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ABSTRACT

Simulations and predictions using numerical models show considerable uncertainties, and parameter uncertainty is one
of  the  most  important  sources.  It  is  impractical  to  improve  the  simulation  and  prediction  abilities  by  reducing  the
uncertainties of all  parameters.  Therefore,  identifying the sensitive parameters or parameter combinations is  crucial.  This
study proposes a novel approach: conditional nonlinear optimal perturbations sensitivity analysis (CNOPSA) method. The
CNOPSA  method  fully  considers  the  nonlinear  synergistic  effects  of  parameters  in  the  whole  parameter  space  and
quantitatively estimates the maximum effects of parameter uncertainties, prone to extreme events. Results of the analytical
g-function test indicate that the CNOPSA method can effectively identify the sensitivity of variables. Numerical results of
the theoretical five-variable grassland ecosystem model show that the maximum influence of the simulated wilted biomass
caused  by  parameter  uncertainty  can  be  estimated  and  computed  by  employing  the  CNOPSA  method.  The  identified
sensitive parameters can easily change the simulation or prediction of the wilted biomass, which affects the transformation
of the grassland state in the grassland ecosystem. The variance-based approach may underestimate the parameter sensitivity
because  it  only  considers  the  influence  of  limited  parameter  samples  from a  statistical  view.  This  study  verifies  that  the
CNOPSA  method  is  effective  and  feasible  for  exploring  the  important  and  sensitive  physical  parameters  or  parameter
combinations in numerical models.
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Article Highlights:

● It is important to explore the maximum influence of parameter uncertainty on model outputs.
● The maximum influence of uncertainties in the parameters on model outputs could be deterministically obtained using the
CNOPSA method.
● The CNOPSA method is applicable to study extreme events.

 

 
 

 1.    Introduction

Currently,  simulations  and  predictions  of  the  atmo-
sphere, land, and ocean using numerical models exhibit con-
siderable  uncertainties  (Bonan  and  Doney,  2018; Sun  and

Mu, 2021). There are quite a few possible sources of these
uncertainties (Sheffield and Wood, 2007; Boyle et al., 2015;
Ye et al., 2017; Wu et al., 2020). One of the most important
sources  is  the  uncertainty  of  physical  parameters  that
describe  actual  physical  processes,  which  can  be  obtained
by experience or observation. Due to the lack of observations
and  accurate  estimation  strategies,  uncertainties  in  model
parameters are often inevitable. Some studies indicated that
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reducing  the  uncertainties  in  physical  parameters  could
significantly  improve  the  simulation  ability  and  prediction
skills  in  numerical  models  (Rayner  et  al.,  2005; Liu  et  al.,
2016; Li  et  al.,  2017).  However,  reducing the uncertainties
of all physical parameters would be costly and impractical.
Many  studies  have  focused  on  the  influence  of  the  most
important and sensitive physical parameters on model simula-
tion  and  prediction  (Sun  and  Mu,  2017; Ma  et  al.,  2020;
Chinta  and  Balaji,  2020).  A  naturally  arising  question  is
how to identify sensitive and important model parameters.

Various  sensitivity  analysis  (SA)  methods  have  been
developed to explore the uncertainty and sensitivity of physi-
cal parameters. The classical one-at-a-time (OAT) approach
(Daniel, 1973) is common and easy to implement. The OAT
method has been applied to analyze the relative importance
of physical parameters in the Biosphere-Atmosphere Transfer
Scheme model (Pitman, 1994) and semi-distributed hydrologi-
cal model (Khalid et al., 2016). However, the OAT method
ignores  the  nonlinear  synergistic  effects  among  physical
parameters.  The  Morris  approach  (Morris,  1991)  was  pro-
posed  to  overcome  this  limitation.  Li  et  al.  (2013)  applied
the Morris approach to evaluate the sensitivity of parameters
qualitatively in the Common Land Model (CoLM). Di et al.
(2015) also employed the Morris approach to explore sensi-
tive  factors  for  short-term  precipitation  forecast  in  the
Weather Research and Forecasting (WRF) model. However,
the  Morris  approach  only  provides  qualitative  results  of
parameter sensitivity and lacks a quantitative description.

At  present,  the  most  widely  used  quantitative  SA
approach  is  the  variance-based  method  (Sobol’,  1990;
Homma  and  Saltelli,  1996; Saltelli  et  al.,  2010; Lamboni,
2018).  Rosero  et  al.  (2010)  applied  the  variance-based  SA
to identify critical parameters and understand nonlinear syner-
gistic  parameter  effects  controlling  land  surface  model
(LSM) simulations in three versions of the Noah LSM. Ren
et al. (2013) used this method to evaluate parameter uncertain-
ties in the Simplified Photosynthesis and Evapotranspiration
(SIPNET)  model  and  found  that  carbon  and  water  fluxes
were highly sensitive to parameters related to photosynthe-
sis.  The  variance-based  method  considers  the  influence  of
parameter  uncertainty  on  model  outputs  from  a  statistical
point of view. Thus, it may fail to consider extreme events,
so it may not give the maximum effect of parameter uncer-
tainty.  Another  challenge  is  the  “curse  of  dimensionality ”
(Saltelli et al., 2010). As the number of uncertain parameters
increases,  the  volume  of  the  parameter  space  expands
rapidly. Any attempt to describe it  requires a large number
of  parameter  samples  (Sheikholeslami  et  al.,  2019).  As  a
result,  Razavi  and Gupta  (2015, 2016)  pointed out  that  the
variance-based  method  might  not  able  to  provide  a  robust
and reliable sensitivity evaluation.

Another kind of approach to identify parameter sensitiv-
ity  is  optimization methods.  Mu et  al.  (2003)  proposed the
conditional nonlinear optimal perturbation with initial uncer-
tainties,  and  extended  it  to  parameters  (Mu  et  al.,  2010,
CNOP-P). The CNOP-P method can explore the maximum

effects of uncertainties in physical parameters on the model
output and consider the nonlinear synergistic effects among
parameters. It has been applied to the simulation and predic-
tion  of  the  atmospheric,  land,  and  ocean  processes  (Duan
and Zhang, 2010; Sun and Xie, 2017; Wang et al., 2020). Sub-
sequently,  Sun  and  Mu  (2017)  developed  a  three-step
method based on the CNOP-P method to determine the impor-
tant and sensitive parameter combinations in the land surface
process  models  (Sun  et  al.,  2017, 2020; Peng  and  Sun,
2017). Wang et al. (2017) proposed the Optimization Parame-
ter  Sensitivity Analysis  (OPSA) approach and applied it  to
explore  the  sensitivity  of  model  simulation  to  uncertain
parameters in ocean models (Wang et al., 2019). These opti-
mization methods use model simulation results (i.e., a control
run) obtained in advance under a given parameter reference
state.  As  the  control  run  may  be  uncertain  in  a  numerical
model, the important and sensitive physical parameters may
differ for different control runs.

Although  reducing  the  uncertainties  in  the  sensitive
parameters  or  parameter  combinations  identified  by  the
above methods can improve the numerical simulation ability
and  prediction  skills,  the  limitations  of  these  methods  are
also non-negligible. Hence, it is necessary to develop a new
parameter sensitivity analysis method to compensate for the
relevant limitations. In this paper, we consider the maximum
effect of parameter uncertainty and propose the conditional
nonlinear  optimal  perturbations  sensitivity  analysis
(CNOPSA) approach to explore the importance and sensitiv-
ity of physical parameters in numerical models.

The remainder of this paper is  organized as following.
Section  2  gives  a  description  of  the  variance-based
approach and the CNOPSA method. The analytical g-function
test  is  used  to  measure  the  effectiveness  of  the  CNOSPA
method  in  section  3.  Section  4  presents  the  numerical
results  in a theoretical  grassland ecosystem model.  A sum-
mary and discussion are given in section 5.

