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ABSTRACT

An Eulerian flux-form advection scheme, called the Two-stepShape-Preserving Advection Scheme (TSPAS), was gen-
eralized and implemented on a spherical icosahedral hexagonal grid (also referred to as a geodesic grid) to solve the transport
equation. The C grid discretization was used for the spatialdiscretization. To implement TSPAS on an unstructured grid,
the original finite-difference scheme was further generalized. The two-step integration utilizes a combination of two separate
schemes (a low-order monotone scheme and a high-order scheme that typically cannot ensure monotonicity) to calculate the
fluxes at the cell walls (one scheme corresponds to one cell wall). The choice between these two schemes for each edge
depends on a pre-updated scalar value using slightly increased fluxes. After the determination of an appropriate scheme, the
final integration at a target cell is achieved by summing the fluxes that are computed by the different schemes. The conser-
vative and shape-preserving properties of the generalizedscheme are demonstrated. Numerical experiments are conducted
at several horizontal resolutions. TSPAS is compared with the Flux Corrected Transport (FCT) approach to demonstrate
the differences between the two methods, and several transport tests are performed to examine the accuracy, efficiency and
robustness of the two schemes.
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1. Introduction

With the rapid development of supercomputing power,
global atmospheric models will have ultra-high horizontal
resolutions that can include various scales of atmospheric
motion (e.g., Miura et al., 2007; Smolarkiewicz et al., 2015;
Heinzeller et al., 2016). Quasi-uniform grids are generally
preferred for this kind of model rather than regular latitude–
longitude grids. The latter suffers from the well-known polar
problem because of the convergence of zonal distance near
the pole. This problem not only limits the numerical stabil-
ity of discretized dynamical equations, but also introduces an
unnecessary mesh refinement that may affect the appropriate-
ness of subgrid-scale formulations.

For quasi-uniform mesh systems, the grid configuration
and numerical algorithm for solving global models have un-
dergone extensive developments. Williamson (1968) and
Sadourny et al. (1968) introduced a geodesic grid based
on the projection of an inscribed subdivided icosahedron
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onto the sphere [Sadourny (1972) also introduced the cubed-
sphere mesh]. Since then, many studies have investigated the
solving of atmospheric equations on icosahedral-like mesh
systems. These studies include solving shallow-water equa-
tions (e.g., Cullen, 1974; Masuda and Ohnishi, 1987; Heikes
and Randall, 1995a, 1995b; Thuburn, 1997; Stuhne and
Peltier, 1999; Tomita et al., 2001; Ringler and Randall, 2002;
Bonaventura and Ringler, 2005; Walko and Avissar, 2008a;
Rı́podas et al., 2009; Lee and MacDonald, 2009; Weller et
al., 2009; Ii and Xiao, 2010), formulating atmospheric dy-
namical cores (e.g., Ringler et al., 2000; Tomita and Satoh,
2004; Walko and Avissar, 2008b; Gassmann, 2013; Wan et
al., 2013; Zängl et al., 2015), and building realistic global at-
mospheric models (e.g., Randall et al., 2002; Majewski et al.,
2002; Satoh et al., 2008; Skamarock et al., 2012; Bleck et al.,
2015). Based on the choice of the control volume, icosahe-
dral mesh systems can be categorized into triangular meshes
and hexagonal-pentagonal meshes. The latter type was cho-
sen in this study as an example to demonstrate our applica-
tion.

In addition to the mesh configuration, the numerical oper-
ator is another component of solving atmospheric equations.
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In an atmospheric model, the transport/advection equation
may be the simplest prognostic equation and requires ap-
proximating only a single operator. Hence, solving the ad-
vection equation is frequently used to test numerical meth-
ods (e.g., Lauritzen et al., 2014). A desired transport scheme
needs to meet several key properties, including conserva-
tion of the tracer mass, the shape-preserving property that
denies the occurrence of new maxima and minima (under
non-divergent flows), preserving the correlation of tracers,
and being computationally efficient in a spherical geome-
try. Finite-difference and finite-volume methods are usually
employed for flux-form schemes (e.g., van Leer, 1977; Za-
lesak, 1979; Smolarkiewicz, 1984; Leonard, 1991; Lin et
al., 1994; Yu, 1994; Hundsdorfer et al., 1995; Li, 2008).
Many flux-form schemes have also been adopted or de-
veloped on unstructured grids. Löhner et al. (1988) ex-
tended the flux-corrected transport (FCT; Boris and Book,
1973; Zalesak, 1979) scheme to an unstructured triangu-
lar grid with a finite-element discretization. Smolarkiewicz
and Szmelter (2005) presented an unstructured-grid formula-
tion of the multidimensional positive definite advection trans-
port algorithm (Smolarkiewicz, 2006) in an arbitrary finite-
volume framework. Putman and Lin (2007) generalized the
flux-form semi-Lagrangian (Lin and Rood, 1996) scheme
for quasi-uniform cubed-sphere grids. On icosahedral-mesh
applications, Thuburn (1997) implemented a conservative
and shape-preserving advection scheme based on polyno-
mial interpolations (Thuburn, 1995). Lipscomb and Ringler
(2005) reformulated an incremental remapping-style advec-
tion scheme on a spherical geodesic grid. Miura (2007) de-
signed a simplified incremental remapping-style transport
scheme for icosahedral grids. This scheme was further ex-
tended in Skamarock and Menchaca (2010) using higher-
order reconstructions. Steppeler et al. (2008) proposed a
method to achieve high-order finite-difference schemes on
icosahedral-type grids. Skamarock and Gassmann (2011)
generalized a set of finite-difference operators for spheri-
cal hexagonal meshes. Other schemes that have been imple-
mented on icosahedral grids include those by Niwa et al.
(2011), Miura and Skamarock (2013), Chen et al. (2014),
Dubey et al. (2014) and others.

