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ABSTRACT

This is the second part of a paper on the distribution of heating fields in a hurricane. The first part
dealt with the mathematical framework. The second part, i. e. the present paper deals with numerical cal-
culations for an actua! hurricane,

The following sequence of calculations bas been performed after the analysis and tabulation of an
initiak field of the tangential velocity U (r, 4, p): {1 the radial equatjion of motion is used to determine the
geopotential heights; (2) the hydrostatic equation is used to determine the temperature field; (3) the tan—
gential equation and the mass continuity equation are cormbined to obtain an omega equation whose solu-
tion determines the vertical velocity; (4) the radial velocity is next determined from the mass continuity equa-
tion; and (5} the heating function is finally determined from the first Jaw of thermodynamics.

The results of this study show an asymmetric banded structura {eye wall and rainband) of the vertical
motion field as well a3 the heating field; these show close resemblence 1o observations. An analysis of the
non-linearities of the asymmetric momentum diseribution is shown o be crucial in the analysis of the hur-
ricane heat sources.

1. INTRODUCTION

In the first partt?3 of this paper we presented a scale analysis for the low—order description
of a hurricane (or a typhoon). This is an inverse problem where the heat sources and
sinks are caleulated for a given distribution of the angular momentum. A local cylindrical
coordinate (r, 8, p) is used to formulate this problem. An expansion parameter g, which
is a ratio of the convergence above the boundary laver to that in the boundary layer,
describes a low-order system in 4 gradient wind balance along the radial direction. The
system permits full asymmetry in the azimuthal direction about the storm axis.

The results of a sequence of inverse calculations starting from the observed tangential
velocity in a hurricane are presented in this paper. The sequence consists of solving for the
vertical and radial welocity, the geopotential height and the thermal fields and finally the
diabatic heating that maintains the entire system. The problem is similar in approach to
that proposed in Krishnamurti (1961, 1962)**).  Formal solutions are carried out to com—
pletion here and they are more revealing on the nature of the boundary layer, the asymmetric
heating and the banded vertical motion fields. The scale analysis, furthermore, renders
itself towards the construction of higher—order closed systems, which may be used 1o address
limitations posed by the low-order solutions shown here.

g
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II. SOLUTIONS OF EQUATIONS

1. The Equation for the Vertical Velocity o'

For a prescribed tangential velocity &', the momentum and the mass continuity equation
may be combined to eliminate ¥ and we obtain an equation for the vertical velocity @’

dof 80’ ol Aa'r’y 1 &Kb'r')

5’—_’_& arr T T ar re ar’ +ter=0, (1)
where a’=——a£g?£,
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A solution of Eq. (1) can be obtained by  either the method of characteristics!, or by simple
numerical schemest*®. A knowledge of ' on top of the boundary layer is required to
solve this problem,

2. Bouwndary Layer and Boundary Conditions

Ideally perhaps formal solution of scaled equations of a boundary layer should be
mailched with solutions of Eq. (1). Allernatively one could express the boundary layer
convergence as a function of the curl of the wind stress on top of the boundary layer by
assigning arbitrary values for the drag coefficient €,. In this preliminary investigation we
shall take a very simple and crude approach to define the boundary layer convergence.
Based on the theory of the scale parameters A, and R we shall set

le) Ay O
g b 273 (2
oundary Layer Above boundary layer.
According to this scale analysis, relation (2} is only true to an order of magnitude.

A solution of the convergence field may be obtained for Eq. (1) above the boundary layet.
We find that this field is in general banded with regions of convergence and divergence,
The region of convergence agrees well with the region of radar bandstl. In this earlier
study no formal boundary layer was incorporated and the calculations were performed with
unscaled non-dimensional equations. Because of the good agreement between the convergence,
computed from data above the boundary layer, and the radar bands we suggest that the
boundary layer convergence must be strongly correlated to the convergence above the
boundary layer. This view is along the lines of the so-called hot-tower hypothesis of
Richi and Malkust™. 1f air parcels are carried up from the surface boundary layer with
large magnitudes of the heat content to great heights with little lateral mixing, the large
convergence field in the boundary layer should agree with the lecation of cloud bands.
Hence we parameterize the boundary layer convergence according to Eq. (2).
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3, Asymmetries of the Momentum Distribution