 2.    Methods

 2.1.    Variance-based approach

pi i = 1,2, ...,n V(U)
U 2n−1

First,  we  briefly  review  the  variance-based  approach
(Saltelli et al., 2008, 2010). Based on variance decomposition
theory, this method considers the variability of the model out-
puts caused by each parameter as an indicator of parameter
sensitivity.  With  the  assumption  that  the  parameters

( ) are independent,  the total variance  of
model output  can be decomposed into  components
as follows: 

V(U) =
n∑

i=1

Vi+

n−1∑
i=1

n∑
j=i+1

Vi j+ ...+V1...n , (1)

Vi V(U)
pi Vi j

pi p j V(U)

where  is  the  portion  of  explained  by  the  model
parameter .  is  the contribution of the coupling effects
of the parameters  and  to the total variance . The
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S i =
Vi

V(U) S i j =
Vi j

V(U)sensitivity  indices  are  defined  as , ,  etc.
These sensitivity indices measure the proportion of the vari-
ance  contributed  by  individual  parameters  (i.e.,  first-order
effects)  and  individual  parts  of  the  nonlinear  synergistic
effects among parameters (i.e., high-order effects).

S TiThe  total  order  sensitivity  index  (Homma  and
Saltelli, 1996) is defined as: 

S Ti = 1− V1,...,i−1,i+1,...,n

V(U)
=

VTi

V(U)
, (2)

VTi = V(U)−V1,...,i−1,i+1,...,n = E(V(U |p1, p2, ..., pi−1,
pi+1, ..., pn))

V(U)
pi S Ti

pi

pi S Ti

pi

N 2n
N

where 
 represents  the  remaining  unexplained  part  of

the total variance  when all parameters are fixed except
parameter .  The  total  order  sensitivity  index  denotes
all effects of the parameter  considering the nonlinear syner-
gistic effects between  and all other parameters. Thus, 
is a comprehensive measure of the contribution of the uncer-
tainty of parameter . Details of the calculations and multi-
dimensional extensions of the total sensitivity index can be
found in Saltelli et al. (2010) and Lamboni (2018). The acqui-
sition of parameter samples is crucial to the variance-based
method.  Thus,  Sobol’s  quasi-random  sequences  (Bratley
and Fox, 1988; Sobol’ and Kucherenko, 2005), characterized
by low discrepancy properties, are used to generate a ( , )
matrix of parameter samples, where  is the sample size.

 2.2.    Conditional  nonlinear  optimal  perturbations
sensitivity analysis (CNOPSA) method

In the following we introduce our new conditional nonlin-
ear  optimal  perturbations  sensitivity  analysis  (CNOPSA)
method. Assume that the model can be expressed as:  

∂U
∂t
= F(U, P), U ∈ Rn, t ∈ [0,T ]

U |t=0 = U0 ,

(3)

P = (p1, p2, ..., pn)
U0 Mt

t U(t)
t

where  is  the  physical  parameter  vector,
 is the initial conditions. Let  be the nonlinear propagator

from the initial time 0 to .  is the solution of the model
[Eq. (3)] at time : 

U(t) = Mt(U0, P) . (4)

U0

For  convenience,  we  assume  that  the  initial  condition
 is  fixed.  The  solution  of  the  nonlinear  model  [Eq.  (4)]

can be described as 

U(t) = Mt(P) . (5)

Cε

P1 = (p′1,p
′
2, ..., p

′
n) ∈Cε P2 = (p′′1 ,

p′′2 , ..., p
′′
n ) ∈Cε

t

The  number  and  range  values  of  the  model  physical
parameters are generally limited and bounded. Let  repre-
sent the constraint conditions of the parameters. For arbitrary
parameter  vectors  and 

,  the  influence  of  model  output  (simulation
or prediction) caused by the uncertainty of all parameters at
time  can be expressed as 

Jall(P1, P2) = ∥Mt(P1)−Mt(P2)∥ ,

∥·∥

Jall(P1, P2) Cε

where  represents a chosen norm measuring the magnitude
of the deviation in model output.  However,  it  is  unrealistic
to evaluate the effects of parameter uncertainty by considering
all  parameter  values  under  the  given  constraint  condition.
Therefore, we search for the maximum value of the function

 over  the  whole  parameter  space  by  solving
the constrained optimization problem: 

Jtotal(Pδ1, P
δ
2) = max

P1,P2∈Cε
Jall(P1, P2) , (6)

Pδ1 Pδ2
Pδ1 Pδ2 ∈Cε

Jtotal t Pδ1
Pδ2

where  and  are the optimized parameter vectors that sat-
isfy  the  given  constraint  condition , .  The  above
equation means that the maximum influence of the cost func-
tion  at  time  is  obtained by the parameter vectors 
and .

pi

P1i = (p′1, p
′
2, ...,

p′i−1, p
′
i , p
′
i+1, ..., p

′
n) P2i = (p′1, p

′
2, ..., p

′
i−1, p

′′
i , p

′
i+1, ..., p

′
n)

pi

When  all  parameters  except  parameter  in  the  two
parameter  vectors  are  consistent,  that  is 

 and ,
the  influence of  model  output  caused by the uncertainty  in
the  parameter  and  its  nonlinear  synergistic  effects  with
other parameters can be expressed as 

Ji(P1i, P2i) = ∥Mt(P1i)−Mt(P2i)∥ .

Accordingly,  the  optimization  problems  similar  to  Eq.  (6),
is as follows: 

Jpi (Pδ1i, P
δ
2i) = max

P1i,P2i∈Cε
Ji(P1i, P2i) . (7)

Jpi

U pi

t Pδ1i, P
δ
2i ∈Cε

The  cost  function  measures  the  maximum  influence  of
model output ( ) yielded by the uncertainty in parameter 
and its nonlinear synergistic effects with other parameters at
time ,  and  are  the  corresponding  optimized
parameter vectors.

STi

S ei

pi

Jpi Jtotal

Similar to the total sensitivity index  of the variance-
based approach, the sensitivity index  for measuring the
total effect of the parameter  can be defined as the ratio of

 in Eq. (7) and  in Eq. (6): 

S ei =
Jpi

Jtotal
.

pi p j

For the multi-parameter case, we can also define the sen-
sitivity  index  of  the  parameter  combinations.  In  the  two-
parameter case, the total influence of the uncertainty in param-
eters  and  on model output can be measured as follows: 

Jpi j (Pδ1i j, P
δ
2i j) = max

P1i j,P2i j∈Cε
Ji j(P1i j, P2i j), (8)

Ji j(P1i j, P2i j) =
∥∥∥Mt(P1i j)−Mt(P2i j)

∥∥∥ P1i j = (p′1,
p′2, ..., p

′
i−1, p

′
i , p
′
i+1, ..., p

′
j−1, p

′
j, p
′
j+1, ..., p

′
n)∈Cε P2i j= (p′1,

p′2, ..., p
′
i−1, p

′′
i , p

′
i+1, ..., p

′
j−1, p

′′
j , p

′
j+1, ..., p

′
n) ∈Cε Jpi j

U
pi p j

t Pδ1i j, P
δ
2i j ∈Cε

S ei j

where , 
, 

.  rep-
resents  the  maximum  influence  of  the  model  output  ( )
caused  by  all  uncertainties  in  the  parameters  and  at
time ,  and  are  the  corresponding  optimized
parameter  vectors.  The  sensitivity  index  can  be  repre-

FEBRUARY 2023 REN ET AL. 287

 

  



Jpi j Jtotalsented as the ratio of  in Eq. (8) and  in Eq. (6): 

S ei j =
Jpi j

Jtotal
,

for which the inequality can be proven (see Appendix A): 

max(Jpi , Jp j )⩽ Jpi j ⩽ Jtotal (i= 1,2, ...,n; j= i+1, ...,n) , (9)

meaning that the sensitivity indices satisfy: 

max(S ei,S e j) ⩽ S ei j ⩽ 1 .