In this study, we implemented a conservative finite-
difference advection scheme, called the Two-step Shape-
Preserving Advection Scheme (TSPAS; Yu, 1994), onto the
spherical icosahedral-hexagonal-pentagonal (IHP) grid.The
original scheme has been applied in several numerical mod-
els (e.g., Yu, 1995; Yu and Xu, 2004; Wang et al., 2004;
Xiao et al., 2008; Shi et al., 2009; Zhang et al., 2013; Yu
et al., 2015; Zhang and Li, 2016), all of which are built
on regular latitude–longitude grids. To apply TSPAS on a
geodesic grid, the original scheme was further generalizedin
a control-volume framework. TSPAS is a compound scheme
that combines a low-order monotone scheme [the upwind
(UP) scheme] and a high-order scheme [the Lax–Wendroff

(LW) scheme (Lax and Wendroff, 1960)] that typically can-
not ensure monotonicity. This approach sounds similar to
the FCT approach. The difference is that in the FCT ap-

proach, the flux across each edge is computed by blending
low- and high-order schemes with an anti-diffusive proce-
dure; whereas, in the TSPAS approach, the flux across each
edge is computed by either low- or high-order schemes.

In this paper, we detail the computational procedures of
the generalized TSPAS and utilize several numerical tests
to check the accuracy, efficiency and robustness of the im-
plemented scheme. Numerical errors that arise from the
discretized scheme are also computed. The two-step flux-
form integration conserves the tracer mass and preserves the
shape in a simple and efficient way. The FCT approach is
also generalized in Appendix A, and the two schemes are
compared.

The remainder of the paper is organized as follows. Sec-
tion 2 describes the implementation of TSPAS on the IHP
grid, and section 3 presents the results from various numeri-
cal tests. Concluding remarks are given in section 4.

2. Implementation of TSPAS on a spherical
IHP grid

2.1. Spherical IHP grid

The construction of an icosahedral grid starts from a
raw icosahedron (inscribed inside a sphere), which has 12
vertices, 30 edges and 20 triangular faces. One-level finer
grids are then generated by bisecting the edges of the former
coarser grids (e.g., Baumgardner and Frederickson, 1985;
Heikes and Randall, 1995a; Satoh et al., 2014). Thenth
bisection of the icosahedron is typically called grid level
(Glevel)n. The division generates more spherical triangular
faces that are formed by vertices. The vertices are then pro-
jected onto the sphere.

The spherical hexagons/pentagons are constructed by
connecting the circumcenters (Fig. 1) of six/five neighbor-
ing spherical triangles (that share a common vertex). Pen-
tagons only occur at the 12 vertices of the raw icosahedron. A
hexagon that is formed by the circumcenters of spherical tri-
angles is also referred to as a Voronoi (e.g., Heikes and Ran-
dall, 1995a). This differs from the barycenter-type hexagon,
which is formed by connecting the barycenters of neighbor-
ing spherical triangles (e.g., Tomita et al., 2001).

Because spherical hexagons are not regular hexagons
and are sort of distorted, grid optimizations are typically
used for IHP grids to reduce truncation errors (Miura and
Kimoto, 2005; Heikes et al., 2013). Many methods have
been proposed for optimizing IHP grids. Heikes and Randall
(1995b) slightly adjusted the intersection points of triangu-
lar and hexagonal/pentagonal grids to improve the accuracy.
Tomita et al. (2001) designed a spring grid system to reduce
the grid noise that originates from the use of the Arakawa-A
(Arakawa and Lamb, 1977) grid. Based on methods pro-
posed by Du et al. (1999) and Du et al. (2003), Ringler et al.
(2008) introduced the Spherical Centroid Voronoi Tessella-
tion (SCVT) for use in earth system modeling. The SCVT
method is a more generalized surface tessellation approach
that does not necessarily require starting from a subdivided
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Fig. 1. Illustration of the C grid discretization with a spherical
hexagonal grid. The red triangles are the vertices of the spheri-
cal triangles (formed by the dashed lines), and the solid circles
denote the circumcenters of spherical triangles; the solidlines
that connect the solid circles form a hexagon. The red triangles
are also the centroids of the hexagons given the SCVT optimiza-
tion. See section 2.2 for additional details.

icosahedron. When this method is used to optimize an IHP
grid, the resultant grid can achieve the collocation and orthog-
onality properties, while the bisection property is not con-
strained (Miura and Kimoto, 2005). The SCVT optimization
is used in this study. Open source icosahedral mesh tools are
adopted to construct the mesh infrastructure (Renka, 1997;
Peixoto and Barros, 2013), including the mesh generation and
optimization.

2.2. Computational procedures of the generalized TSPAS

For simplicity, only a two-dimensional case is considered
in this study. The flux-form advection equation may be writ-
ten in the following form:

∂ρq
∂t
= −∇ · (ρqVVV) , (1)

whereρ is a density-like quantity,q is a mixing-ratio-like
quantity, andVVV is the velocity vector. The continuity equa-
tion can be achieved by simply settingq to 1, which gives

∂ρ

∂t
= −∇ · (ρVVV) . (2)

Figure 1 shows the Arakawa-C control volume discretiza-
tion in the context of an IHP mesh. The scalar values (e.g.,ρ

and q) are placed at the centroid of a control volume cell,
which is also the vertex of a spherical triangle under the

SCVT optimization. The velocity fields are defined at the
midpoint of each hexagonal cell wall. LetQ= ρq; then, the
right side of Eq. (1) can be transformed into a line integral
using Gauss’s theorem:

∂Q0

∂t
= −

1
S0

i=N
∑

i=1

FFF i ·nnni l i , (3)

where Q0 is the scalar value at the centroid of a hexago-
nal/pentagonal cell 0,S0 is the area of cell 0. A variable with
a subscript denotes the target variable at a particular location
(similar hereafter).nnni is a unit outward normal vector of the
cell wall i, N is 6 for a hexagonal cell and 5 for a pentagonal
cell, l i is the spherical length of the cell walli, and is located
between the vertex 0 andi. FFF i has a form ofQ̃iVVVi , which de-
notes the mass flux across the cell walli (Q̃i is an imaginary
quantity at the cell wall).FFF i is assumed to be located at the
intersecting point between the Voronoi’s and triangle’s edges
(Fig. 1).