In order to portray the relation between the tangential velocity ¢/ and the banded con-
vergence determined by the inviscid asymmetric terms, i. e.
o | _2 U U _ A
ap I'A*ar L, rof ~ rof?
we shall illustrate the following fields at the 900 hPa surface for Hurricane Helene of 1958:
(Data for £ is obtained in the manner shown in Ref. [3])
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The tangential velocily U (knots) shows the familiar asymmetry in the speed field (Fig. 1).
The corresponding field of absolute vorticity (Fig. 2) £, (107 sec™') shows a similar asym-
metry, the largest values of £, are close to 40 units, in the region of interest, r<150 km,

flow is cyclonic at all points, maximum vorticity is found at a distance of about 25 km from
the storm center, while the largest tangential velocity is at a distance of 30 km from the

storm center. Fig. 3 shows the field of —Z}% in non—dimensional units. Along the line

4§ v

35’6/—_—{), @ is not constant because of large asymmetries in the tangential velocity field.
r

For a symmetric storm moving with a constant speed the field of % would be symmetric

about a line §=const. Fig. 4 shows the field of U fT% in non-dimensional units. This

field is similar to that of —fgg, the asymmetric nature of the tangential velocity field is

evident from the large negative center of 700 units compared to a positive center of 400

units, and the zero line is obviously the same for the fields of %{‘; and %s;’ . The

al

field of ’g-m (Fig. 5) (in non-dimensional units) is particularly interesting, largest

values are close to 125 units and are located 40 to 50 km from the storm center, values
greater than 75 units are found at distances of 100 km from storm center because of smaller
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values of the absolute vorticity. This is a significant result because the radial gradient of
this quantity is large at different distances from the storm center and contributes 10 the
convergence of the wvelocity field, A careful examination of this figure thus reveals the
banded nature of the radial gradients of the isolines. This is the complex form of the re-
lationship of the momentum distribution of the mesoscale flows and the banded convergence.

8 U au 3au

=%r t, rag " yop - NNear the

Fig. 6 shows the field of convergence LR
2p A

storm center r<-40 km the main contribution comes from both terms, but for r>40 km
the essential contribution is from the first term. The field is banded, showing both con-
vergence and divergence fields resemble the pattern of radar echoes (Fig. 7). Figs. | and 6
portray the relation between U and dw/3p|,. The only conclusion that can be drawn
from these figures is that a mesoscale (larger than 10 km) banded convergence field is a
consequence of mass and momentum balance when the latter contains asymmetries. The
tangential motion is a smoothed input in this analysis and does not contain wavelengths
smaller than 10 km, To maintain this smoothed large-scale momentum distribution in
steady state a large scale (>>10 km) banded convergence is required.

S
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Fig, 1. Tangential velocity, knots, at the 900 hPa surface in Hurri-
cane Helene (Sept. 26, 1958),
Radial distance of polar coordinates is marked in km and an—
gular distance int degrees. Letter N represents north and DSM
the direction of storm motion.




430

ADVANCES IN ATMOSPHERIC SCIENCES

al/
Fig. 3. As in Fig. 1, except for the field of “Fag " Mon-

dimensional units.
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Fig. 7. A radar composite echo chart for Hurricane Helene,
September 26, 1958, Dark and light echoes are marked in
different shades. The information is based on aircraft
reconnaissance flight with a 2 cm radar.
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Fig. 8. Harmonic analysis of the 810
hPa tangential velocity distribu-
tion in  Hurricane Helene,
Seplember 26, 1958 (knots),
The first, second, third and
fourth harmenics are respectively
displayed in top left, top right,
bottom left and bottom right.
Radial distance is marked in km
and #Ahe tangential distance in

degrees,
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Fig. 9. Harmonic analysis of the tangential velocity field for Hurricane
Cleo of 1958 and Carrie of 1957 at different pressure levels. The
ordinate indicates wind speed in knots. The abscissa is a line along the
circumference of a circle at an approximate radius of maximum wind.
The points along the abscissa are taken in a counter-clockwise
sense starting from the maximum tangential wind.
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Fig. 10. As in Fig. 9, except for Hurricane
Daisy of 1958,

Fig. 11. Computed D-value at the 900 hPa Fig. 12. As in Fig, 11, except for Lix
surface in meters for Hurricane 700 hPa surface.