For  the  CNOPSA  method,  the  differential  evolution
(DE; Storn  and  Price,  1997)  algorithm  is  applied  to  solve
the  optimization  problem.  The  optimal  values  are  obtained
by continuous iteration based on 200 groups of initial parame-
ter vectors.

pi VTi

pi

According  to  the  definitions  of  the  sensitivity  in  the
above two methods, both consider the nonlinear synergistic
effects among parameters and evaluate the important and sen-
sitive  parameters  by  calculating  the  influence  of  parameter
uncertainty  on  numerical  simulation.  Of  course,  there  are
some  differences  between  the  two  methods.  The  variance-
based method yields the influence of parameter uncertainty
on numerical simulation from a perspective of statistics. For
example, the total effect of the parameter  (  in Eq. (2))
can be obtained by evaluating the average of the conditional
variance of all the parameters except  (Saltelli et al., 2008).
The calculation of the total order sensitivity index, using sam-
ple-based methods,  often needs to consider the distribution
of parameters and requires many parameter samples. In con-
trast, the CNOPSA method quantifies the influence of parame-
ter uncertainty on numerical simulation from the deterministic
point of view. Therefore, CNOPSA can clearly yield the maxi-
mum influence of  parameter  uncertainty on model  outputs.
The  greater  the  maximum  effect  of  parameter  uncertainty,
the more important and sensitive is the parameter. Since the
CNOPSA method solves constrained optimization problems
within  the  reasonable  uncertainty  ranges  of  the  parameters
using an optimization algorithm, the distribution of parame-
ters does not need to be considered in this approach.

 3.    Analytical test g-function case

The  benchmark  problem g-function  (Sobol’,  1990)  is
widely used as a test function in sensitivity analysis because
of its strong nonlinearity and nonmonotonicity. The interac-
tion terms of this function are defined as non-zero.

f kThe function  is defined in a -dimensional unit cube, 

f =
k∏

i=1

gi(xi) , (10)

where 

gi(xi) =
|4xi−2|+ai

1+ai
,

ai ⩾ 0 xi

xi ∈ [0,1]
∀i ai

xi ai gi(xi)

 are  the  parameters,  and  are  independent  and  uni-
formly distributed in the n-dimensional unit cube ( ,

). The value of  determines the importance of the variable
 since  determines the variation range of : 

1− 1
1+ai

⩽ gi(xi) ⩽ 1+
1

1+ai
.

ai

xi

Thus, the higher the value of , the lower the importance of
the corresponding variable .

Vi

The analytical formulae of the conditional variance and
total  variance  of  the g-function  [Eq.  (10)]  are  given  by
Saltelli and Sobol’ (1995). The first order partial variance 
is 

Vi = V(E( f |xi)) =
1

3(1+ai)2 , (11)

V12 = V1V2 V( f )
while the higher-order conditional variance is the product of
the lower ones, i.e., . The total variance  can
be expressed as the product of the first-order terms: 

V( f ) = −1+
k∏

i=1

(1+Vi) . (12)

xi

k = 7 (a1,a2, ...,a7) = (0,1,4.5,9,99,99,99)
N

S Ti xi

N

xi

Here we explore the sensitivity of variables  using the
CNOPSA  method  and  the  variance-based  approach.  Let

, and . For the vari-
ance-based method,  the values of  are  1024,  2048,  4096,
8192,  16  384,  and  32  768,  respectively.  In  the  CNOPSA
approach, the number of iterations is 100. The total sensitivity
index ( ) of the variable  converges with the increase of
the number of samples (Fig. 1a). The comparison of analyti-
cal and numerical results (Table 1) shows that the variance-
based method is  accurate  and feasible  when evaluating the
sensitivity of variable  with samples.

xi i = 1,2, ...,7 S Ti S ei

xi ∈ [0,1]

x1

x1

f

Although  the  sensitivity  rankings  of  the  variables
( ) obtained by the sensitivity index  and 

are consistent (Table 1), there are some differences between
the  results  of  the  two  methods.  Firstly,  if  the  uncertainty
range  of ith  variable  among  seven  variables  is
regarded as the line segment from 0 to 1, the optimized values
for ith  variable  obtained by the CNOPSA method may not
be located on both endpoints of the line segment. For exam-
ple, when the sensitivity of the first variable  is judged by
using the CNOPSA method [Eq. (7)], the optimized values
for  seven variables  are  (0.5,1,1,1,0,0,1)  and  (1,1,1,1,0,0,1),
respectively. It is found that one of the optimized values is
not located on the endpoint of the line segment for  (Fig.
1b).  Thus,  the  optimized  values  obtained  by  the  CNOPSA
method that cause the maximum value of the cost function

 is not simply the combination of the endpoints of the line
segments  of  seven  variables  (that  is,  the  boundary  of  the
uncertainty ranges of the variables). Secondly, the maximal
uncertainties due to the variables could be estimated determin-
istically using the CNOPSA method. However, the uncertain-
ties  may  be  underestimated  using  the  variance-based
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f

x5 x6 x7

xi f

method. Figure 1c shows that it is important to explore the
maximum effect of the variable uncertainty, which includes
the  impact  of  variable  uncertainty  quantified  by  samples.
The greater the influence of variable uncertainty on the func-
tion ,  the  more  important  and  sensitive  the  variable  is.  If
the maximum impact of variable uncertainty is small, the vari-
ables are insensitive, such as variables , , and . Finally,
we  also  evaluated  the  computational  efficiency  of  the  two
methods. The number of the function calls in the CNOPSA
method is 16 000, which is less than 294 912 in the variance-
based  method.  For  a  simple  test g-function,  the  CNOPSA
method is feasible to consider the maximum uncertainty of
the variables  to the variable .

 4.    Theoretical  five-variable  grassland
ecosystem model

Mc Md
Wc

Ws
Wr

In this section the CNOPSA method is applied to a five-
variable  ecological-hydrological  model,  which includes the
interaction  among  the  atmosphere,  vegetation  and  soil,  to
explore the sensitivity of physical parameters. The model con-
siders one species of grass and divides the system into three
layers:  vegetation,  soil  surface,  and  the  root  zone  (Zeng  et
al., 2004, 2005a, b, 2006). The first layer contains the living
biomass  ( ),  wilted  biomass  ( ),  and  water  content  in
the  vegetation  canopy  ( );  the  latter  two  layers  are
described  by  the  water  content  in  a  thin  soil  surface  ( )
and water content in the root layer ( ).  The only input of
this  model  is  atmospheric  precipitation.  The  processes  of
evaporation, transpiration and runoff are considered in vegeta-
tion and non-vegetation areas. The model’s equations are: 

dMc

dt
= α∗[G(Mc,Wr)−Dc(Mc,Wr)−Cc(Mc)] , (13a)

 

dMd

dt
= α∗[β′Dc(Mc,Wr)−Dd(Md)−Cd(Md)] , (13b)

 

dWc

dt
= Pc(Mc)+Er(Mc,Wr)−Ec(Mc,Wr)−Rc(Mc) , (13c)

 

 

S Ti

x1 x5 f ∆ f
xi i = 1,2, ...,7

Fig. 1. Sensitivity analysis of seven variables in g-function. (a)
Convergence of the numerical estimate of ; (b) Distribution
of the optimal variables (CNOPSA method) and the parameter
samples  (Variance-based  approach)  in  the  two  dimensions  of
variables  and ;  (c)  Changes  in  the  cost  function  ( )
caused by the uncertainties in variables , .

S ei

S Ti

Table 1.   The sensitivity index of the CNOPSA method ( ) and
the  analytical  and  numerical  results  of  the  total  sensitivity  index

 using variance-based method.