With these configurations, the next step is to build the di-
vergence operator with an appropriate spatial scheme to cal-
culate the flux at the cell wall and an appropriate time scheme
for the time integration. The transport equation can then be
numerically solved. Combining TSPAS with the configura-
tion of the IHP grid, it may be formulated as follows.

The first step is to calculate an intermediate flux at each
cell wall using the high-order scheme but with a slightly in-
creased flux (∗ denotes an intermediate stage):

F∗i = FFF i ·nnni = β0

[

0.5Ui(Q0+Qi)−0.5|Ui|(Qi −Q0)
|Ui |∆t
∆mi0

]

,

(4)
whereβ0 is a scalar that is placed at vertex 0 and is used to
add a slight increment to the actual flux. The formula for
calculatingβ0 will be given in section 2.3, andβ0 > 1 is a
prerequisite.Ui = VVVi ·nnni is the wind speed normal to the cell
wall i, (the brown arrow in Fig. 1; the sign is outward posi-
tive). Q0 andQi (Fig. 1) are scalar values defined at vertices 0
andi. ∆t is the time step, and∆mi0 is the spherical length be-
tween vertex 0 andi. Next, we need to pre-update the scalar
field at vertex 0 using Eqs. (3) and (4) and evaluate the up-
datedQ∗0[Q∗0 = Q0− (∆t/S0)

∑i=N
i=1 F∗i l i ]. An A value is then

introduced and defined at each vertex as follows:

A0 = (Q∗0−Qmax)(Q∗0−Qmin) , (5)

Qmax = MAX( Q0,Q1,Q2, . . . ,QN) , (6)

Qmin = MIN( Q0,Q1,Q2, . . . ,QN) , (7)

where MAX and MIN denote taking the maximum and min-
imum values of vertex 0 and all of its neighboring vertices.
By applying this operation globally, the entireA field will be
evaluated.

The second step is to choose an appropriate scheme to
perform the real/final integration. IfA values at both vertex
0 andi are less than zero, the flux at the cell walli will be
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calculated using the high-order LW scheme as follows:

FLW,i = FFFLW,i ·nnni

= 0.5Ui(Q0+Qi)−0.5|Ui|(Qi −Q0)
|Ui |∆t
∆mi0

; (8)

otherwise, the flux will be calculated using the UP scheme as
follows:

FUP,i = FFFUP,i ·nnni = 0.5Ui(Q0+Qi)−0.5|Ui |(Qi −Q0) . (9)

The choice between the two schemes can be achieved by us-
ing an “if statement” or Eqs. (9)–(12) in Yu (1994). This is the
entire integration procedure of TSPAS on the IHP grid. Note
that by using Eqs. (8) or (9) for each cell wall, we are as-
suming a one-dimensional finite-difference operator in each
direction. The flux in each direction of a given cell wall is cal-
culated using the same equation [Eq. (8) or Eq. (9)] but with
opposite signs. Thus, the global sum of the fluxes will van-
ish, and the conservation is guaranteed (it has been checked
that the scheme conserves the tracer mass to machine preci-
sion). A concise flowchart of the computational procedure is
presented in Appendix B.

2.3. Shape-preserving property

Up to this point, onlyβ is unknown. Starting from Eq.
(3), the discretized two-step integration with a forward-in-
time scheme from time leveln to n+1 may be written as

Q∗0 = Qn,0−
∆t
S0

i=N
∑

i=1

F∗i l i , (10)

Qn+1,0 = Qn,0−
∆t
S0

i=N
∑

i=1

Fi l i . (11)

Meanwhile, considering Eqs. (4), (8) and (9), we may obtain

FUP,i = FLW,i +0.5|Ui |(Qi −Q0)

(

|Ui |∆t
∆mi0

−1

)

, (12)

F∗i = β0FLW,i . (13)

Note thatQ0 andQn,0 are the same unless otherwise explic-
itly mentioned. As stated previously, TSPAS combines the
fluxes that are computed by the LW and UP schemes. Hence,
only three possible situations may occur:

(1) All of the fluxes are calculated by the LW scheme.
Thus,

Qn+1,0 = Qn,0−
∆t
S0

i=N
∑

i=1

FLW,i l i . (14)

Using Eqs. (10) and (13), we obtain

−
∆t
S0

i=N
∑

i=1

FLW,i l i =
Q∗0−Qn,0

β0
. (15)

Thus,

Qn+1,0 = Qn,0+
Q∗0−Qn,0

β0
=

Q∗0+ (β0−1)Qn,0

β0
. (16)

Note that as long as one cell wall around vertex 0 chooses
the LW scheme (A0 < 0), there must beQmin 6 Q∗0 6 Qmax.
Becauseβ0 > 1, we obtain

Qmin+ (β0−1)Qmin

β0
6

Q∗0+ (β0−1)Qn,0

β0

6
Qmax+ (β0−1)Qmax

β0
. (17)

Therefore,Qmin 6Qn+1,0 6Qmax. Thus, the shape-preserving
property is guaranteed whenβ0 > 1.

(2) All of the fluxes are calculated by the UP scheme.
The shape-preserving property is guaranteed when the stabil-
ity condition ([(|Ui |∆t)/∆mi0] −16 0) is satisfied.

