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ABSTRACT

It is shown by observational data and synoptic analysis that the development of strong convective echo
is influenced by the horizontally non-uniform heating, such as the one caused by lake-land distribution, In
this paper. a simple linear cell-convection model is established using an appropriate heating field, and the
imstability of heating convection is theoretically studied. It is found that the heating'convection development
wiil be unstable if the heating-caused temperature gradient d7,/dy is greater than the critical value (@7 ,/dy).
which is approximately 0,64*C/10 km, and that the development of convective band has a preferred width of
12.5 km. It will take 25 min for the initial disturbance to increase intensity by 10 times. All these results
are in rather good agreement with the squall line process in the lake-land region of Jiangsu Province on Juns
8, 1972,

1. INTRODUCTION

Recently, the mesoscale cell-convection in the atmosphere has bétome a lopic to be
paid close attention to®). By using the satellite cloud pictures, many research works
showed that a lot of cellconvection clouds always lie over the cold—warm ocean currentst—),
Some useful discussion were also done using the thermodynamic convection theory in the
fluid dynamicst—*1. The classical Benard convection discussed ‘more éompletely in the
texibook!® is rather similar to the mesoscale cell-convection in the atmosphere but with some
differences, one of the main differences is in the ratio of vertical depth of convective cell
to its horizontal scale, i. e. Hid. The value is the order of 2,22—3.12 for the laboratory
experiment and fluid dynamics theory, but 107 — 10~ in the atmos’ﬁhere. Two corrections
are necessary while Benard's thermal convection theory is extended te the atmosphere.  The
first one is that the viscosity coefficient of molecule should be substitiited by the eddy’s,
the other is that the temperature gradient should be substituted by ‘potential temperature’s.

In the seasons of spring to summert, the strongly convective weather such as thunderstorm
complex and squalt line etc. usuaily occurs over the region of Jl,angsu and Anhui Provinces
if the weather is under the influence of favorable large-scale situation and cold air. Some-
times, the strong convective weather still develops vigorously even though the cold air is very
weak and its position is far north from the convective region. Obviously, it is different from
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ones such as the squall line ete, triggered by the quickly moving cold front. According to
the statistical data of origin area for the mesoscale thunderstorm systems over East China
in May and June. 1973—1979, the region near the Hongze Lake is one of the most frequent
origins. It means that the formation and development for the strong convective systems
are closely related to the horizontally non-uniform heating by the water-land or lake-land
distribution in this region. Therefore, it can be approximately treated as a developing cell
convection.

In this paper, first we appropriately deal with the heating caused by the water-land dis-
tribution, and develop a simple linear mode! for cell convection. Then, on the basis of the
theoretical analysis of thermal convection instability we found that the heating by water—
land distribution favors the development of strong convective weather when reaching some
degree of intensity. Finally, we have compared the theoretical results with the squall line
process developing near the Hongee Lake on June 8, 1979. They are in rather good agree—
menl.

1. THE THERMAL CONYECTION EQUATIONS EQUIVALENTLY CONTAINING THE HORIZON-
TALLY NON-UNIFCRM HEATING

Shown in Fig. | {a) is Benard’s cell convection pattern with the vertical difference of tem-
perature, produced by the symmetrically convective cell which converges toward 0—0
axis in the low level and diverges up to high level. However, shown in Fig. | (b) is the
circulation of lake breeze in ordinary lake-land breeze verified by Li™! using the wind data
from surface to 1000 m height at Yueyang Station, Hunan Province. There exist the obvious
differences between Fig. | (a) and Fig. | (b). The former is a thermal convective cell caused
by the uniform heating al the bottom and is symmetric to the 0—0 axis. But the latter is
the thermal solenoid convection due to the horizontally non-uniform heating for the lake-
tand distribution and is asymmetric. Generally speaking. the temperature increases quickly,
and a warm center forms over ihe land near the lakeside in the daytime by the solar radia—
tion heating. Therefore, the cell convection occurs as shown in Fig. | (a), and the con-
vective cell on Lhe plane perpendicular to the lake bank is also strengthened by the tempera-
ture difference between lake and land.  Thus the resuliant convection is equal to the superim-
position of two convective cells of Fig. 1 {a) and Fig. 1 (b). Moreover, the quick increasing
of temperature near land surface in the daytime can enlarge the horizontal temperature
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v, Fig. 1, Sketch maps of Benard convective celt (a) and the lake breeze (b).
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gradient between the land and lake, as well as the vertical gradient. Thercfore, the horizon-
tally non—uniform heating can be considered as a heating at bottom in discussing the instability
of thermal convection. Then we can constitute a set of thermal convection equations which
are equivalent to those including the herizontally non-uniform heating suck as the situation
of Fig. I (a) and (b).