Variable S eiSensitivity index ( )

S TiTotal sensitivity index ( )

Analytical Numerical

x1 0.999995 0.7872 0.787659
x2 0.444444 0.24222 0.242377
x3 0.094674 0.03432 0.034342
x4 0.033058 0.01046 0.010466
x5 0.000392 0.00011 0.000105
x6 0.000392 0.00011 0.000105
x7 0.000392 0.00011 0.000105
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dWs

dt
= Ps(Mc)−Es(Mc,Ws,Md)+Rc(Mc)−Qsr(Ws,Wr)−

Rs(Mc,Ws,Md) , (13d)
 

dWr

dt
=Pr(Mc)+αrRs(Mc,Ws,Md)−Er(Mc,Wr)+

Qsr(Ws,Wr)−Rr(Mc,Wr) . (13e)

α∗ αr
Rs

G Dc Cc
β′Dc Dd

Cd

P
Pc Ps Pr

Pc = min(P*
c , P) Ps = min(P*

s , P−Pc) Pr = P− (Pc+Ps)

P*
c

P*
s

Es
Er

Ec

Rc Rs Rr
Qsr

where  is the maximum growth rate,  is a fraction used
to describe the portion of  falling from the s-layer to the r-
layer. The terms , , and  are the growth, wilting, and
consumption  of  the  living  biomass  respectively; , ,
and  are the accumulation, decomposition and consumption
of  the  wilted  biomass;  Atmospheric  precipitation  is
divided  into  three  parts , ,  and ,  where

, , 
represent  the  interception  of  atmospheric  precipitation  by
the canopy, soil  surface and root zone respectively,  and

 represent  the  maximum  precipitation  input  that  can  be
intercepted  by  the  canopy  and  soil  surface;  is  the  pure
evaporation from the soil surface,  is the water flux drawn
up by roots and transported to the canopy,  is the sum of
transpiration and the part of water evaporation accumulated
on leaves; , , and  are the runoff of the canopy, surface
soil, and root zone, respectively;  is the conductive trans-
port from the soil surface to root zone. This model is a self-
organization ecosystem that only depends on the initial grass-
land  state.  Despite  its  simplicity,  the  model  can  clearly
reveal the essential features of the complex system in Inner
Mongolia,  China.  To  facilitate  mathematical  analysis,  the
state  variables  and  physical  parameters  are  dimensionless.
More details  on the  description of  this  model  are  available
in  Zeng  et  al.  (2004, 2005a, b, 2006)  and  Sun  and  Mu
(2009).

Ws Wr

According to a previous hypothesis (Zeng et al., 2005a,
b, 2006), the effect of Eq. (13c) on  and  is equivalent
to  reducing  the  precipitation  reaching  the  soil  surface,  Eq.
(13c) satisfies: 

Pc− (Ec−Er)−Rc = 0 ,

Thus, Eqs. (10a), (10b), (10d), and (10e) form a new set of
four-dimensional  ordinary  differential  equations  (ODEs).
Referring  to  the  values  of  model  parameters  in  Zeng et  al.
(2004), the wilted biomass [Eq. (13b)] can be expressed as: 

dMd

dt
= α∗
[
β′β

eεdMc −1

1− e−ε
′
dWr
−βz(eεdzMd −1)

]
, (14)

α∗ β′ β εd ε
′
d βz εdz

dt = 1/24

where , , , , , , and  are the physical parameters
(Table  2).We  use  the  fourth-order  Runge-Kutta  method  to
solve the model, with a time step of , which corre-
sponds to half a month.

In  this  ecological-hydrological  model,  the  physical
parameters are determined by the observation data regarding
Inner Mongolia grassland (Zeng et al., 2004, 2005a, 5b). Mul-
tiple  equilibrium  states  (such  as  the  grassland  and  desert
state) coexist in semi-arid areas, and the transition from grass-
land to desert is usually abrupt at the boundary (Zeng et al.,
2004, 2005a, b, 2006). The wilted biomass is distributed uni-
formly over the soil surface, and its “shading effect” is also
considered (Appendix B). Zeng et al. (2004) found that the
shading of soil by the wilted biomass can effectively reduce
evaporation from the soil surface, so as to conserve enough
soil water to maintain vegetation growth. Zeng et al. (2006)
also  emphasized  that  the  shading  of  the  soil  by  wilted
biomass  reduces  the  sunlight  reaching  the  soil  surface  and
thus reduces the soil surface temperature and the evaporation
from the soil surface. Related theoretical studies (Zeng et al.,
2004, 2006) clearly show that the decrease of shading effect
can  lead  to  rapid  desertification.  Therefore,  the  wilted
biomass is crucial for this land surface process model. It is
necessary  to  reduce  the  influence  of  the  simulated  wilted
biomass caused by the uncertainties in physical  parameters
in the future.

 4.1.    Experimental design

MdDue to the importance of the wilted biomass ( ),  we
select  its  seven  parameters  for  examination  [Eq.  (14)].
Table 2 shows the default values, ranges, and physical mean-
ings for each parameter. The parameters are assumed to fol-
low a uniform distribution during sampling as their distribu-
tion is unknown. Considering the existence of multiple equi-
librium  states  in  the  model,  two  different  initial  grassland
states,  i.e.,  states  A  (0.066,  0.452,  0.637,  0.564)  and  B
(0.345,  0.37,  0.630,  0.513)  under  the  same  meteorological
forcing  are  selected  for  four-dimensional  ODEs  in  this
study.  Grassland  state  A  evolves  into  a  desert  state  over
time.  The  living  biomass  increases  rapidly  and  then
decreases slowly, and the wilted biomass shows a rapid and
gradual  decline  (Fig.  2a).  For  grassland  state  B,  the  living
biomass  and  the  wilted  biomass  increase  gradually  with

Table 2.   Symbols, default values, ranges, and physical meanings of the seven parameters used in the grassland ecosystem model.

ID Parameter Default Minimum Maximum The physical description

1 α∗ 0.4 0.32 0.48 The maximum growth rate
2 β′ 0.5 0.40 0.60 The rate of accumulation of the wilted biomass
3 β 0.1 0.08 0.12 The characteristic wilting rate
4 εd 1.0 0.80 1.20 The exponential attenuation coefficient of the living biomass
5 ε′d 1.0 0.80 1.20 The exponential attenuation coefficient of water content in rooting layer
6 βz 0.1 0.08 0.12 The characteristic rate of the wilted biomass decomposition
7 εdz 1.0 0.80 1.20 The exponential attenuation coefficient of the wilted biomass
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t = 5 t = 10

N

time  and  finally  develop  into  a  grassland  equilibrium state
(Fig.  2b).  To  explore  the  importance  and  sensitivity  of
seven physical  parameters  to  the wilted biomass,  two opti-
mization  times  (  years  and  years)  are  selected.
The variations of the wilted biomass affected by seven param-
eters  are  selected  as  the  cost  function.  For  the  variance-
based method, the value of  is 32 768. For the CNOPSA
approach, the number of iterations is 100.

 4.2.    Sensitivity  analysis  of  physical  parameters  for
grassland state A in the grassland ecosystem

To analyze how parameter uncertainty affects the simula-
tion and prediction of the wilted biomass for initial grassland
state A (Fig. 2a), we explored the sensitivity of seven parame-
ters  for  different  optimization  times  using  the  CNOPSA
method and the variance-based approach.

t = 4.2.1.    Sensitivity  analysis  of  single  parameters  for 
5 years

S ei

εd, εdz, β, α
∗, β′, βz ε′d

We  first  discuss  the  sensitivity  of  single  parameters.
The sensitivity indices of the parameters (Fig. 3a) show that
the sensitivity rankings obtained by the two methods are dif-
ferent.  For  the  CNOPSA  method  ( ),  the  ranking  from
large  to  small  is ,  and ,  while  it  is

εdz, βz, εd, β, β
′, ε′d, and α

∗

STi

εd εdz

 for  the  variance-based  app-
roach ( ). The most sensitive parameters identified by the
two methods are  and , respectively. Thus, which parame-
ter is more important for the wilted biomass arises.