(3) A total of k fluxes are calculated by the UP scheme,
andN−k fluxes are calculated by the LW scheme. Using Eqs.
(11) and (12), we obtain

Qn+1,0=Qn,0−
∆t
S0

i=N
∑

i=1

FLW,i l i −

∆t
S0

i=k
∑

i=1

[

0.5|Ui |(Qi −Q0)

(

|Ui |∆t
∆mi0

−1

)

l i

]

, (18)

Qn+1,0=
Q∗0+(β0−1)Qn,0

β0
−
∆t
S0

i=k
∑

i=1

[

0.5|Ui |Qi

(

|Ui |∆t
∆mi0

−1

)

l i

]

+

∆t
S0

i=k
∑

i=1

[

0.5|Ui |Q0

(

|Ui |∆t
∆mi0

−1

)

l i

]

, (19)

Qn+1,0=
Q∗0
β0
+















1−
1
β0
+
∆t
S0

i=k
∑

i=1

[

0.5|Ui |

(

|Ui |∆t
∆mi0

−1

)

l i

]















Q0−

∆t
S0

i=k
∑

i=1

[

0.5|Ui |Qi

(

|Ui |∆t
∆mi0

−1

)

l i

]

. (20)

Because 1/β0 > 0 and [(|Ui |∆t)/∆mi0] − 16 0 when the sta-
bility condition is satisfied, it only requires

1−
1
β0
+
∆t
S0

i=k
∑

i=1

[

0.5|Ui |

(

|Ui |∆t
∆mi0

−1

)

l i

]

> 0 (21)

to achieve

Qmin

β0
+















1−
1
β0
+
∆t
S0

i=k
∑

i=1

[

0.5|Ui |

(

|Ui |∆t
∆mi0

−1

)]

l i















Qmin−

∆t
S0

i=k
∑

i=1

[

0.5|Ui |Qmin

(

|Ui |∆t
∆mi0

−1

)

l i

]

6 Qn+1,0 6

Qmax

β0
+















1−
1
β0
+
∆t
S0

i=k
∑

i=1

[

0.5|Ui |

(

|Ui |∆t
∆mi0

−1

)]

l i















Qmax−

∆t
S0

i=k
∑

i=1

[

0.5|Ui |Qmax

(

|Ui |∆t
∆mi0

−1

)

l i

]

. (22)

That is,Qmin 6 Qn+1,0 6 Qmax.



MARCH 2017 ZHANG ET AL. 415

Therefore, the shape-preserving property is guaranteed
when Eq. (21) is satisfied. Thus, we require

β0 >
1

1− ∆t
S0

∑i=k
i=1

[

0.5|Ui |
(

1− |Ui |∆t
∆mi0

)

l i
] (23)

under the condition

1−
∆t
S0

i=k
∑

i=1

[

0.5|Ui |

(

1−
|Ui |∆t
∆mi0

)

l i

]

> 0 . (24)

Letγi = |Ui |[1−(|Ui |∆t)/∆mi0]l i and note thatγi > 0 under the
stability condition. We can find a value ofγmax that satisfies

γmax=MAX( γ1,γ2,γ3 · · ·γN) . (25)

Then,

1−
∆t
S0

i=k
∑

i=1

0.5γi > 1−
k∆t
S0

0.5γmax ; (26)

namely,

1

1− k∆t
S0

0.5γmax
>

1

1− ∆t
S0

∑i=k
i=10.5γi

. (27)

Thus, we let

β0 =MAX

















1,
2

2− k∆t
S0
γmax

















. (28)

Eq. (28) is a generalized form ofβ that was used by Yu
(1994), and it is a formula that deals with all possible situ-
ations. Ideally, the value ofk may be determined for each
vertex at each time step using iterative routines. However,
this will substantially increase the computational burden. For
simplicity, we usek = 3 globally throughout the integration.
Normally, a larger (smaller)k value leads to a larger (smaller)
β value, and the scheme may choose the monotone scheme
more (less).

3. Numerical tests

The numerical tests that are conducted in this study are
given in Williamson et al. (1992) and Nair and Lauritzen
(2010). We use the solid body rotation test of Williamson
et al. (1992) and the deformational flow cases (1–4) of Nair
and Lauritzen (2010). The numerical errors are calculated
following Williamson et al. (1992), including

L1 =
I (|QC−QT|)

I (|QT|)
, (29)

L2 =

√

I [(QC−QT)2]

I [(QT)2]
, (30)

L∞ =
max(|QC−QT|)

max(|QT|)
, (31)

hmax =
max(QC)−max(QT)

∆h
, (32)

hmin =
min(QC)−min(QT)

∆h
, (33)

∆h = max(QT)−min(QT) , (34)

whereI denotes the global integration,QC denotes the com-
putational solution, andQT denotes the true/analytical solu-
tion, hmax,hmin and∆h represent deviations. The operators
max and min denote taking the maximum and minimum val-
ues on the globe, respectively. All of the numerical tests are
performed on a unit sphere (radius= 1) for the normalization.
The duration of integration isT = 5, as suggested by Nair and
Lauritzen (2010). We solve Eqs. (1) and (2) with a constant
initial density field (ρ = 1). Results are presented and diag-
nosed forQ in this paper. The initial spatial distributions of
the tracer mixing ratioq are given in each subsection below.
The resolutions of the icosahedral mesh are Glevel 4, 5 and 6,
which have 2562, 10242 and 40962 points, respectively. The
resolutions correspond to approximately 4◦, 2◦ and 1◦ radi-
ans. The integration is divided into 600, 1200 and 2400 steps
for Glevel 4, 5 and 6, such that the maximum Courant number
has an approximately constant value at all resolutions. All
of the results are post-interpolated to a uniform rectangular
grid. We run each test with TSPAS and FCT. The error statis-
tics from the two schemes are given in Tables 1–7. Figures
that show the FCT’s results are provided in a supplementary
document.

3.1. Solid body rotation

In the solid body rotation test, a cosine bell is advected by
prescribed ambient winds on the sphere. The wind field and
initial scalar values are as follows:

u = u0(cosθcosα+sinθcosλsinα) , (35)

v = −u0sinλsinα , (36)

u0 =
2π
T
, (37)

q =















0.5
[

1+cos
(

πr
R

)]

i f r < R

0 i f r > R
, (38)

whereθ is the latitude,λ is the longitude,α is the angle be-
tween the axis of the solid body rotation and the polar axis
of the spherical coordinate system, andr is the great circle
distance between vertexi and the center of the initial cosine
bell. This can be calculated as follows:

r = arccos(sinθi sinθ0+cosθi cosθ0 cos(λ0−λi)) , (39)

wherei and 0 denote the positions of the vertex and the center
of the initial cosine bell, respectively.R= 1/3 is the radius of
the cosine bell. After the durationT, the cosine bell returns
to its initial position. Tests are performed forα = 0 andπ/2.

