2
(Qn

i+1 −Qn
i ) . (13)

Expression for the pseudo velocity |ũ|n
i+ 1

2
can be found

in Yu (1994). The MPDATA scheme consists of a se-
ries of consecutive iteration steps that can be written
as

Q∗
k+1

i −Q∗
k

i = −∆tÂk[Ŝi(û, Q∗)]

with

Âk(Ŝi) ≡ Ŝk
i (15)

Ŝk
i (û, Q∗) ≡ δx

(
ûk+1Q∗k

x)
i
− 1

2
δx(M k

i ) , (16)

and

M k
i+ 1

2
≡

∣∣∣ûk+1
i+ 1

2

∣∣∣ (Q∗
k

i+1 −Q∗
k

i ) . (17)

Here k = 0, . . . , IORD-1, where IORD indicates the
number of corrective iterations Q∗ such that

Q∗
0 ≡ Qn ; Q∗IORD ≡ Qn+1 .

IORD=3 is used in GAMIL. Expression for ûk+1
i+ 1

2

can be found in Smolarkiewicz (1984), Smolarkiewicz
and Clark (1986) and Smolarkiewicz and Grabowski
(1990).

In our experiments the time step leads to Courant
number less than unity at all gridpoints. The FFSL
scheme with piecewise linear approximation, which is
the algorithm used to produce results in Fig. 1c, can
be summarized as

Qn+1
i −Qn

i = −∆tFn
T

(u,Q) ≡ −∆tĂn[S̆i(u,Q)]
(18)

in which

Ăn(S̆i) ≡ S̆n
i (19)

S̆n
i (u,Q) ≡ δx(u, Qnx

)i − 1
2
δx(Fn

i ) +
1
2
δx(H n

i )

(20)

Derivation of Eq. (20) and the detailed expres-
sion of F and H are given in Appendix B. For the
subsequent discussion it is important to note that the
last two terms on the right-hand-side of Eq. (20) will
vanish if q is spatially constant.
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With all these formulas above, we are able to
compare the discretizations in the tracer advections
schemes and the mass conservation equation in the
general circulation model. To facilitate the analyses,
we will consider the temporal and spatial operators
separately.

Comparing Eqs. (9), (12), (16) and (20), it is not
difficult to see that by setting qn = 1:

• For the FFSL scheme with piecewise linear ap-
proximation, two terms in Eq. (20) vanishes and
S̆n

i (u,Q) equals Sn
i (u, π) When the piecewise

parabolic method (PPM) is used in the FFSL
scheme, it is not easy to summarize the formula-
tion into a form like Eq. (20) for arbitrary distri-
bution of q. However, it can still be proven that
in case q = 1, we also have S̆n

i (u,Q) = Sn
i (u, π)

no matter which monotonicity constraint is used.

• For TSPAS,

S̃n
i (u,Q) = Sn

i (u, π)− 1
2
δx(T n

i ) , (21)

Since GAMIL uses the generalized sigma coordi-
nate, π = ps − pT where ps and pT are the pres-
sure values at the earth’s surface and the model
top, respectively. The residual RT = − 1

2δx(T n
i )

is nontrivial wherever the wind velocity is not
zero and horizontal gradient exists in the surface
pressure field.

• For MPDATA, Ŝi(û, Q∗) (Eq. 16) does not de-
generate to Si(u, π) not only because of the resid-
ual RM = − 1

2δx(M k
i ), but also because of the

difference between the real velocity u and the
pseudo velocity û in the first term of Eq. (17).

Therefore in regard to the spatial operator, the
FFSL scheme is consistent with the dynamical core
of GAMIL while TSPAS and MPDATA are not. The
inconsistency associated with MPDATA is more severe
than TSPAS.