εd βz
εdz

εd βz εdz

εd

εd
ε′d

βz εdz εd

Dc

Subsequently,  we  selected  sensitive  parameters , ,
and  to investigate the reasons for the differences in the
sensitivity rankings. Firstly, Figs. 4a−c show that the influ-
ences  of  the  wilted  biomass  caused  by  the  uncertainties  in
the  parameters , ,  and  obtained  from  the  optimal
parameters is  greater  than that  of  parameter  samples,  espe-
cially  for  (Fig.  4a).  Secondly,  similar  to  the  numerical
results in section 3, the uncertainty ranges of the parameters
are expressed as the line segments. It is shown that the opti-
mized values are (0.48, 0.6, 0.12, 1.2, 1.0335, 0.08, 0.8) and
(0.48, 0.6, 0.12, 0.8, 1.0335, 0.08, 0.8) when the sensitivity
of  is judged by using the CNOPSA method (Table 3, and
Fig. 5a). The optimized value for  (1.0335) is not located
on the endpoints of the line segment from 0.8 to 1.2. Conse-
quently, the optimized values of the parameters that lead to
the  greatest  uncertainty  in  the  simulated  wilted  biomass
using the CNOPSA method is  not  the combination of end-
points of the line segments (that is,  the boundary values of
the uncertainty ranges of the parameters). Finally, compared
with  and ,  the  parameter  samples  of  significantly
underestimates  the  variations  of  four  physical  variables  in
the  variance-based  method  (Figs.  6a−d),  especially  for  the
wilting  of  living  biomass  (Fig.  6a).  In  contrast,  the
CNOPSA  method  fully  considers  the  possibilities  of  all
parameters in the whole parameter space. Thus, the optimiza-
tion parameters of the CNOPSA approach are important for
the simulation of the wilted biomass, which can easily cause
a shift from desert to grassland state in the model.

t = 5
 4.2.2.    Sensitivity  analysis  of  parameter  combinations  for

 years

S Ti j

βz εdz

S ei j

β εd
εd

εdz

Dc

β εd
βz εdz

β εd

Although we identified the sensitivity of single parame-
ters to the wilted biomass above, the importance and sensitiv-
ity  of  the  parameter  combinations  may  be  different  from
those of a single parameter due to the nonlinear synergistic
effects among parameters. Consequently, the sensitivities of
two-parameter  combinations  were  identified  using  the  two
methods  (Fig.  3c).  For  the  variance-based  approach  ( ),
the most sensitive parameter combination is ( , ), corre-
sponding to the two most sensitive parameters in subsection
4.2.1.  Interestingly,  for  the  CNOPSA  method  ( ),  the
most sensitive two-parameter combination is ( , ), which
is  not  composed  of  the  two  most  sensitive  parameters 
and . Figures  6e−h show  that  the  variance-based
approach  significantly  underestimates  the  variation  of  four
variables caused by the uncertainties in parameter combina-
tions using the limited parameter samples, especially for 
(Fig.  6e).  More importantly,  according to the results  of the
CNOPSA  method,  the  maximum  influence  of  the  wilted
biomass caused by the uncertainty of the two-parameter com-
bination ( , ) is greater than that induced by the uncertainty
of ( , ). Therefore, the uncertainties in the two-parameter
combination  ( , )  are  more  likely  affects  the  grassland

 

0 20 40 60 80 100

Time (yr)

0

0.2

0.4

0.6

B
io

m
a
s
s

(a)

Living biomass

Wilted biomass

0 20 40 60 80 100

Time (yr)

0

0.2

0.4

0.6

B
io

m
a
s
s

(b)

Living biomass

Wilted biomass

Fig.  2. The  100-years  nonlinear  evolution  of  the  living  and
wilted  biomass  in  the  grassland  ecosystem  model  for  (a)
grassland state A and (b) grassland state B.
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βz εdz
β εd

state than that in ( , ). This implies that the two-parameter
combination ( , ) is critical for the simulation and predic-
tion  of  the  wilted  biomass  and  the  grassland  ecosystem
state.

t = 10
 4.2.3.    Sensitivity  analysis  of  single  parameter  and

parameter combinations for  years

εd β
β, εd

εd εdz εd

εdz εd

Since the rapid and slow decline of the wilted biomass
occurred within the first 10 years, we explored the sensitivity
of the seven parameters at the optimization time of 10 years.
Figures 3b and 3d illustrate the sensitivity indices of single
parameter  and  two-parameter  combinations  quantified  by
the two methods. For the CNOPSA method, the two most sen-
sitive parameters are  and , and the most sensitive two-
parameter  combination  is  ( ),  while  the  corresponding
results  of  the  variance-based  method  are , ,  and  ( ,

). It can be seen that  is one of the most sensitive parame-
ters according to both methods. Thus, we focus on parameters
with different sensitivity rankings between the two methods

β εdz

β εd εdz

β εd εd εdz

Dc εd

β εd

 and . Figures 4d−f show that although enough parameter
samples are used in the variance-based approach, some param-
eter  values  that  lead  to  significant  changes  in  the  wilted
biomass  were  still  missed.  Since  parameter  samples  fail  to
consider the nonlinear synergistic effects among parameters
sufficiently, the degrees of underestimation of the parameters

 and  are  higher  than  that  of  when  evaluating  the
changes of the four physical variables with discrete parameter
samples (Figs. 7a−d). The underestimation of the two-parame-
ter combination ( , ) is also greater than that of ( , )
(Figs.  7e−h).  In contrast,  the results  of  the CNOPSA show
that  the  accumulation  of  wilted  biomass  affected  by 
or  two parameter  combination ( , )  is  the main factor  to
the  simulation  of  the  wilted  biomass,  and  even  affect  the
development of the grassland state.

 4.3.    Sensitivity  analysis  of  physical  parameters  for
grassland state B in the grassland ecosystem

To analyze how parameter uncertainty affects the simula-
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Fig. 3. The sensitivity indices of the parameters identified by the CNOPSA method and the variance-based approach
for  grassland  state  A.  (a)  and  (b)  represent  single  parameter  at  5  years  and  10  years,  respectively;  (c)  and  (d)
represent two-parameter combination at 5 years and 10 years, respectively.
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tion and prediction of the wilted biomass for different initial
grassland  states,  we  also  investigated  the  sensitivity  of
seven parameters for different optimization times using the
two methods in initial grassland state B (Fig. 2b).

t = 4.3.1.    Sensitivity  analysis  of  single  parameters  for 
5 years

S ei

εdz, εd, β
′, β, βz, ε

′
d , and α

∗,
STi εdz, β

′, βz, εd, β, ε
′
d α∗

Here we discuss the sensitivity of the seven parameters
to the simulated wilted biomass when the optimization time
is five years. The sensitivity indices of seven parameters iden-
tified  by  the  two  methods  are  sorted  differently  (Fig.  8a).
The sensitivity  ranking of  the  seven parameters  from large
to  small  identified  by  the  CNOPSA  method  ( )  is

 while  the  result  of  the  vari-
ance-based approach ( ) is , and .