Figure 2 shows the results from the test withα = 0, in
which the cosine bell is located at the equator (in the sense of
earth). The results are shown att = 0,T/2,T for three resolu-
tions. The error measures for these tests are given in Table 1.
The numerical precision increases with increasing resolution.
No overshooting or undershooting values occur in this case
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Fig. 2. Solid body rotation tests withα = 0 for Glevel 4 (left column), 5 (center column), and 6 (right column), at time
t = 0 (top),t = T/2 (middle row) andt = T (bottom).

Table 1. Error statistics for the final results of the solid body rotation in Fig. 2 for TSPAS and FCT at different resolutions.

Glevel4-TSPAS Glevel4-FCT Glevel5-TSPAS Glevel5-FCT Glevel6-TSPAS Glevel6-FCT

L1 1.0363 1.1053 0.5086 0.5690 0.2241 0.2386

L2 0.7159 0.7663 0.4068 0.4689 0.1866 0.2028

L∞ 0.7098 0.7547 0.4468 0.5034 0.2239 0.2450

hmax −0.6503 −0.6179 −0.3219 −0.2333 −9.9952×10−2 −1.2206×10−2

hmin 3.0908×10−17 −8.0230×10−17 2.1067×10−31 −2.3870×10−16 2.0900×10−56 −2.0559×10−16

for TSPAS. A comparison of the results of TSPAS and FCT
shows that TSPAS generally has slightly smallerL1,L2, and
L∞ errors at the different resolutions. FCT maintains larger
maximum values, while TSPAS more effectively prevents the
undershooting values.

Figure 3 shows the results from a test withα = π/2, in
which the cosine bell starts moving from the South Pole (in
the sense of earth). The numerical precision (Table 2) is quite
similar to those of the test withα = 0 (Table 1), owing to the
quasi-uniform mesh in the polar and equator regions. Note
that although most of the results in Tables 1 and 2 appear to
be the same, they are actually different if more decimal places
are considered. The shape-preserving feature of TSPAS is
also guaranteed. The differences between TSPAS and FCT

are similar to those in Table 1.

3.2. Deformational flow tests

Nair and Lauritzen (2010) proposed a class of benchmark
deformational flow test cases for the two-dimensional hori-
zontal linear transport problems on a sphere. The scalar field
undergoes severe deformation during the simulation, and the
flow reverses its course at the half time and the scalar field
returns to its initial position and shape at the final time step.
This process makes the analytical solution available at the
end of the simulation, and facilitates an assessment of the
accuracy of the underlying transport scheme. We conducted
four cases, as described in Nair and Lauritzen (2010). The
selected initial scalar fields are two symmetrically located co-
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Fig. 3. Solid body rotation tests withα = π/2 for Glevel 4 (left column), 5 (center column), and 6 (right
column), at timet = 0 (top),t = T/2 (middle row) andt = T (bottom).

Table 2. Error statistics for the final results of the solid body rotation in Fig. 3 for TSPAS and FCT at different resolutions.

Glevel4-TSPAS Glevel4-FCT Glevel5-TSPAS Glevel5-FCT Glevel6-TSPAS Glevel6-FCT

L1 1.0363 1.1053 0.5086 0.5690 0.2241 0.2386
L2 0.7159 0.7663 0.4068 0.4689 0.1866 0.2028
L∞ 0.7098 0.7547 0.4468 0.5034 0.2239 0.2450

hmax −0.6503 −0.6179 −0.3219 −0.2333 −9.9953×10−2 −1.2206×10−2

hmin 3.0318×10−17 −9.6277×10−17 2.1528×10−31 −2.1588×10−16 1.9426×10−56 −2.1464×10−16

sine bells that are defined as follows:

hi(λ,θ) =
1
2

[

1+cos
(

πr i

R

)]

i f r i < R , (40)

whereR= 0.5 is the base radius of the bells, andr i = r i (λ,θ) is
the great circle distance between (λ,θ) and a specified center
(λi , θi) of the initial cosine bell. The initial conditions consist

of a background valueb and two cosine bells with centers at
position 1 and 2:

q(λ,θ) =



















b+ch1(λ,θ) i f r1 < R
b+ch2(λ,θ) i f r2 < R
b otherwise

, (41)

whereb = 0.1 andc = 0.9. The centers of the cosine bells
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depend on the choice of different test cases as follows.

3.2.1. Case 1

This is a non-divergent flow test case. The wind field is
given as follows:

u(λ,θ, t) = ksin2
(

λ

2

)

sin(2θ)cos
(

πt
T

)

, (42)

v(λ,θ, t) =
k
2

sinλcosθcos
(

πt
T

)

. (43)

The flow parameterk is 2.4, and the centers of the ini-
tial cosine bells are kept at (λ1, θ1) = (π,π/3) and (λ2, θ2) =
(π,−π/3). Figure 4 shows the results from this test case,
and Table 3 shows the results from the error statistics. The
numerical errors generally decrease as resolution increases.
TSPAS shows slight undershooting values, which are gen-
erally smaller (absolute values, similar hereafter) than those

produced by FCT. TheL1, L2, andL∞ errors from FCT are
generally smaller than those from TSPAS at different resolu-
tions, and FCT maintains larger maximum values.

3.2.2. Case 2

This is also a non-divergent case. The wind field is given
as follows:

u(λ,θ, t) = ksin2λsin(2θ)cos
(

πt
T

)

, (44)

v(λ,θ, t) = ksin(2λ)cosθcos
(

πt
T

)

. (45)

The flow parameterk is 2. The centers of the initial cosine
bells are kept at (5π/6,0) and (λ2, θ2) = (7π/6,0). Figure 5
shows the results for this test case, and Table 4 shows the er-
ror statistics. For both schemes, the numerical errors for this
case are overall larger than those of Case 1, but the under-

Fig. 4. Deformational flow test Case 1 for Glevel 4 (left column), 5 (center column), and 6 (right column), at timet = 0 (top),
t = T/2 (middle row) andt = T/2 (bottom).
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Table 3. Error statistics for the final results of deformational flow Case 1.