Let us assume the following formula

B(ys2}=8u+0(¥)+az, (1)
where g is the mean potential temperature for environment, and
i .DD Rty
-7(5) ]
0=
dr _ _
dz P9 , (2)

ﬁ!.‘f{
ﬁ=const><~a; (k=crfe.)

where 7 and p are the mean or cnvironmental pressure and density respectively, po,=1000
hPa is the pressure at sea level, §,,=T,, is the constant temperature at the surface, and
8,(y)=T,(») is the horizonial variation of the surface temperature. We take d7,/dy
=dd,/dy=const., and the y axis perpendicular to lake bank towards the land. @ is the
rate of variation of potential temperature with height i. e. the parameter of static stability in
the atmosphere and has the form

azg—f=g(w—v)ﬂw—?- (3)

where 3, ~ g/c, is adizbatic lapse rate, p= —#T /22 is mean temperature lapse rate.
The thermodynamics equation including the eddy diffusion term of heat is
df g, B4
W=K'v 8+Tp0p’ (4)
where /1= /3%t 4+ 08 /8y 4+ 2/z%, J is the heating rate of exterior source, and K, =
K /pc, is thermal eddy coefficient. 1f ¢ is the potential temperature corresponding to

. thermal convection, and

N Ii:‘ )
g=g+6', (5)
substituting (5) into-{4), and taking the adiabatic assumption (i. e. J=0) as well as the
linearization, we obtain

D e\
(—a-t—FK,\z ) = —aw— 0, (6)

where (r; v, w) is only the vetocity‘-ﬁ;eld for thermal convection, since the environmental
atmosphere is assumed (o be stationé‘ry.

Not only remain the thermodynamics equation the character of the stratified effect
{i.e. ) in the process of thermal convection, but alsc it considers the actions of horizentally
uniform heating 3g/3». In Eq. (6), the latter is corresponding to the term of horizontal
advection for temperature. Actually. it contains the horizontal advection of surface
temperature alone in consideration of Eq. (1}. Now, we treat it as a mean value in
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the depth & of the thermal boundary layer. Then
...u@__(_,.l_v d7,
ay 317 dy

z )01(3)! ( 7]

where parameter n,(z)=v/0%, and $¢ is the mean value for quantity v in the depth 4.
By using Eqs. (6)—{(7} the thermal convection equations can be introduced in the form

a_ o Yo o

; (8>

a . s . dTn A ; *

(\a: — KV )6‘~—~aw (65 iy dz)n,(z) /l

where 8 =g/B, v 1=8'dx'+ 82y, and » is the eddy coefficient. Since Eq. (8) is lincarized,

the thermal convection due to horizonially non-uniform heating can be seperated from

the ordinary thermal convection. Then

47 \‘ ‘f’ul R i

:U i=!vl l_!r_;v“ l

| W by | Wy |

. e e

where the quantities with subscript 11 represent those with the thermz! convection due to the

horizontally non-uniform heating, and u;;=0 while a convectijré belt is parallel to the

lake bank. The ones with subscript I represent those with the ordipary thermal convection.
Correspondingly, the governing equations are ’

£9)

= 1
(2K v Y=, |
. at r i i ’

and

- .

( —a?“l'vz)vzwn:ﬁv:gu J
i (1L)
l

(“c% —~K1V")92[=—(%5: Ulldj;: dz)ﬂ (2)

In the same manner as Charney's™ treating of the momentum flux in the boundary
laver, differentiating Eq. (1) with respect to y, and taking the flag surface as the integral
boundary condition, 1. e. w=0 at z=0, we get '

é "1 (e dw 4T, 1 dT,
-63.;{\_-%;}7):(5( 8z dy dz)., § dy Wilo (12)

where w g s vertical velocity at the top of thermal boundary layer. It shows that the hori~
zontal convergence of temperature gradient flux on the lefi-hand side of Eq. {12) is equal
1o its outAow through the top on the right-hand side, if the temperature advection towards
¥ uxis is considered as the temperature gradient flux. Integrating Eq. (12) with respect 10 ¥
in the comvective belt of /,, we have
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a8 1, dT. _ :
_Uéy =§ d;ﬂlwu (13)