β′ εd εdzSimilar  to  subsection  4.2.1,  parameters , ,  and 
are chosen to analyze the differences between the two meth-

β′ εd
εdz

εd

β′ εdz εd

εd
β′

ods. Figures  9a−c show  that  the  influence  of  the  wilted
biomass caused by the uncertainties in the parameters , ,
and  obtained from the optimal parameters is greater than
that  of  parameter  samples,  especially  for  (Fig.  9b).
Table  4 and Fig.  5b also  show  that  the  optimized  values
using  the  CNOPSA  method  may  be  difficult  to  sample  in
the  variance-based  method  when  estimating  the  sensitivity
of  each parameter  using the CNOPSA method.  The reason
is that the optimized values may not be a simple combination
of endpoints of the line segments (that is, the boundary values
of the uncertainty ranges of the parameters). Compared with

 and , the parameter samples of the parameter  signifi-
cantly underestimate the influence of parameter uncertainty
on the changes of four variables (Figs. 10a−d). In contrast,
the results of the CNOPSA method show that the uncertainty
of the parameter  leads to the most significant changes in
the four variables than . Thus, the limited discrete samples

 

 

εd, βz, and εdz β, εd, εdz

Fig.  4. Relative  changes  of  the  wilted  biomass  affected  by  the  optimal  parameters  of  the  CNOPSA  method  and
parameter samples in the variance-based approach within different optimization times for grassland state A. (a), (b)
and (c) are the results of  within 5 years; (d), (e) and (f) are the results of  and  within 10 years.
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of  cannot fully measure the changes of the four physical
variables.  The  two  most  sensitive  parameters  and 
obtained by the CNOPSA method are important and need spe-
cial attention when exploring the development of the grass-
land ecosystem in this grassland state.

t = 5
 4.3.2.    Sensitivity  analysis  of  parameter  combinations  for

 years

S ei j

We also  discuss  the  sensitivity  of  parameter  combina-
tions  for  this  grassland  state  in  this  subsection. Fig.  8c
shows  the  sensitivity  of  the  two-parameter  combinations
identified by the two methods.  According to ,  the two-

εd εdz
S Ti j β′ εdz

β′ εdz εd εdz

Dc

εd εdz β′ εdz
εd εdz

β′ εdz
εd εdz

parameter combination ( , ) is the most sensitive to the
simulated wilted biomass, while the result of  is ( , ).
Figures 10e−h show that the limited parameter samples are
not  sufficient  to  represent  the  whole  parameter  space.  The
changes in the four variables caused by the uncertainties of
the  two-parameter  combinations  ( , )  and  ( , )  are
underestimated in the variance-based method, especially for

 (Fig. 10e). According to the CNOPSA method, the under-
estimation of the four variables caused by the uncertainty of
( , ) is greater than that of ( , ). Thus, the uncertainty
of ( , ) optimized by the CNOPSA method more likely
affects  the  grassland  state  than  that  of  ( , ).  Parameter
combination ( , ) can easily affect the simulation of the
wilted biomass and then transform the grassland state into a
desert state or another grassland equilibrium state.

t = 10
 4.3.3.    Sensitivity  analysis  of  single  parameter  and

parameter combinations for  years
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We  investigated  the  importance  of  the  previously
selected seven parameters for grassland state B at  different
optimization  times. Figures  8b and 8d show the  sensitivity
indices of single parameter and two-parameter combinations
to  the  wilted  biomass.  The  two  most  sensitive  parameters
and  the  most  sensitive  two-parameter  combination  in  the
CNOPSA  approach  are ,  and  ( , ),  while  the
results  of  the  variance-based  method  are ,  and  ( ,

). Figures 9d−f show that the discrete parameter samples
may fail to consider all parameters’ possibilities when estimat-
ing  the  relative  changes  in  the  wilted  biomass  affected  by
the uncertainty of the parameters  and . Figures 11a−
d show that the discrete parameter samples in the variance-
based method underestimate the impact of the uncertainty in
parameters , , and  on the four physical variables, espe-
cially  for .  The  influence  of  the  four  physical  variables
caused by the uncertainty of the two-parameter combinations
( , ) and ( , ) are also underestimated using parameter
samples (Figs. 11e−h). The degrees of undervaluation of the
parameters  and ( , ) are more obvious than the others.
In contrast, the CNOPSA method fully considers the nonlin-
ear synergistic effects among parameters. The uncertainty of
the two-parameter combination ( , ) leads to larger influ-
ence on the wilted biomass than the uncertainty of ( , ),
which may easily transform the grassland state into a desert
equilibrium state or another grassland equilibrium state with
more biomass. Therefore, the calibration of uncertain parame-
ters  and ( , ) is important to the simulation and predic-
tion of this grassland state.

 4.4.    Physical  process  related  to  the  sensitive  parameters
in the grassland ecosystem

Since the physical mechanisms for the model parameters
are  similar  under  different  initial  grassland states  and opti-
mization  times,  we  only  explain  the  physical  meaning  and
the importance of the sensitive parameters when the optimiza-
tion  time  is  five  years  for  grassland  state  A.  According  to
the  initial  grassland  state,  the  wilted  biomass  is  about  6.8
times higher than the living biomass. The numerical results
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Fig.  5. Distribution  of  the  optimal  parameters  (CNOPSA
approach)  at  5  years  and  parameter  samples  (Variance-based
method)  in  the  two dimensions.  (a)  Parameters  and  for
grassland state A; (b) Parameters  and  for grassland state B.
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Fig. 6. The variations of , , , and  caused by single parameters and two-parameter combinations using the CNOPSA
method and the variance-based approach for grassland state A at 5 years. (a), (b), (c) and (d) represent parameters , , and ; (e),
(f), (g) and (h) represent two-parameter combinations ( , ) and ( , ).

Table  3.   The  optimized  parameter  vectors  and  corresponding  cost  function  values  of  the  CNOPSA method  at  5  years  for  grassland
state A.

Pδ1Optimized parameter vector Pδ2Optimized parameter vector Cost function value

(0.48, 0.4, 0.12, 1.2, 0.8, 0.12, 1.2) (0.48, 0.6, 0.08, 0.8, 1.2, 0.08, 0.8) Jtotal 0.5573
(0.32, 0.6, 0.08, 0.80, 1.2, 0.08, 0.8) (0.48, 0.6, 0.08, 0.80, 1.2, 0.08, 0.8) Jp1 0.0748
(0.48, 0.4, 0.08, 0.8, 1.2, 0.08, 0.8) (0.48, 0.6, 0.08, 0.8, 1.2, 0.08, 0.8) Jp2 0.0687

(0.48, 0.6, 0.12, 0.9895, 0.8, 0.08, 0.8) (0.48, 0.6, 0.08, 0.9895, 0.8, 0.08, 0.8) Jp3 0.0831
(0.48, 0.6, 0.12, 1.2, 1.0335, 0.08, 0.8) (0.48, 0.6, 0.12, 0.8, 1.0335, 0.08, 0.8) Jp4 0.0925
(0.48, 0.6, 0.12, 0.9438, 0.8, 0.08, 0.8) (0.48, 0.6, 0.12, 0.9438, 1.2, 0.08, 0.8) Jp5 0.0472
(0.48, 0.6, 0.08, 0.9698, 1.2, 0.12, 0.8) (0.48, 0.6, 0.08, 0.9698, 1.2, 0.08, 0.8) Jp6 0.0631
(0.48, 0.6, 0.08, 0.9171, 1.2, 0.08, 1.2) (0.48, 0.6, 0.08, 0.9171, 1.2, 0.08, 0.8) Jp7 0.0849

Pδ1 Pδ2Note: The simulated wilted biomass caused by  is lower than that caused by .
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in  subsection  4.2.1  and  4.2.2  show  that  the  most  sensitive
parameter and two-parameter combination of the CNOPSA
method are  and ( ), while the results of the variance-
based approach are  and ( ).  According to the role
of each parameter (Sun and Xie, 2017), parameters  and 
have a positive impact on the wilting of living biomass ,
and then affect  directly and indirectly. Finally,  and 
have negative feedbacks on  (Table 3). Parameters  and

 have direct negative feedback on  (Table 3). The vari-
ance-based method that relies on parameter samples mainly
underestimates the changes in  caused by the uncertainty
of  parameters  with  direct  and  indirect  effects  and,  in  turn,
underestimates  the  variation  in  the  biomass  and .
Instead,  the  CNOPSA  method  considers  the  physical  pro-
cesses and the nonlinear synergistic effects among the physi-
cal parameters. It can effectively identify important and sensi-
tive  parameters.  The  results  demonstrate  that  parameters

with direct and indirect effects are crucial to the simulation
and development of the wilted biomass due to the nonlinear
synergistic effects among parameters.