Glevel4-TSPAS Glevel4-FCT Glevel5-TSPAS Glevel5-FCT Glevel6-TSPAS Glevel6-FCT

L1 0.1676 0.1538 7.2315×10−2 6.1696×10−2 2.3776×10−2 2.122×10−2

L2 0.3552 0.3226 0.1675 0.1377 5.8514×10−2 5.1578×10−2

L∞ 0.4871 0.3998 0.2707 0.1759 0.1083 8.0822×10−2

hmax −0.5410 −0.4375 −0.2994 −0.1241 −0.1094 −2.8388×10−2

hmin −2.4494×10−4 −3.4150×10−4 −5.5048×10−4 −1.1845×10−3 −1.2648×10−3 −1.3137×10−3

Fig. 5. Deformational flow test Case 2 for Glevel 4 (left column), 5 (center column), and 6 (right column), at timet = 0 (top),
t = T/2 (middle row) andt = T (bottom).

Table 4. Error statistics for the final results of deformational flow Case 2.

Glevel4-TSPAS Glevel4-FCT Glevel5-TSPAS Glevel5-FCT Glevel6-TSPAS Glevel6-FCT

L1 0.2115 0.2046 0.1260 0.1187 6.0370×10−2 5.7984×10−2

L2 0.4295 0.4143 0.2827 0.2616 0.1433 0.1331
L∞ 0.5672 0.5235 0.4003 0.3337 0.2272 0.1643

hmax −0.6291 −0.5799 −0.4438 −0.3659 −0.2477 −0.1809
hmin −1.1044×10−5 −1.8778×10−5 −2.5447×10−6 −7.7419×10−6 −8.1810×10−7 −2.0879×10−6
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shooting values are generally smaller than those of Case 1.
The differences between TSPAS and FCT are similar to those
in Case 1. TSPAS generally produces smaller undershooting
values than FCT, while FCT has relatively smaller errors and
maintains larger maximum values.

3.2.3. Case 3

This is a divergent case. The wind field is given as fol-
lows:

u(λ,θ, t) = −ksin2(λ/2)sin(2θ)cos2θcos
(

πt
T

)

, (46)

v(λ,θ, t) =
k
2

sinλcos3θcos
(

πt
T

)

. (47)

The flow parameterk is 1. The centers of the initial cosine
bells are kept at (λ1, θ1) = (3π/4,0) and (λ2, θ2) = (5π/4,0).
Figure 6 shows the results from this test case, and Table 5
shows the error statistics. This case produces the smallest
numerical errors among all four cases with cosine bells, but
generates the largest undershooting values. The differences
between the two schemes are similar to those in Case 1 and
Case 2.

3.2.4. Case 4

u(λ,θ, t) = ksin2λ′ sin2θcos
(

πt
T

)

+2πcosθ/T , (48)

v(λ,θ, t) = ksin(2λ′)cosθcos
(

πt
T

)

, (49)

Fig. 6. Deformational flow test Case 3 for Glevel 4 (left column), 5 (center column), and 6 (right column) at timet = 0 (top),
t = T/2 (middle row) andt = T (bottom).
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Table 5. Error statistics for the final results of deformational flow Case 3.

Glevel4-TSPAS Glevel4-FCT Glevel5-TSPAS Glevel5-FCT Glevel6-TSPAS Glevel6-FCT

L1 5.7741×10−2 5.3861×10−2 1.6936×10−2 1.6049×10−2 6.5108×10−3 6.3188×10−3

L2 0.1202 0.1124 3.5914×10−2 3.3505×10−2 1.4216×10−2 1.3726×10−2

L∞ 0.1517 0.1484 5.2782×10−2 4.9853×10−2 2.0526×10−2 1.6958×10−2

hmax −0.1296 −0.1134 −2.7286×10−2 −2.7149×10−2 −1.7281×10−2 −1.6537×10−2

hmin −8.6144×10−3 −9.5890×10−3 −3.2947×10−3 −6.0193×10−3 −1.2892×10−3 −1.2939×10−3

λ′ = λ−
2πt
T
. (50)

This is a non-divergent case. The flow parameterk is 2.
The centers of the initial cosine bells are kept at (λ1, θ1) =
(5π/6,0) and (λ2, θ2) = (7π/6,0). Figure 7 shows the results
from this test case, and Table 6 shows the error statistics. This

case generates the largest errors of the four cases. The under-
shooting values for this case are quite small. TSPAS prevents
undershooting values more effectively, while FCT still main-
tains larger maximum values. In contrast to the previous three
deformational tests, TSPAS produces smallerL1, L2, andL∞
errors in this case.

Fig. 7. Deformational flow test Case 4 for Glevel 4 (left column), 5 (center column), and 6 (right column), at timet = 0 (top),
t = T/2 (middle row) andt = T (bottom).
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Table 6. Error statistics for the final results of deformational flow Case 4.

Glevel4-TSPAS Glevel4-FCT Glevel5-TSPAS Glevel5-FCT Glevel6-TSPAS Glevel6-FCT

L1 0.3170 0.3306 0.2344 0.2538 0.1401 0.1592
L2 0.5704 0.5987 0.4689 0.5198 0.3143 0.3784
L∞ 0.7012 0.7312 0.5777 0.6467 0.3936 0.4829

hmax −0.7757 −0.7347 −0.6365 −0.5847 −0.4326 −0.3546
hmin −4.5943×10−6 −8.5080×10−5 −1.1362×10−5 −3.1057×10−5 −4.0130×10−6 −9.8963×10−6

3.2.5. Case 3 with slotted cylinders

To test the shape-preserving properties of the schemes in
a more challenging way, we rerun Case 3 but with discon-
tinuous slotted cylinders (Fig. 8). The errors statistics are

presented in Table 7. Both schemes produce overshooting
and undershooting values in this case. Similar to Case 3 with
cosine bells, TSPAS generally produces smaller overshoot-
ing and undershooting values at various resolutions but with

Fig. 8. Deformational flow test Case 3 with slotted cylinders for Glevel 4 (left column), 5 (center column), and 6 (right column),
at timet = 0 (top),t = T/2 (middle row) andt = T (bottom).
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Table 7. Error statistics for the final results of deformational flow Case 3 with slotted cylinders.