Now consider the temporal operator. First it
should be pointed out that when TSPAS and FFSL
are implemented in our model, the wind field at time
step n + 1

2 (defined as the arithmetic average of time
step n and n + 1) is used in Eqs. (12) and (20) to
achieve the second order accuracy. Comparing Eqs.
(11), (15) and (19) with the time stepping scheme of
the dynamical core and taking into account the itera-
tive feature of MPDATA, we can conclude that none
of the three advection schemes are advanced in time in
the same manner as the continuity equation in GAMIL.
This will cause errors to Eq. (3) regardless of which

Table 1. Result of the constant tracer test using 3 differ-
ent advection schemes (units: kg kg−1).

Level max or TSPAS MPDATA FFSL
min

Lowest layer max 1.096 1.081 1.001
Lowest layer min 0.828 0.737 0.997
Highest layer max 1.364 1.689 1.001
Highest layer min 0.719 0.577 0.997

scheme is implemented in the model.
In order to validate the analysis above, a constant

tracer test is conducted. The GAMIL model with
three different advection schemes is initialized with
typical meteorological fields in January and a constant
tracer mixing ratio of 1.0 kg kg-1 at all grid points.
Since the true solution is exactly 1.0, the relative con-
sistency error at each grid point can be defined as

Ec = |qn
i − 1.0| . (22)

Figure 2 shows the relative consistency error of the
scheme at the highest model level after 50 time steps
(i.e., 200 minutes). Large errors appear in the polar
regions, especially in the Northern Hemisphere for the
TSPAS and MPDATA scheme. The maximum relative
error on this level is more than 30% for TSPAS and
nearly 70% for MPDATA, while the errors associated
with FFSL is no larger than 0.3% (Table 1).

Figure 3 is the sigma-latitude cross section of the
same quantity at 76◦W, the longitude near which the
Andes is located. The noise throughout all the model
levels generated by TSPAS near 15◦S is apparently
associated with the steep and narrow mountain. Er-
rors of the MPDATA scheme are larger than TSPAS
in magnitude and affect more grid points especially in
the middle and upper atmosphere.

Results of the idealized numerical experiment agree
very well with our theoretical analysis. From Eqs. (13)
and (17) we can expect that the residuals RT and RM

will deviate significantly from zero when strong pertur-
bations appear. Over the Andes, the dramatic change
of surface pressure with topography is the main reason
for large residuals. In the polar regions, the finite dif-
ference discretization without polar filtering produces
circulations that are much less smooth than in, for ex-
ample, spectral models. The differences between the
zonal wind at neighboring grid points are of the same
magnitude as in mid-latitudes. However, due to the
convergence of the meridians, the zonal grid interval
near the poles is about one tenth of that near the equa-
tor, resulting large values of the residuals. The FFSL
scheme, on the other hand, has zero residual by de-
sign when q = 1 and, thus, differs from the continuity
equation of the model only in temporal integration and
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Fig. 2. Geograpical distribution of the absolute Relative Consistency Error
(RCE) at the highest vertical level after 50 dynamical steps (200 minutes) in
the constant tracer test with GAMIL using the (a) TSPAS, (b) MPDATA,
and (c) FFSL (van Leer) advection scheme. (units: kg kg−1)
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Fig. 3. Sigma-latitude cross section of the absolute Relative Consistency Error (RCE) at 76◦W after 50 dynamical steps
(200 minutes) in the constant tracer test with GAMIL using the (a) TSPAS (b) MPDATA and (c) FFSL (van Leer)
advection scheme. (units: kg kg−1). To get a natural comparison, model results are plotted on original sigma levels, but
pressures of these sigma levels are also roughly indicated.

generates much smaller errors (Fig. 2c and Fig. 3c).
It should be noted that the consistency error shown

here is in fact a quantitative estimate of the spurious
source in the tracer transport equation. The spatial
distributions of errors in the constant tracer test agree
very well with the biases detected in the radon trans-
port test, which confirms our attribution of those bi-
ases to the consistency issue.