_ 1! . . . .
where @ 5= r[ v w,ad y is the mean value in the convective belt, and the updraft region of the
¥ Jo

convective belt is in the area where p=0 at =0, i. e. 0—0 axis in Fig. 1 (a). The tempcra-
ture gradiemt T, /dy transported upward through the top of boundary fayer musl in-
fluence the convective temperature £/ on each layer.By introducting parameter 7, Eq.(13}
becomes:

_, 08 _1,dT.
Yoy T8 dy™
or
103 dT I, dT
—(XL Ui “&;o‘dz)ﬂl(z)= ﬁ "&?ﬂfiwu’ (14)
where p=rp,n, and g5,=@;/w, with the result that
v /B8
=7, t—T:TNO'I' (15)

In this formula. the characters of the cell-convection have been considered as follows:
prevailing convergent current §° /i ;~10" near the bottom layer and prevailing updraft o/~
10°—10' on the boundary layer, Therefore the influence of horizontal advection of surface
temperature upon the thermal convection temperature §' is equivalent to the vertical trans—
port of temperature among several layers on the basis of Eq. (14).

Substituting Eq. (14) into (11), we finally obtain

2 . .
(5 =% viwn =BVt
d I, dT (a8)
(_Bf_ -K.v )9;1=3{. 'd"ylb‘wu ’
That is the thermal convection equation containing the effect of the horizontally non-uni-
form heating d7,/dx.

I1l. THE DEVELOPMENT CONDITION FOR THE CONVECTIVE BELT AND THE THEORETICAL
RESULT OF THE GROWING TIME

The ordinary instability of thermal convection has been discussed through Eq. (10) Tewal,

Here, Eq. (16) is solved by the same method and used to explain the influence of dT,/dy on
the instability of thermal convection. Now, the non-dimensional variables of space and time
are introduced

K 1 1
T=E’Trfs (X,Y)=g(x,y); Z= ﬁz’ (17)

where variables d and H are the characteristic horizontal and vertical scale respectively.
Note that from now on (x, ¥, z) is taken to be the non-dimensional variables for conven-
ience. Because Eq. (16) is the partial differential equation of the parabolic type, its solution
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contains a growing factor with time as follow:
K,
d Wnlz)

T w{E, ¥a2,t) ]=
aHBA(2)

:'Hzl(xvypz,'r) e Pll(xgy;‘- (18)

By substituting Eq. {18) into (16). the horizontal and vertical constilution equations can be '
obtained respectively, i. e.

3:5317+HF:1 +a@*F, =0 (19
and
o 5?'0“-0‘)“911 b e R
N 2 . i- I'r s (20)
P ‘D! )?(IL% D%—a?) W”=%{Rau?@“ J ’

where ¢ is the growing rate for non-dimensonal time, D=d/d3, R,= —afd'}»K  Rayleigh
number, P.=»/K . Prandtl number, ¢ is a constant inversely proportional to the linear di-
mension of cell in horizontal plane, and I.,§, dT,/dy, are all of the non-dimensional quan-—
tities. With the coordinate origin at midway in the atmospheric Jayer and by means of
the usual assumption, the boundary conditions are

I’V.,:O:DW”, =0 (at z=4 é_)

where the first expression shows the non-slip condition to satisfy the equation of continuity,
and the second one is the preservation of temperatures at the top and bottom of the atmos-

phere.
So far as the instability condition of the thermal convection is concerned, it is well-

known from the Refs. [5] and [6] that the charactenstm solutions for Egs. (19) and (20): are
“(x,y'}==cosnxcusmy (a'=n*+m*) ()
and
- Walz) W o
[8”(2) ]—(é]cosqz. (22)
Here n, m and g are non—dimensional horizontal and veriical wave numbers respectively,
the value g given later. will make Eq. (22) satisfying the boundary condition of Wy .
Considering the belt-type of convection corresponding to the horizontally non-uniform
heating, the rectangular cells as represented by Eq. (21) may have
n&m or at~m*. (23)
By substituting Egs. (2I) and (22) inte Eq. (20). the homogeneous equations with respect
to W and & can be obtained, 1. e.
)

‘*T"ﬁ [o+QB=0 ‘l
L (21)
oJow+ B ambeo |
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Obviously, the necessary and sufficient conditions for non-trivial solutions are

dy — Lo+ Q]
r 1 H =0 (25)
- BT Q@ R
where
dt,  dyl,d?,
dy = (5 dy " ) Q= Hq+m, ly=1/m. (26)
Setting P,=1 in the atmosphere, we get from Eq. (25)
H R.m* dT,
[o+Q 1 = Q”f T (27)
or
H R,m* dT, .
o=(q ) e 2%