Helene, 26 Sept. 1958, The mean D-—
value is assurned zero at r=150 km,
Letter N represents north and DSM
the direction of storm motion.
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Fig. 14, As in Fig. 11, except for the 300 hPa surface.
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Fig. 15, Computed temperature anomaly at the Fig. 16. As in Fig. 15, exceptfor the
BOD hPa surface, in °C, in Hurriane §00 hPa surface,
Helene., The mean temperalure anoma'y
is assurned zero at r=150 km,

We shall next examine the phase and amplitude of the asymmetries of the momentum
distribution in hurricanes. An analysis similar to zonal harmonic analysis of 500 hPa heights
in general circulation studies can be carried out about the storm axis to decompose the tan—
gential velocity field inte its harmonics at different radii. The results for the storm Helene
of 1958, 810 hPa, are presented in Fig. 8. Of interest are the amplitudes in the first, second
and third harmonics. The first harmonic has the largest amplitude over 20 knots, the second
and third harmonics have amplitudes about 7 and 4 knots respectively. The speed of mo-
ion of the storm was considerably less, about 2 knots at this time. These asymmetries of
the momentum distribution may be a consequence of complex interactions of a boundary
layer flows and environmental flows with a symmetric vortex. Alternatively perhaps a re-
examination of the notion of a symmetric model is in order.

There was a tendency for the maxima of the tangential velocity to shift downwind where
the higher harmonics 2 and 3 were added to the first harmonic. This feature was found in
several storms of the 1958 season that were examined (Figs. ¢ and 10). The similarity
in the phase shift of the second and third harmonics in relation to the first in several storms
suggests that the first, second and third harmonics are standing modes in a reference frame
moving with the storm. Figs. $ and 10 portray the barmonic apalysis of the wind field
for several storms of the 1958 season. The abscissa in all these figures is a line taken along
the circumference of a circle of maximum wind speed. The ordinate represents wind speed
in knots. The study thus confirms our notion that the second and third harmonics can
have considerable amplitude, over 7 knois in some cases. The maxima of all the harmonics
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tend 1o appear close to that of the first harmonic. suggesting that they are anchored modes
in a moving frame. The amplitudes of fourth and higher harmonics were generally smaller
than 2 knots which is close to the limiting resolution of the Doppler winds.

Both low level (810 hPa) and high level {280 hPa) flights show considerable asymmetries.
We might thus expect considerable amplitudes in the second and third harmonies in bound-
ary layer flows. Flight at levels near the first kilometer above the sea Jevel would be of
considerable value for studying the asymmetries. Intuitively we should expect a similar
picture in the boundary layer. Boundary layer convergence is partially determined by the
advective terms of the vorticity equation where such asymmetries would be important.
Hitherto most formulationst™*®? , and several others, have only considered the effect of
the curl of the wind stress in the vorticity equation for estimating the boundary layer con-
vergence. These formulations describe a simple Ekman-type flow in the lowest kilometer;
a modified Ekman problem with most of the terms retained in the vorlicity equation would
give an entirely different picture.

4. The D-Value and the Temperature Fields

The name D-value refers to an anomaly of the geopotential height from a standard
atmosphere. D-values were computed at 300, 500, 700, and the 900 hPa surfaces (Figs.
11, 12, 13, and 14), and the temperature anomalies at the 400, 600, ani the 800 hPa surfaces
{Figs. 15, 16 and 17). The calcuialions of the D-values are carried out in two steps: (i)
Assuming D=0 at the outer region of the calculation, i. . at r=150 km, a numerical
integration is carried out to obtain the D-values for r=0 along different radial arms.
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Fig. 17. As in Fig. 15, except for the 400 hPa surface.