 5.    Summary and Discussion

 5.1.    Summary

In this study, a new optimization method CNOPSA has
been proposed to determine the sensitivity of physical parame-
ters in numerical models. This method has the following char-
acteristics:

(a) It investigates the whole parameter space, compensat-
ing for the dependency of limited parameter samples in the
variance-based method.

(b) It considers the nonlinear synergistic effects among
parameters.
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Fig. 7. Same as in Fig. 6, but for 10 years. (a), (b), (c) and (d) represent single parameters , , and ; (e), (f), (g) and (h)
represent two-parameter combinations ( , ) and ( , ).
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(c)  It  eliminates the dependence on control  runs in the
model simulations.

(d) It quantifies the maximum influence of the model out-
puts caused by parameter uncertainty from the deterministic
point of view.

We used the g-function and the five-variable grassland
ecosystem model to test the CNOPSA method. In addition,
we also compared the CNOPSA method with the variance-
based approach. The results of the g-function show that the
CNOPSA method is  feasible  and the  sensitivity  ranking of
the  variables  is  consistent  with  that  of  the  variance-based
method.  Numerical  results  of  the  grassland  ecosystem
model show that the sensitivities of each parameter and two-
parameter combinations depend on the initial grassland state
and the optimization time. The variance-based method may
underestimate  the  sensitivities  of  the  parameters  and  two-
parameter combinations because the discrete parameter sam-
ples may fail to consider all possible in the parameter space.
However, the CNOPSA method can fully consider the nonlin-
ear  synergistic  effects  among parameters.  The  influence  of

parameter uncertainty on the simulated wilted biomass opti-
mized by the CNOPSA method is greater than that measured
by parameter samples in the variance-based approach.

εd

β t = 5 t =

Dc

β′Dc

Md

εdz

εd εdz

β′Dc

Dd

Md

For grassland state A, the wilted biomass is most sensi-
tive  to  the  exponential  attenuation  coefficient  of  living
biomass  and its combination with the characteristic wilt-
ing  rate  at  two  optimization  times  (  years  and 
10 years). The sensitive parameters are important to the wilt-
ing of the living biomass , which is an important component
of  the  wilting  biomass  accumulation .  The  wilting
biomass accumulation directly affects the shading effect  of
the wilted biomass and then influences the simulation of the
wilted  biomass .  For  grassland  state  B,  the  exponential
attenuation  coefficient  of  wilted  biomass  and  the  two-
parameter  combination  ( , )  are  most  sensitive  to  the
wilted biomass for the optimization times of 5 and 10 years.
They  mainly  affect  and  the  decomposition  of  the
wilted  biomass .  The  two  physical  processes  determine
the  wilted  biomass  and  affect  the  development  of  this
grassland state.
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Fig. 8. Same as in Fig. 3, but for grassland state B.
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Fig. 9. Same as in Fig. 4, but for grassland state B. (a), (b) and (c) are the results of  within 5 years; (d), (e) and (f)
are the results of  within 10 years.

Table 4.   Same as in Table 3, but for grassland state B.

Pδ1Optimized parameter vector Pδ2Optimized parameter vector Cost function value

(0.48, 0.4, 0.12, 1.2, 0.8, 0.12, 1.2) (0.48, 0.6, 0.08, 0.8696, 1.2, 0.08, 0.8) Jtotal 1.0277
(0.32, 0.6, 0.08, 0.8, 1.2, 0.08, 0.8) (0.48, 0.6, 0.08, 0.8, 1.2, 0.08, 0.8) Jp1 0.0692

(0.48, 0.4, 0.08, 1.1451, 1.2, 0.08, 0.8) (0.48, 0.6, 0.08, 1.1451, 1.2, 0.08, 0.8) Jp2 0.1741
(0.48, 0.6, 0.12, 1.2, 0.8, 0.08, 0.8) (0.48, 0.6, 0.08, 1.2, 0.8, 0.08, 0.8) Jp3 0.1511
(0.48, 0.6, 0.12, 1.2, 0.8, 0.08, 0.8) (0.48, 0.6, 0.12, 0.8, 0.8, 0.08, 0.8) Jp4 0.1869
(0.48, 0.6, 0.12, 1.2, 0.8, 0.08, 0.8) (0.48, 0.6, 0.12, 1.2, 1.2, 0.08, 0.8) Jp5 0.0917
(0.48, 0.6, 0.12, 0.8, 0.8, 0.12, 0.8) (0.48, 0.6, 0.12, 0.8, 0.8, 0.08, 0.8) Jp6 0.1296
(0.48, 0.6, 0.08, 1.2, 1.2, 0.08, 1.2) (0.48, 0.6, 0.08, 1.2, 1.2, 0.08, 0.8) Jp7 0.1900

Pδ1 Pδ2Note: The simulated wilted biomass caused by  is lower than that caused by .
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In this paper only the benchmark problem and a theoreti-
cal grassland ecosystem model were used to test the useful-
ness of the CNOPSA method. In the future, we will examine
the parameter uncertainty and sensitivity in a more compli-
cated earth system model. In addition, calibrating parameters
to improve the simulation ability and prediction skills of the
model focusing on the sensitive and important parameters is
a great challenge. Relevant work is also currently under inves-
tigation.

 5.2.    Discussion

As an extension of the CNOP-P method (Appendix C),
the  CNOPSA  method  eliminates  the  control  run  of  the
CNOP-P method based on a parameter reference state. Thus,
the  parameter  sensitivity  relative  to  a  parameter  reference
state is extended to the overall sensitivity of the parameters
in the whole parameter space. Table 5 shows the sensitivity
results of the CNOPSA method and the CNOP-P approach.

The results suggest that the important and sensitive physical
parameters identified by the CNOP-P method may be depen-
dent  on  the  parameter  reference  states.  However,  the
CNOPSA method measures the sensitivity of parameters in
the whole parameter space. The two methods have different
research emphases,  and we currently pay more attention to
the sensitivity of parameters in the whole parameter space.

In  this  study,  we  explored  the  maximum  influence  of
parameter uncertainty on numerical simulation or prediction
from  the  deterministic  point  of  view.  The  extreme  case  of
the influence of parameter uncertainty on numerical simula-
tion, which may represent different physical states (such as
grass  or  desert  states  in  grassland  ecosystem  model),  was
investigated. The applications of this method show that the
greater the maximum influence of parameter uncertainty on
numerical  simulation,  the more important  and sensitive are
the  parameters.  If  the  uncertainty  ranges  of  the  parameters
can be expressed as line segments,  the optimized values of
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Fig. 10. Same as in Fig. 6, but for grassland state B. (a), (b), (c) and (d) represent single parameters , , and ; (e), (f), (g)
and (h) represent two-parameter combinations ( , ) and ( , ).
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the  parameters  obtained  by  the  CNOSPA method  may  not
always be located on the ends of the line segments (that is,
the  boundary  of  the  uncertainty  ranges  of  the  parameters).
The variance-based method measures the influence of parame-
ter uncertainty from a statistical point of view. In most numer-

ical models, it considers the general situation of the influence
of  parameter  uncertainty  on  numerical  simulation  by using
the sample-based method. It may be difficult to measure the
maximum influence of parameter uncertainty on model out-
puts from the parameter samples, especially for large parame-
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Fig. 11. Same as in Fig. 10, but the optimization time is 10 years. (a), (b), (c) and (d) represent single parameters , , and
; (e), (f), (g) and (h) represent two-parameter combinations ( , ) and ( , ).

Table 5.   The sensitivity rankings of the parameters identified by the CNOPSA method and the CNOP-P approach for different initial
grassland states when the optimization time is five years.