That is the relationship between the growing rale ¢ and wave number {m, ¢). If the devel-
opment of conveclion is unsiable, o must take positive value. Therefore the first term on
the right-hand side of Eq. (28) sets positive symbol, and its value must be larger than the
second term. For the condition critically satislving the convection development i. e. o =0,

(85, ()

It is clear that there is a critical velus (dT,/dy).of the horizontally non—uniform heating with
respect to the certain atmospheric stratification (i. e. R, number). When the actual value
of horizontally uniform heating exceeds this critical one, i. e.

a7, d7,
d’;’ >( dy )c y (3_0)

the convection will develop unstably.
When the atmospheric stratification is unstable, i. e. >4, then
Ry=—afd'/vK >0,

and the more unstable the atmospheric stratification, the larger the 2, number should be.
It can be seen from Fa. (29) that in this case the (d7,/dyj, should be much less.: As a
result, the horizontally non—uniform heating in apprepriate amount is able to cuase the
convection development from Eq.(30).Coversely,if’ the armospheric stratification is not very
unstable (i. e. the smaller R, number), then the value of (dT,/dy,) is larger and the larger
value of horizontally non-uniform heating is needed to stimulate ‘the convection develop-
ment. In addition, while a=ps — =0, R, number should be non-positive and the
first term on the right-hand side of Eq. (28) should not be non-zero, then the unstable ther-
mal convection g>>0 should not appear.

Generally speaking, we take a half wavelength of the atmosphetic convection cells in the
depih concerned, i. e. setting g=x. Under the condition of the atmospheric stratification
or R, number given, (¢T,/dy), is only a function of horizontal wave number . Then from
Egs. (29) and (26) we can obtain
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dr

(4T d (H” +')

Cdy)."HR, w - 1)
Taking 4*/H*=10" and R,=10° according to Ref. [6] we have

AT 1 (107" +m") ,

(o L=t 7™ (317
Differentiating this equation with respect to m, its minimum value can be found as

d7F, 270

(ﬂ‘)clmln:'d—f:":BS?E. {32)

Thus, when {d7T',/dy} is larger than its minimum critical value, there is at least a wavelength
being unstable disturbance.
According to the general case, we take the following parameters
d~10°m, H ~10'm,8~0,5 X 10*m, 0rd~0.5 % 10~

dT ' dT
a~t"*deg m—, dy“ ~0.8x10'"deg m™', or &}T"—v(] 8% 10%
s (33}

1
q’~r:2,L,-~?d or m* =15 ~(6x)’ !

F~10%°C,n~0.1, g~10'm sec™?,», K ,~10°m sec™?

where a is taken as 107%. deg m™ corresponding to the lapse rate  slightly larger than 9,8
is taken as 0.5 % 10* m due to the horizontally non-uniform heating being restricted only in
the laycr near ground. L, is the wavelength along the y direction and {,=(1/3)d for the
convection of belt-typg:  Because of the non-dimensional wave number 2qd/!,, 4 /, may
be considerzd as a half‘;width of convective belt. By using these parameters, we can ob-

tain

characteristic time 44K, =10° sec
characteristic vertical velocity K ,/d=10" m sec™! } (34)
characteristic potential temperature disturbance af=10"" deg
and
F=1.342X10° *
R,=10°
. {35)
At
(dy )=8.50x10

Tritton"' " showed that R, number is 10* for Benard convection in laboratories and R, > 10°

is corresponding to the thermal convection of high R, number. Substituting these param-—
eters and results calculated into Eqgs. (28) and (29), we obtain

o=0,157 X 10° s

7 {

(‘;T" ) =0.679x10* 1
Y ¢

(.apprqximately%a‘o.ﬁfi ®107'°C mt ) [ : (38)

=2 3x£—1——1 46 % 10° sec :
e .K!'F"M ' ' I
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where t* is the time for the intensity increased by 10 times [rom the initial disturbance.

It is known from Eq. (28) that the development of thermal convection may be not only
grown by the horizontally non—uniform heating (d7,/dy+0). but also controlled by the ther—
mal diffusion {(£*s0). The unstable growing occurs only when the horizontally non-
uniform heating ¢T,/dy is larger than the critical {47 ,jdy), =0.64 °C;/10 km as shown in Eq.
(29) or (30). And it is also pointed out from Eq. (36) that the time required for the in-
tensity increased by 10 times from initial disturbance s about 1,46 x10° sec (i. e. 25 min
roughiy). Fig. 2 shows the theoretical curve of g, ¢* and &7 ,/dy calculated from the data
in Exp. (33). When 47 ,/dy exceeds the critical value the unstable growing rate ¢ increases
but #* decreases, with increasing ¢7,/dy. In addition, the growing rate also relates to the
widih of convective belt L /2. Fig. 3 shows the theoretical curves between the growing rate
and the width of convective bzlt (or s7) for three cases with dT,/dv=0.8, 1.0 and 1.2 (°C/
10 km), It is seen that £,/2=12.5 km 1. e. m=8x is the preferred width for the convective