(ii) These differing values at r=0 are then averaged and a numerical integration is carried out
for #=>0. The resulting D-values possess a vanishing mean at r=150 km, and a unigue
value at the center. ‘The range of D-vaiues at the 300 hPa surface are somewhat smaller
than that at the 900 hPa surface as is 1o be. expecied. A comparison of the computed
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D-values with the observed values from Colon’s studies® are shown here in Fig. 18. The
two results are in fair agreement at all levels if we assume that the D-values are identicai
at =[50 m, the outer radius of the calculations. The computed D-value at the center does
not measure as intense a storm as the observed D-values suggest. The magnitude of the
discrepancy is a few hundred feet and can be explained by incorporating higher—order terms,
which would measure the gradient wind departures.
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Fig. 18. A cross setion of the D-values in hundreds of feet in
Hurricane Helene from left to right with respect fo storm
motion  (After Colon, 1964).
; 67 4 12 1z, 1Ly R T ' '
J\\\ & 1y 11 \_’/ [LIby & 7 [ .
JUdH:
Hn
1

;; HUi)|
P
5 600
£
=

Tl

By

40l

87 T W T e

Radial distance {nauncal miles)

Fig. 19. As in Fig. 18, except for the temperature anomaly (‘;C).
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Temperature anomalies are evaluated from the vertical gradients of the D-values.
The warm core is quite symmetric about the storm center. The intensity of the warm core
may be measured by the largest temperature differences between the storm center and the outer
region near r=150 km. The magnitude of this difference is about 3°C at the %00 hPz
surface and about 6°C at the 600 and 400 hPa surfaces. A vertical cross section of the
temperature (Fig. 19) is taken from astudy by Colont; it shows an analysis of measured
temperatures in the storm from three levels of flight data. Our computed temperatures
show a less intense warm core than Colon’s observation. This discrepancy could partially be
explained by noting that the computed temperature anomalies assume a zero mean anomaly
at r=150 km while those of Colon’s observation show a temperature departure from a
mean atmosphere of over 3°C. The computations give vertical averages over distances of
around 200 hPa. In general. our resulis are thus in good agreement with those of Colon’s.

The temperature distributions show a region in the far right front quadrants where the
horizontal temperature gradients are very small, and are only | to 1.5°C warmer than the
standard atmosphere. This is a region where the vertical wind shears are very small, and
the temperature distribution is not clear, the results, however, are fairly reliable. The inner
storm area r<150 km contains a strongly baroclinic region with horizontal temperature
gradients as large as 1°C per 10 km and a barotropic region with temperature gradients less
than 0.1°C per 10 km. This barotropic region contains the most widespread severe weather.
A possible explanation for this might lie in vertical mixing in convective clouds where
the large-scale vertical wind shears are rendered small. Tt would be of interest to examine
these aspects of the temperature distribution in other storms in further detail.

5. Fertical Motion and the Heating Field

The results of calculation at the 700 hPa surface will be presented here. Eq (1} is inte—
grated between 900 and 700 hPa surfaces with the assumption that the characteristic lines
are verticall). Boundary layer was assumed to be 100 hPa deep between the 1000 and
900 hPa surfaces. The non—-dimensional coefficients »” and K’ are order of unity, they were
made to vary in the r, § space arbitrarily as a function of the non-dimensional velocity &
This was primarily an outcome of a number of numerical experiments that were made on a
trial and error basis; the choice »'=K'=1 was found to give unrealisitic results forr<Cr,.
Attempts to make » and X' proportional to " gave too large rising motions near r<(r,.
Finally it was decided to use,

» =01 U

K =01 U".
U’ varies from 0.1 to 6, and hence »* and X' vary from 0.0] to I, It is not surprising that
these non-dimensional quantities are not of order unity everywhere, because a characteristic
velocity ¥ ,= 10 mjs gencrally represents velocities between 0 and 60 m/s.