Glevel4-TSPAS Glevel4-FCT Glevel5-TSPAS Glevel5-FCT Glevel6-TSPAS Glevel6-FCT

L1 0.2744 0.2627 0.1890 0.1769 0.1273 0.1185

L2 0.3873 0.3752 0.3096 0.2940 0.2429 0.2310

L∞ 0.7737 0.7607 0.6773 0.6616 0.6851 0.6539

Lmax 4.0520×10−2 3.2054×10−2 6.8139×10−2 7.5640×10−2 7.6396×10−2 0.1060

Lmin −1.3553×10−2 −1.8514×10−2 −1.0580×10−2 −1.5646×10−2 −8.4126×10−3 −1.4988×10−2

slightly larger errors.

3.2.6. Rates of convergence

To better check the order of accuracy, rates of conver-
gence were estimated for each case, as shown in Table 8.
The rate of convergence is computed by regressing the loga-
rithms of error norms (L1 andL2) against the logarithms of
the maximum angular distance between vertices at different
resolutions. The regression coefficient is taken as the con-
vergence rate. As shown in the table, the computed rates of
convergence are around first-order accuracy, which is gener-
ally consistent with the fact that two schemes are composed
by first-order and second-order schemes in practice.

3.3. Summary of experiments and discussion

In the above text, the generalized TSPAS is described.
Several numerical tests were conducted to examine the sim-
ulation results, and a comparison between TSPAS and FCT
was made. The table constituting Appendix C summarizes
the overall performance of TSPAS and FCT. One may notice
that these two schemes share a similar philosophy to satisfy
the shape-preserving property; namely, find an optimal com-
bination of schemes to maintain accuracy under the shape-
preserving condition. The similar error norms and order of
accuracy are consistent with the fact that both methods are
composed of two same schemes. Nevertheless, they generate
combinations in quite different ways.

The FCT approach blends fluxes computed by two
schemes at each edge. The blending coefficient is computed
by explicitly prohibiting those conditions when maximum
net anti-diffusive fluxes are higher than total inflow/outflow
anti-diffusive fluxes. This sets the range of the blending co-
efficient from zero to one. In the TSPAS approach, the value

Table 8. Rates of convergence of seven cases for TSPAS and FCT
usingL1 andL2 norms.

TSPAS-L1 FCT-L1 TSPAS-L2 FCT-L2

Case in Fig. 2 1.1043 1.1056 0.9695 0.9588

Case in Fig. 3 1.1044 1.1056 0.9695 0.9588

Case in Fig. 4 1.4089 1.4287 1.3009 1.3224

Case in Fig. 5 0.9044 0.9095 0.7915 0.8188

Case in Fig. 6 1.5742 1.5456 1.5399 1.5170

Case in Fig. 7 0.5889 0.5268 0.4297 0.3309

Case in Fig. 8 0.5539 0.5739 0.3362 0.3497

of β is used to modify the LW-updated scalar field. Only
when the pre-updated scalar values at both sides of a cell edge
satisfy the shape-preserving rule will the scheme choose the
LW scheme; otherwise, it will choose the monotone scheme.
Therefore, the combination generated by TSPAS may con-
tain more monotone and diffused solutions than FCT. This
explains why TSPAS generally produces smaller undershoot-
ing/overshooting values, while FCT maintains larger maxi-
mum values of the scalar fields. Meanwhile, the procedures
needed by TSPAS to generate a combination are more sim-
plified, which helps TSPAS to be less time-consuming (FCT
costs∼1.3–1.4 times more than TSPAS).

One may also notice that both schemes sometimes gener-
ate undershooting and overshooting. Reasons for this prob-
lem are complex, including the challenging flows and distri-
butions of scalar values. From the aspect of the algorithm,
the multidimensional application is a key reason. In the case
of FCT, Zalesak (1979) discussed the impact of multidimen-
sional applications on the monotonicity of the algorithm. We
report its impact on TSPAS in the following text.

As formulated in section 2.3, the value ofk is a conse-
quence of multi-dimensional applications. This parameter
will not be introduced in a one-dimensional case.k is used
to quantify how many edges will be computed by UP. This
is a precondition because the scheme will always choose a
combination of UP and LW. The value ofk does not set a
limitation on the number of fluxes that are computed by the
UP scheme. Oncek is set, it determines how likely a cell
wall will choose UP (or not choose). But this possibility is
not entirely associated withk, becauseβ is the parameter that
balances the options, andβ is only partially contributed by
k. The problem of using a fixedk value is that the options
between two schemes, sometimes, may not rigidly satisfy the
shape-preserving rule. Hence, the scheme may generate un-
der/overshooting values, especially under the environment of
severe deformational flows and sharp gradients. Tests on dif-
ferentk values suggest that the sensitivity is not significant.
We usek= 3 because it is the median of the number of edges
of a hexagonal mesh.

4. Concluding remarks

In this study, a finite-difference advection scheme,
TSPAS, was generalized and tested on an icosahedral
hexagonal-pentagonalgeodesic grid. The generalized scheme
conserves the tracer mass and preserves monotonicity in a
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simple and efficient approach. Several transport tests were
used to check the accuracy, efficiency and robustness of the
generalized scheme when it is applied on an optimized IHP
grid. The results demonstrate the feasibility of the general-
ized two-step scheme on an unstructured geodesic grid. Tests
at various resolutions show that the numerical precision in-
creases as the resolution increases.