4. Correlation between different species

In section 3 we have seen that if the consistency
between the conservation of the tracer mass and that
of the air mass is violated in an atmospheric model,

significant errors may occur in the transport process
of a single species. Moreover, it can be seen from Eq.
(3) that in the continuous form, when two species are
transported simultaneously, the initially linearly cor-
related concentrations will be retained in spite of the
evolution with time. Since the early 1990s, tight cor-
relations between tracers have been detected in high
quality aircraft observations (Plumb and Ko, 1992).
These correlations provide fundamental information
about atmospheric transport and chemistry, which
stresses the necessity of maintaining the linearity of an
advection scheme for the tracer mixing ratio. Much at-
tention has been paid to this issue in recent years (e.g.,
Lin and Rood, 1996). Assume the numerical schemes
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Fig. 4. The initial mixing ratio of tracer 1 in the tracer correlation test. (Units: kg kg−1)

Eqs. (4)–(5) are employed to simulate the transport
of two species with mixing ratios q1 and q2 satisfying

q1 = γq2 + µ (23)

at the nth time step where γ and µ are constants. By
rewriting Eq. (4) as

qn+m
1 πn+m = qn

1 πn −m∆tFn(V , qπ) (24)

and using Eqs. (23) and (5), we obtain

qn+m
1 πn+m =(γqn+m

2 + µ)πn+m

+ µm∆tRc + m∆tRs . (25)

Here Rc is the consistency residual given by Eq. (7).
The split residual Rs is defined as

Rs =Fn(V , γqπ) + Fn(V , µπ)−
Fn[V , (γq + µ)π] . (26)

Given that µ is not necessarily zero, Rc = 0 and
Rs = 0 are the necessary conditions to retain (23) at
the new time step. The former has already been dis-
cussed in detail in the previous section, while the lat-
ter may be violated when additional mononicity con-
straints are imposed on the advecion scheme.

We now perform another idealized test, again us-
ing the GAMIL model with three different advection
schemes. Two tracers are transported simultaneously
in this experiment with initial conditions given by

q0
1 = 1 + sinλ cos ϕ , q0

2 = 1− sinλ cos ϕ ,

respectively (Fig. 4), where λ is the longitude and ϕ
the latitude. We define the tracer correlation error

Er =
1
2
|qn

1 + qn
2 − 2.0| (27)

to evaluate the extent to which the relationship be-
tween the two species is violated. The correlation er-
ror associated with TSPAS and MPDATA scheme at
the highest model level after 50 time steps (200 min-
utes) is shown in Figs. 5a, b. The error given by
FFSL is much smaller (Fig. 5c). Spatial features of
the correlation error are quite similar to the consis-
tency error in Fig. 2 because the consistency residual
is considerably larger than the split residual in these
two schemes, which again highlights the necessity to
reduce the consistency error in an atmospheric model.

5. Concluding remarks

In this study, the radon transport test is carried
out using the atmospheric general circulation GAMIL
with three different tracer advection schemes. Signif-
icant biases are detected with the TSPAS and MP-
DATA scheme in the polar regions and in the upper
atmosphere. Theoretical investigation into the formu-
lations of the schemes reveals that the inconsistency
between the tracer advection scheme and the discrete
continuity equation in the atmospheric model can lead
to spurious sources and sinks of considerable magni-
tude to the tracer advection equation. This is identi-
fied via idealized numerical experiments as the cause
of the biases in the radon test. Additional analysis and
experiments show that this inconsistency can also lead
to severe violation of the linear relationship between
different species. When the mixing ratio is spatially
uniform with value 1.0, the FFSL advection scheme
degenerates to the same form as the discrete continu-
ity equation in the GAMIL model in terms of spatial
discretization, thus dramatically reduces the inconsis-
tency and the consequent errors.

These results are quite informative and give us use-
ful hints for choosing appropriate advection schemes
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Fig. 5. Geograpical distribution of the absolute Tracer Correlation Error
(TCE) at the highest vertical level after 50 dynamical steps (200 minutes)
in the tracer corelation test with GAMIL using the (a) TSPAS (b) MPDATA
and (c) FFSL (van Leer) advection scheme. (units: kg kg−1)
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in the GAMIL model. Although both the TSPAS and
MPDATA have been adopted in GAMIL and demon-
strated reasonable performance for water vapor trans-
port with regard to the feedback on the general circu-
lation, they had not been evaluated for other species
before this study. Recently a module describing the
aerosol-related physical and chemical processes has
be designed for GAMIL. Implementation of this new
module inevitably involves introduction of many new
species that either are chemically active or have signif-
icant impact on the physical system. Results from this
work implies that at least for those closely correlated
species as well as those having high concentrations in
the polar regions, the FFSL scheme is more suitable
for simulating the large-scale transport processes.