The distribution of @ (Fig. 20), at the 700 hPa surface shows bands of rising and sinking.
motion. The largest rising motion is about —0.4 hPafsec (~4 mfs) and the largest sinking
motion alsc about 0.4 hPa/sec. The horizontal distributions appear very realistic. A graph
from lefi 1o right with respect to storm motion shown in Fig. 21 portrays the distribution of
vertical motions above the boundary layer and at the 700 hPa surface. The calculated @
distributions display strong centers of rising and sinking motions in regions which could
be designated as the wall cloud region and the eye. The diameter of the central sinking
region is around 40 km, very close to that of the radar eye in Fig. 7. This distribution of
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@ is similar to the equivalent black body temperature distributicns produced from the ana—
logue traces of high resolution infrared radiometric prebes of Nimbus satellite over Hurricane
Gladys (18 Sept. 1964 0422 U.T) (Fiz. 22). This fipure was obtained from the fles of
NASA,

Fig. 20. Vertical motion at the 700 hPa surface in Hurricane Helene, in
non-dimensional units.
The approximate conversion to dimensional units is: 1 unita107
hPa seca —1 mys., Radial distance scale is marked in km and
tangential scale in degrees. Lettet N represnents north and DM
the direction of storm motion.

In this first experiment we have arbitrarily selected e=0.1, i. e convergence in the
boundary layer is 10 times that just above the boundary layer. Since there are regions of
net divergence above the boundary layer, this results in strong region of divergence in the
boundary layer. And as a consequence we have strong regions of sinking motion above the
bouadary layer. The geometry of sinking and rising motions (Fig. 20) compares very well
with the pesition of clear and cloudy regions of Fig. 7.

In order to justify the validity of such magnitudes of verlical motions, calculations of
heating function # were made from Eq. (46) in Part I'V of this paper. The procedure i
similar to that reported in Ref. [2]. Fig. 23 shows the distribution of diabatic heating (or
cooling) required to maintain the system in steady state. As expecied the results were very
reasonable from moist parcel ascent considerations in regions of strong rising motions.
However the regions of strong sinking motions are too intense and, to balance the adiabatic
warming in these regions, a net cooling is required.
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Fig. 21, Distribution of vertical motion at the top of the boundary layer
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Fig. 22.  An analogue trace of the cquivalent black body temperature made
by the High Reseclution Intrared Radiometer in Hurricane Gladys by
- the Nimbus I satellite.
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Fig. 23.  Distribution of diabatic heating, required to maintain the observed
mamentum distribution in steady state, in Hurrciane Helene. Units
1074 cali{gm sec). Shaded region denotes cooling. Radial distane
scale is marked in km and tangential scale is in degrees. Leiter N
represents north and DSM the direction of storm motion,

The discrepancy reported here is not serious because a reformulation of the boundary
layer equations can indeed be made to gither prevent regions of boundary layer divergence
or permit small magnitudes such that no net cooling would be required for a steady state

balance.

An alternate choice would have been to set

And

20 Bw [

L T )
a5 Eap“ ! Bp1>0

(8)

et
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EEI=0,1f Tp[<0' (4)
The corresponding solutions for Eq. (1) show a somewhat more realistic steady state picture.

Fig. 24 shows the geometry of mean boundary layer streamlines that permit regions of
strong velocity divergence as well as convergence. The streamlines are drawn by solving
Eq. (16) (Part 1) for V”, for given U and g—;;, the solution contains interesting conver-—
gence lines beneath the regions of strong rising motions of Fig. 2G,

In order to obtain these streamlines in the planetary boundary layer we had to solve
for the radial velocity utilizing Eq. (15) (Part I). The solution of the raidial velocity requires
an outer boundary condition at r=150 km, We have selected radial velocity V=3 m s~ at
this outer boundary. These solutions of the flows (Fig. 24) in the planetary boundary layer
are extremely interesting. They are dramatically consistent with the solutions of the other
varijables shown in this study.

Fig. 24. Streamlines in the boundary layer of a hurricane computed from
the model where regions of strong horizontal divergence are
permitted. The horizontal radial scale is marked in km and the
1angential scale in degrees.