development.
E 24
ety !
i 1 16
0.8 .
1
0.4 } ! g
|
P L _erowing iy
: 1+ x 102 see
- 0.4 ’- 1
decaying!
-0.8f :
L I
| - i L il 1 L L i ——
0.2- 0.4. (0.6 0.8 1.0 L.2 .4 x107*
4T/ dyideg/m)
Fig. 2. The theoretical curves among the grow- Fig. 3.

ing rate (o), growing time {s*, right} and
horizontal gradient of temperature
{Ly—di3, 6=10"% deg m1}.

IV. EXAMPLE AND DISCUSSION

al{x10?)

6

{a)

5.0 6,0 7.0 8.0 8,010.0,11.0

mi{x3)

The growing rate (o) as a function of
the convection width of belt-type.

{dT,/dv) % 107+ taking (a)} 0.849. (b} .
and (c) 1.273 respectively.

1,061

The sirong convective process in six mesoscale systems in the region of liangsu and
Anhui Provinces on 8 June 1979 has been studied in detail®t'2.  Fig. 4 shows one of con-
It occurred near north bank of the
Hongze Lake at 14: 36—40, Shown in Fig. 3 is the distribution of surface temperature and
wind in the region of Jiangsu and Anhui Provinces at 14:00 June 8, and the convective

vective echo belts or squall lines” called B—echo beh.

1) 1t was named as the B-echo belt in the six mesoscale systems according to Ref. [11]).
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Fig. 4. The convective echo belt (dark area) occurring along north bank
of the Hongze Lake, 8 Jurk 1979 afternoon. The convective echo
corresponding to the cold front is shewn by the fine points,
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Fig. 5. The distribution of surface temperature
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The time cross—section of surface tem-
perature of the four stations along
the line perpendicular to north bank
of the Hongze Lake. Hongze county
and Susian county represent the stations
of water and land region respectively.
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Lake breeze

Fig, 7. The ;cher_\]atical represcntation of convection dei'elopn-ient
caused by the lake breeze ahead of weak cold front,

echo belt is just in the concentrated isotherm region near north bank of the Hongze Lake.
Fig. & is the time cross—section of four stations along the line perpendicular to north bank
of the Hongze Lake, The isotherms of north bank were so concentrated because of the
daily variation of temperature or the horizontally non-uniform heating. As pointed in Ref.
[11], it also related to the spread toward northeast of warm tongue in the middle reaches of
the Huanghe-Huaihe River. Moreover the horizontally non-uniform heating teached
maximum strength in the afterncon, then d7,/dy along north bank of the Hongze Lake
rose nearly to 1°C/10 km exceeding the theoretical critical value. It, of coures, was easy
to trigger off the instability of thermal convection.

In addition, it can be found from Ref. [12] that when the squall line occurred, 2
weak cold front to its north was dissipating, as shown by fine peints in Fig. 4. There was
slight difference of temperature but obvious wind shear on both sides of cold front (see Fig. 5).
Consequently, the formation process of this squall line, echo B in Fig. 4, was quite differ—
ent from the ones triggered by the fast moving cold front. However, it is difficult to ex-
clude the relationship between the formation process of squall line and the low level con-
vergence-upward current caused by the wind shear near the cold front. The convection
development and the squall line occurrence near the Hongze Lake on § June may be sche-
matically shown in Fig. 7.

The actual value of d7T,jdy=1°C{10 km during the squall echo belt cecurred, and the
actual growing time and width of convection belt as shown in Fig. 4 were in good agree—
ment with the theoretical results. Analysis of data for several years show that the region
near the Hongze Lake is always a preferred source of thunderstorm. The case analysis, sta—
tistical facts and convection instability theory support each other and verify that the horizon-
tally non—uniform heating similar to the temperature difference between the lake and Tand,
plays an important role in the occurrence of strong convection or squall line. Therefore,
we must pay more attention to it in analysing and forecasting. Finally, it must be pointed
out that some treatments dnd assumption in this paper may be different from the real at-
mosphere. However, if the issue is only restricted to the initial condition for the instabil-
ity of thermal convection, the results are well agreeable to the actual example.
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