For water vapor, however, the performance of
FFSL in the GAMIL model has not yet been evaluated
in detail. There are some preliminary results showing
that use of FFSL helps to improve the simulated tem-
perature field and cloud fraction in the polar regions.
Since water vapor is one of the essential components of
the atmosphere, a comprehensive evaluation and com-
parison of the currently available advection schemes is
planned with focus on the hydrologic cycle.

Currently the FFSL package is implemented in the
AGCM in such a way that the total mass of the tracer
will be conserved to machine precision if there is no ex-
ternal source or sink. The constant tracer test reveals
that the magnitude of the relative consistency error
[defined by expression (22) associated with the FFSL
scheme in GAMIL is about] 0.3%. This is introduced
by the different time integration algorithms in FFSL
and in the dynamical core. To entirely remove this er-
ror, the pseudo density of the air, which is needed for
converting tracer pseudo density to the mixing ratio,
can be recalculated using the same time integration
scheme as in FFSL. However, the difference between
the recalculated density and the value computed in
the dynamical core will result in a slight violation of
the total mass conservation of the tracer. The exactly
conservation of tracer mass and elimination of spuri-
ous sources of the mixing ratio is hence a dilemma.
An ultimate solution of this problem would be to use
exactly the same time marching method for the dy-
namical core and for the advection scheme. This can
be done, for example, by applying the time integration
algorithm Eqs. (28)–(30) in Appendix A to Eqs. (31)
in Appendix B. However, as a consequence, there is an
additional computational expense due to the iterative
feature of Eqs. (28)–(30). If a number of species are
to be transported in this way, the CPU time needed
will increase quite considerably and may even render
the scheme unaffordable. It does not seem worth the
greater expense to reduce a very small error, especially

for species that have strong external sources and sinks.
Complete consistency can be achieved, on the other
hand, by applying the flux-form semi-Lagrangian idea
to the continuity equation, although one needs to be
very careful to preserve the total energy conservation
which is an important feature of the GAMIL dynam-
ical core. Further studies are planned to address this
issue.
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APPENDIX A

Time Integration Scheme for the Continuity
Equation in GAMIL

For simplicity, we write the spatially discretized
continuity equation of the GAMIL model in 2D form
as

∂π

∂t
= −δx(uπx)i − δy(vπy)j

where π denotes the pseudo density in the sigma coor-
dinate. Three sub-steps are performed to update the
value of π from time level n to level n+1:

π
n+ 1

2
(1) =πn − ∆t

2
δx

[
ũn+ 1

2 (π̃n+ 1
2 )

x]
i
−

∆t

2
δy

[
vn(πn)

y
]

j
, (A1)

π
n+ 1

2
(2) =πn − ∆t

2
δx

[
ũ

n+ 1
2

(1)

(
π̃

n+ 1
2

(1)

)x]

i

−

∆t

2
δy

[
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2

(1)

(
π

n+ 1
2

(1)

)y]
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, (A2)

πn+1 =πn −∆tβnδx

[
ũ

n+ 1
2

(1)

(
π̃

n+ 1
2

(1)

)x]

i

−

∆tβnδy

[
v

n+ 1
2

(2)

(
π

n+ 1
2

(2)

)y]

j

. (A3)

Here the subscripts (1) and (2) denote the first guess
and the correction, respectively. Variables with a tilde
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are the estimates obtained by implicitly solving the
1D external gravity wave equation in the zonal direc-
tion. βn is a time-dependent parameter which has not
spacial variation. A complete description of the time
stepping scheme as well as the basic idea of it can be
found in Chapter 9 of Wang and Ji (2006) and in Wang
et al. (2004).