HI. CONCLUDING REMARKS

This is still a preliminary attempt towards a description of the three-dimensional
mesoscale siructure of a steady state hurricane. This attempt, like some of the previous
investigations, has enabled a further understanding of the banded vertical motion field and
its relations to the asymmetric momentum distribution. We feel thai a complete three-
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dimensional model that can satisfactorily describe the three-dimensional distribution of the
dependent variables like U, V. », Z and 7, both in the boundary layer and above. will be
especially useful for studies of momentum. heat and energy balances. Thz precise manner
by which large amounts of absclute angular momentum are brought into the inner storm
region are still not properly undersiood. The stcady state storm maintains a balance of
angular momentum by a large transport from the outer regions of the storm while
frictional torques are constantly transferring it to the earth. A better understanding of the
boundary layer flows will enable a more complete picture of this aspect. The same descrip-
rion of the boundary layer flow would account for the sources of moisture and of diabatic
heating over the ocean surface and it would be possible 1o see how the mesoscale
(> [0 km) vertical motions carry the heat up in the regions of strong rising motions and
maintains a warm core. Subgrid-scale motion {< 10 km) will appear in a parameterized
form and it would be possible to study the effects of the cumulus scales in this
manner.

In this paper we have shown that the banded struciure of the vertical velocity in a hurri-
cane is intimately related to the azimuthal asymmetries of the tangential velocity. Observ-
ations of the latter show that the major azimuthal variation of the tangential velocity is
described by more than wave number one about the axis of rotations. That implies that the
major asymmetry is not simple due to the translation of the slorm. Higher harmonics
usually result from the nonlinear advective terms which distort the translational asymmetry
to produce higher harmonics as well as a shift in phase.

The azimuthal asymmetries of the momentum and the asymmetric heat sources and sinks
{such as those in the eve wall and the spiral rainbands) coexist dynamically and one can
not ascribe one to the cause of the other.

The magnitude of the net heating in the eye wall is of the order of 8x 10~ cal/{gm sec)
which relates to about 500°C/day of warming; in the spiral bands the magnitude of heating
is around 23 10~ cal/(gm sec) which is about 120°C/day. Cooling in moist adiabatic
ascent over regions where vertical motion is of the order of 1 m s~ can be as large as
600°C/day. Thus the strong heating rates in the eye wall, stated here, are reasonable
magnitudes.

To the lowest order the pressure and the temperature distributions are quasi-symmetric.
A warm core of the order of 5°C warmer than the outer area is calculated by the proposed
model, That is a slight underestimate compared to the observed structures reportied by
Hawkins and Rubsam'?). We believe that this discrepency can be resolved by extending the
calculations to higher order where the departure from the gradient wind laws would be in-
cluded. That is a simple extension of the low-order system which can be obtained using
the lower—order system as a first iteration for a successive correction and extension of the
procedure.

This study has successfully reproduced the major asymmetries of the mature hurricane
including those of the heat sources, thermal, pressure, vertical motion fields and the
boundary layer flows.

Further extensions of this work including budgets of momentum, heat and kinetic energy
for the low— and higher-order sysiems will be reported later.

The rescarch reported here was supported by the National Science Foundation NSF grant No. ATM
23040809, The computations reporied here were carried out at the NCAR CRAY. NCAR is sponsored
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Table | List of Symbols

r radial coordinate, positive outward

2 tangential coordinale, positive in the cyclonic sense
r pressure, the vertical coordinate

U tangential component of velccily

vV tadial component of velooity

@ vertical component of velocity

M absolute angular mementum per unit mass
Fuf Coriolis parameter
La absolute vorticity
o= — ;]*aU,’ap
L
-1
b= T L, ral
R characteristic feng'h scale in the radial direction
Aq characteristic tangential length scale
78 non—dimensional tangential velocity
V' non-dimensional radial velocity
zZ geopoiential  height
Fa frictional force per unit mass in the tangential direction
F, frictional force per unit mass in the radial direction
Re gas constant
H non-adiabatic heating per unit mass
Cp specific heat of air at constant pressure
H* scale height of the atmosphere
2 characteristic vertical velocity
g acceleration of gravity
r, radial eddy-momentum exchange coefficient
), tangential eddy-momentum exchange coefficient
K vertical eddy-momentum exchange coefficient
P characteristic pressure
[ radius of the zone of maximum tangential velocity
1 symbol for the boundary layer
11 symbol for region above the boundary layer
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