A comparison between TSPAS and FCT suggests that,
generally, TSPAS produces smaller undershooting values,
whereas FCT maintains larger maximum values. The er-
rors derived from theL1, L2 and L∞ metrics show that the
two schemes generate comparable errors. TSPAS generates
smaller errors in two solid-body rotation tests and in the de-
formational test Case 4, whereas FCT produces smaller errors
in the other four cases. Both schemes show an approximate
first-order accuracy in idealized tests. Meanwhile, TSPAS
is relatively more efficient in terms of the computational ex-
pense due to its simpler formulations, and it can be conve-
niently implemented on other unstructured grids. Moreover,
for a practical global model application, the scheme can be
easily adapted for a massively parallel environment given that
it only requires a very limited node communication.
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APPENDIX A

Implementation of FCT on an icosahedral geodesic grid

We follow a concise construction approach of FCT, as de-
scribed in Durran (2010), which is based on the algorithms of
Boris and Book (1973) and Zalesak (1979). Two schemes for
formulating FCT are still Eqs. (8) and (9). In our sequential
implementation, this approach requires at least three traverses
of the entire field (TSPAS requires two). The FCT approach
may be generalized as follows.

The first step is to integrate the transport equation with a
low-order monotone scheme to compute a “transported and
diffused” solution (Qtd,0). This can be done using Eqs. (3)
and (9) in the text.

The second step is to computeRvalues that are associated
with the inflow and outflow for each cell. TheR values will
be used to evaluate the blending coefficientCi for each cell
wall i. An optional preliminary step, which is referred to as
a cosmetic correction, was omitted. The anti-diffusive flux is
defined at each cell walli as the difference between the high-
and low-order schemes [Eqs. (8) and (9)]:

FAD,i = (FLW,i −FUP,i )l i , (A1)

wherel i is the spherical length of cell walli. Thus, the sum
of all of the inflow anti-diffusive fluxes for a cell is (note that
we define the outward normal direction of each cell wall as
positive, so the inflow is negative, and the outflow is positive)

Pin,0 =min(0,FAD,1)+min(0,FAD,2)+ · · ·+min(0,FAD,N) ,
(A2)

and the sum of all of the outflow anti-diffusive fluxes is

Pou,0 =max(0,FAD,1)+max(0,FAD,2)+ · · ·+max(0,FAD,N) ,
(A3)

where N denotes the number of neighboring cell walls.
Meanwhile, the ranges of permissible values forQn+1,0 are

Qmax,0 = MAX( Qn,0,Qn,1, . . . ,Qn,N,Qtd,0,Qtd,1, . . . ,Qtd,N) ,

(A4)

Qmin,0 = MIN( Qn,0,Qn,1, . . . ,Qn,N,Qtd,0,Qtd,1, . . . ,Qtd,N) .

(A5)

The maximum net anti-diffusive fluxes for the inflow and out-
flow are, respectively,

Min,0 = (Qmax,0−Qtd,0)
S0

∆t
, (A6)

Mou,0 = (Qtd,0−Qmin,0)
S0

∆t
. (A7)

Then, theRvalues associated with the inflow and outflow for
each cell are computed as

Rin,0 =



















min

(

1,
Min,0

abs(Pin,0)

)

i f Pin,0 < 0

0 i f Pin,0 = 0
, (A8)

Rou,0 =



















min

(

1,
Mou,0

abs(Pou,0)

)

i f Pou,0 > 0

0 i f Pou,0 = 0
. (A9)

TheRvalues are evaluated globally before the third step.
The third step is the final integration. The blending coef-

ficient for each cell wall is computed as

Ci =

{

min(Rin,i ,Rou,0) i f FAD,i > 0
min(Rin,0,Rou,i ) i f FAD,i < 0

. (A10)

Next, the flux at each cell wall for updating the final scalar
value is

Fi = [FUP,i +Ci(FLW,i −FUP,i )], (A11)

and the final integration is

Qn+1,0 = Qn,0−
∆t
S0

i=N
∑

i=1

Fi l i . (A12)

APPENDIX B

Flowchart of the computational procedure using the
generalized TSPAS
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APPENDIX C

Summary of TSPAS and FCT performance in different cases

L1 L2 L∞ hmax hmin

Elapsed time
(TSPAS; unit: s)

Elapsed time
(FCT; unit: s)

Case in Fig. 2 TSPAS<FCT TSPAS<FCT TSPAS<FCT No overshooting for
both; larger maxi-
mum in FCT

No undershooting in
TSPAS only

G4: 8.05
G5: 65.31
G6: 633.22

G4: 10.36
G5: 112.52
G6: 934.01

Case in Fig. 3 TSPAS<FCT TSPAS<FCT TSPAS<FCT No overshooting for
both; larger maxi-
mum in FCT

No undershooting in
TSPAS only

G4: 7.91
G5: 73.94
G6: 656.40

G4: 10.56
G5: 117.85
G6: 957.96

Case in Fig. 4 TSPAS>FCT TSPAS>FCT TSPAS>FCT No overshooting for
both; larger maxi-
mum in FCT

Undershooting
for both; larger
minimum in
TSPAS

G4: 8.41
G5: 78.78
G6: 671.06

G4: 11.16
G5: 122.51
G6: 988.75

Case in Fig. 5 TSPAS>FCT TSPAS>FCT TSPAS>FCT No overshooting for
both; larger maxi-
mum in FCT

Undershooting for
both; larger mini-
mum in TSPAS

G4: 8.47
G5: 79.10
G6: 669.30

G4: 11.26
G5: 123.45
G6: 987.30

Case in Fig. 6 TSPAS>FCT TSPAS>FCT TSPAS>FCT No overshooting for
both; larger maxi-
mum in FCT

Undershooting for
both; larger mini-
mum in TSPAS

G4: 8.51
G5: 79.84
G6: 673.83

G4: 11.03
G5: 124.07
G6: 991.07

Case in Fig. 7 TSPAS<FCT TSPAS<FCT TSPAS<FCT No overshooting for
both; larger maxi-
mum in FCT

Undershooting for
both; larger mini-
mum in TSPAS

G4: 8.80
G5: 80.44
G6: 682.52

G4: 11.48
G5: 124.08
G6: 996.77

Case in Fig. 8 TSPAS>FCT TSPAS>FCT TSPAS>FCT Overshooting for
both; larger max-
imum in FCT ex-
cept for G4

Undershooting for
both; larger mini-
mum in TSPAS

G4: 8.65
G5: 75.94
G6: 688.14

G4: 11.32
G5: 120.40
G6: 982.38
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