APPENDIX B

FFSL Scheme with Piecewise Linear
Approximation

The FFSL scheme with piecewise linear approxi-
mation (i.e., the van Leer type algorithm) has been
detailed in LR96. For simplicity, the formulation was
given for nondivergent flow and π = constant in which
the tracer density Q and mixing ratio q were inter-
changable. However, for practical use in the AGCMs,
especially for the consistency issue being discussed in
this paper, it is essential to distinguish Q and q clearly
and modify the related operators properly. Therefore
we rewrite here the formulas in LR96 and manipulate
them further into the form presented in section 3.

The 2D FFSL scheme in the C-grid system can be
written in symbolic form as

Qn+1 −Qn

∆t
=− δx

{
X

[
qn +

1
2
g(qn)

]}
−

δy

{
Y

[
qn +

1
2
f(qn)

]}
. (B1)

The finite difference operator δx(·) is the same as in
section 3 and δy(·) is defined similarly for the other di-
rection. X and Y are the mass fluxes of the tracer in
the east-west and north-south direction, respectively,
but has modified expression comparing to LR96. Fol-
lowing that paper, we focus only on the first term on
the right-hand-side of (B1).

The advective-form operator g(qn) is defined at
gridpoint (i, j) as

g
i,j

= (qn
i,J
− qn

i,j
) + |cy

i,j
|(qn

i,J∗ − qn
i,J

) ,

where

Cy
i,j

=
∆t

2∆y

(
v

i,j− 1
2

+ v
i,j+ 1

2

)
,

cy
i,j

= Cy
i,j
− int(Cy

i,j
) ,

J = j − int(Cy
i,j

) ,

J∗ = J − sign(1, Cy
i,j

) .

Here Cy
i,j and cy

i,j are the Courant number in the y-axis
direction and its fractional part, respectively.

Define an intermediate quantity

q∗ij = qn
i,j +

1
2
gi,j(qn) .

When the Courant number is less than unity, the
“integer part” of flux X defined in LR96 vanishes, and
the fractional part computed by the van Leer scheme
is

Xi+ 1
2 ,j =ui+ 1

2 ,j(πn)
x

i+ 1
2 ,j

{
q∗

I,j
+

∆q∗
I,j

2

[
sign

(
1, cx

i+ 1
2 ,j

)
−

cx
i+ 1

2 ,j

]}
, (B2)

where

cx
i+ 1

2 ,j =
∆t

∆x
ui+ 1

2 ,j

and

I = i + 1− int
(
cx
i+ 1

2 ,j

)
.

∆q∗
I,j

can be calculated simply by

∆q∗
I,j

=
1
2

(
q∗

I+1,j
− q∗

I−1,j

)

or with a monotinicity constraint as in Lin et al.
(1994).

So far we have rewritten the van Leer type formu-
lation in LR96 for divergent flow. In the following, we
further manipulate (B2) to reveal the relation between
this scheme with the dynamical core of GAMIL. In the
following formulas we omit the north-south direction
index which is always j. Using the equality

ui+ 1
2
(πn)

x

i+ 1
2
qn

I
=ui+ 1

2
(Qn)

x

i+ 1
2
−

|u|i+ 1
2
πn

I∗
(
qn
i − qn

i−1

)
,

we can obtain

−δx

{
X

[
qn +

1
2
g(qn)

]}
=δx

(
unQnx
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i
−

1
2
δx(Fn

i ) +
1
2
δx(H n

i )

where
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2
πn
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(
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2
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[
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2
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.
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The subscript I∗ is defined as

I∗ = int
(

i + 1 +
∆t

∆x
ui+ 1

2

)
;

the pseudo-density π in the sigma coordinate used by
GAMIL is given by

π = ps − pT ,

where ps and pT denote the pressure values at the
earth’s surface and the model top, respectively. F
is the counterpart of Eqs. (13) and (17), but with the
crucial difference that the variable which appears in
the brackets is now the mixing ratio instead of pseudo
density of the tracer. When q is a constant, both F
and H will become zero.
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