Initial state Method Parameter sensitivity from large to small

Grassland state A CNOPSA εd εdz β α
∗ β′ βz ε

′
d, , , , , , 

CNOP-P (1*) εdz βz εd β ε
′
d β
′ α∗, , , , , , 

CNOP-P (2*) εd εdz β β
′ βz ε

′
d α

∗, , , , , , 
Grassland state B CNOPSA εdz εd β

′ β βz ε
′
d α

∗, , , , , , 

CNOP-P (1*) εdz βz β
′ εd β ε′d α

∗, , , , , , 
CNOP-P (2*) εdz εd β

′ β βz ε
′
d α

∗, , , , , , 

Note: 1* represents parameter reference state 1, and 2* represents parameter reference state 2.
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ter dimensions, which may directly affect the evaluation of
parameter sensitivity. We encourage future research to further
explore  the  usefulness  of  the  CNOPSA  method  in  more
numerical  models.  Perhaps  more  interesting  studies  could
be found in  the  future  by combining the  advantages  of  the
CNOPSA method and the variance-based approach.

 APPENDIX A

Proof of Inequality (9)

Jpi ⩽ Jpi j Jpi

Jpi j

We first prove that . The objective function 

and  can be expressed as:

Jpi = max
(p′1,··· ,p

′
i−1,p

′
i ,p
′
i+1,··· ,p

′
n)∈Cε

(p′1,··· ,p
′
i−1,p

′′
i ,p
′
i+1,··· ,p

′
n)∈Cε

∥∥∥Mt(p′1, ..., p
′
i−1, p

′
i , p
′
i+1, ..., p

′
n)−Mt(p′1, ..., p

′
i−1, p

′′
i , p

′
i+1, ..., p

′
n)
∥∥∥ , (A1)

 

Jpi j = max
(p′1,··· ,p

′
i−1,p

′
i ,p
′
i+1,··· ,p

′
j−1,p

′
j,p
′
j+1,··· ,p

′
n)∈Cε,

(p′1,··· ,p
′
i−1,p

′′
i ,p
′
i+1,··· ,p

′
j−1,p

′′
j ,p
′
j+1,··· ,··· ,p

′
n)∈Cε

∥∥∥Mt(p′1, ..., p
′
i−1, p

′
i , p
′
i+1, ..., p

′
j−1, p

′
j, p
′
j+1, ..., p

′
n)

−Mt(p′1, ..., p
′
i−1, p

′′
i , p

′
i+1, ..., p

′
j−1, p

′′
j , p
′
j+1, ..., p

′
n)
∥∥∥ . (A2)

Jpi

pi

p1, p2, ..., pi−1, pi+1, ..., pn

Jpi n+1
Cε pi

Jpi j

pi

p j p1, p2, ...
pi−1, pi+1, ..., p j−1, p j+1, ..., pn

Jpi j n+2
Cε

pi p j

 measures the changes of model outputs caused by dif-
ferent  values  of ,  the  changes  of  other  parameters

 are  consistent.  Thus,  the  feasible
region of parameters in  can be regarded as  dimen-
sions,  including  and the variable  range of  parameter .
Correspondingly,  measures the variations of model out-
puts caused by the different values of the parameters  and

,  and  the  changes  of  the  parameters ,
 are  consistent.  The feasible

region  of  the  parameters  in  can  be  regarded  as 
dimensions, including  and the variable range of the addi-
tional parameters  and .

Jpi

Jpi j

Jpi ⩽ Jpi j

Obviously, the parameter feasible region in  is a subset
of  the  parameter  feasible  region  in ,  so  the  inequality

 holds.
Thus, it can be proved that 

max(Jpi , Jp j ) ⩽ Jpi j .

Jpi j ⩽ Jtotal(i = 1,2, ...,n; j =
i+1, ...,n)

Similarly,  the  inequality 
 also holds.

 APPENDIX B

The Important Relationship between the Wilted
Biomass and Evapotranspiration

The five-variable ecological hydrological system is devel-
oped  based  on  the  three-variable  ecological-hydrological
model [Eq. (B1)]: 

dMc

dt
= α∗[G−Dc−Cc],

dMd

dt
= α∗[β′Dc−Dd−Cd],

dW
dt
= P− (Es + Er+R), (B1)

W P
R

W
P Es + Er+R

where  is soil surface water content,  is the total precipita-
tion  from atmosphere,  is  the  net  runoff.  This  means  that
the soil surface water content characterized by  is an open
system with input  and output .

x ≡ Mc/M*
c ,y ≡W/W∗,z ≡ Md/M*

d M*
c W∗

M*
d

Let  terms , , ,
and  represent the maximum living biomass, the maximum
water content, and the maximum accumulation of the wilted
biomass,  respectively.  The  evaporation  from  bare  soil  can
be expressed as (Zeng et al., 2005b) 

Es00 = E∗s (1− e−ε2y) , (B2)

E*
swhere  is  potential  evaporation.  The  attenuation  of  the

solar radiation by the wilted biomass follows the exponential
law (Beer’s law). As with the transmittance, let 

ez(z) = e−ε3z ,

ε3where  characterizes  the  shading  effect  of  the  wilted
biomass  (resulting  in  the  decrease  of  soil  surface  tempera-
ture).

The evaporation rate from the soil surface covered only
by the wilted biomass is 

Es0 = Es00ez(z) = E*
s (1− e−ε2y)e−ε3z , (B3)

Esand then the net soil evaporation  can be expressed as 

Es =Es0[(1−σ f )+σ f (1− κ1(1− e−ε1 x))]
=E∗s (1− e−ε2y)e−ε3z[(1−σ f )+σ f (1− κ1(1− e−ε1 x))] ,

(B4)

σ f κ1
ε

κ1

Es Er

where  is  the  fraction of  living grass  coverage,  is  the
amplitude of shading effect influenced by living leaves, ’s
with  different  subscripts  are  the  exponential  attenuation
coefficients.  The  determination  of  model  parameter  is
affected by air temperature, relative humidity (RH), etc. The
sum  of  and  (Zeng  et  al.,  2005a, b, 2006)  can  be
expressed as 

Es + Er = E*
s [ez(z)es(x,y)+φrser(x,y)] . (B5)

φrs E*
swhere  is the ratio of potential transpiration to . There-

fore, the wilted biomass indirectly affects the soil temperature
by  affecting  the  sunlight  reaching  the  soil  surface,  and  the
shading of soil by the wilted biomass can effectively reduce
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evaporation from the soil surface, so as to conserve enough
soil water to maintain vegetation growth (Zeng et al., 2004,
2006).  In  the  five-variable  ecological-hydrological  model,
the above physical  process  expressions are  still  established
(Zeng et al., 2004, 2005a, 2006).

 APPENDIX C

Conditional Nonlinear Optimal Perturbation
Related to Parameter (CNOP-P)

U(T ;U0, P) U(T ;U0, P) + u(T ;U0, p)
P P+ p T

For  the  model  Eq.  (3)  described  in  subsection  2.2,  let
 and  be  the  solutions

of  Eq.  (3)  with  parameters  vectors  and  at  time ,
respectively. The following relationships can be established:  {U(T ;U0, P) = MT (U0, P) ,

U(T ;U0, P)+u(T ;U0, p) = MT (U0, P+ p) . (C1)

∥·∥ pδFor  a  chosen  norm ,  a  parameter  perturbation  is
called a CNOP-P if and only if 

J(pδ) =max
p∈Ω

J(p) , (C2)

where 

J(p) = ∥MT (U0, P+ p)−MT (U0, P)∥ , (C3)

P p ∈Ω
P+ p ∈Cε

J T

 is a reference state of the parameters,  is a constraint
condition, . The CNOP-P is the parameter perturba-
tion  whose  nonlinear  evolution  attains  the  maximum value
of the cost function  [Eq. (C2)] at time .
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