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ABSTRACT

Observational study shows that, in some cases, the frontal structure displays the features of gravitative flows. [t
seems that the formation of discontinuity is an imporiant prablem in the study of the frontogenesis which is usually
defined as an increasing of the scalar gradient. In this paper. the characteristic features of air flow with initial
imbalance between ihe wind and the density fields are studied. Much attention is paid on the condition for the forma-
tion of discontinuity and its time scale. It is found that the initial distribution of density plays an impertant role in the
formation of the discontinuity which happens in short time duration.
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[. INTRODUCTION

Due to the enrichment of observational study on the front structure and the progress of
modern techniques. the conception of front is suffering changes. In early stages, front was
considered as a discontinuity surface. Later, this view point was replaced by a dramatic
change zone in physical features. Recently, some scientists have pointed out that the front
structure is of some features of gravitative flow. This means that the conception of front is
now turning back Lo the discontinuity surface from the zone. Sharpiro and Keyser {1990)
have ever made an excellent review on this point.

The change of conception will cause the change of the criterion on the frontogenesis. For
example. according to the traditional point of view, the condition for frontogenesis is ex-
pressed as:

d
a7
d{(l\ gl >0,

where %7 is the gradient of potentional temperature, However, this condition does not guar-
antee the occurrence of discontinuity which is an important phenomenon of the frontogenesis.
So it seems not to be apt to be used as a criterion on the formation of discontinuity. Wu and
Blumen (1995) and Blumen and Wu {(1993) have ever discussed the occurrence of
discontinuity or collapse of isopycnals in theoretical study with the potential vorticily conser-
vation principle and geostrophic adjustment. Actually. Hoskins (1975) discussed the problem
as early as in 1970's.

BW (1995) and Ou (1984) pointed out that the geostrophic adjustment is one possible
process of frentogenesis, The geostrophic imbalance initial density and velocity fields will ad-
just to be geostrophic flows. and the final state can be the patiern of frontal collapse. With the
initial imbalance fields we can determine the final state. However, the evelution of this pro-
cess is not clear in BW (1995) and Ou (1984).
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Simpson and Linden (1989) and Kay (1992} have done some research on frontogenesis in
the non-rotating fluid and obtained the time scale of the frontogenesis and condition for the
frontogenesis. Due to the ignorance of the rotation of the fluid, there is no discontinuity hap-
pened in their work, and their results are valid just for the smail scale motion.

In this paper, the frontogenesis with imbalance initial fields is studied, the time depen-
dent solutions, which are not necessary to be geostrophic, are obtained through the method
proposed by Simpson and Linden (1984} and Kay (1992). The time scale for the formation of
front is discussed in details with a simple 2-D atmosphere model.

II. BASIC EQUATIONS AND SOLUTIONS

The basic equations in {x, z) plane, with Boussinesq and hvdrostatic approximations,

are:
du _ o _12p
dr Fr po 8x ' ()
dv _
it + =0, 2}
o _
3 Pg . (3
dp _ 4
di ' @
du | Bw
Yu v 5
6x+62 0. &)
where

The notations of the variable are the same as used in meteorological paper. Eliminating p
from (1) and (3) with Eq.(5), horizontal vorticity equation is obtained

4 (duy_gop | Qv
dt (az) pox +% ' ©

Eqgs. (2), (4), (5) and (6} form a complete set of equations on «, v, w and p. Introducing fol-
lowing scales:

x=_g_‘£x-" Z=HZ’. !='l’t’.
f f
(w, =g " HW' ) w=/Hvw , "

p=App’, g’ =ghp/p, .
then the governing cquations can be rewritten as non—dimensional form:

2
S

(8

*
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dv _ '

r +u=10, 9)
ég =
it 0. (10}

Ju | dw _

dx + 0z -0 an

Eq.(9) can be rewritten as
4 =
7 (x+v)=0. (12)

This means that {x +v) is a conservative quantity. Now, we introduce momentum
coordinates (X, Z, T). The relations between it and physical coordinates are:

X=x+tv, Z=z, T=1¢ {13)

Then, the governing equations under the momentum coordinates have the form as fol-
lows:

Ea?+wé%)v+u=0, (15)
(é%" +w-a%).0=0 . (16)
Gy Dl gDy, an

where

du_tu  audv (v
T azfaxaz/(l %) s)

(See Appendix for the detailed deduction of Eqs.(14}—(18)).
The approximative solutions can be determined by expanding the variables in the series
of T, thatis:

p=rg o THr T e, (19)

where r stands for u, v, w. p, {}. This expansion means that the variables are continuous
in {x, Z, T) coordinates. However, this does not guarantee that they are continuous in physi-
cal coordinates. It was discussed in details in Hoskins (1975). For example, when

dy '

—_—— l = N 20

X 0 . (20
the transformation between (x, z, r) and (X, Z, T) is terminated as pointed out in Hoskins
(1975). In other words, in such situations, the discontinuity in (x, z, ¢} will take place. This is
used as a criterion for the frontogenesis in following. If the Coriolis effect is ignored as
Simpson and Linden (1989) and Kay (1992), then (X, Z, T} space and {x, z, /) space are iden-
tical, When the flow in (X, Z, T) space is continuous, then, it is continnous in physical space
either,
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Substituting (19) into Eqs.(14~18) and rearranging them as power set of 7. Then, we

have
vy 2Qy \_dpy By
1——IQ +w,— )= + —
( ax)(' “062) X ez
dvy
v, +u0 +wﬂ 37 =
I3
7. p,+w0,£z_v=0 (20
duy +6v[, fwg (1 6v0 dwy _
ax iz ax 87z
(lm__m = {1 av_n)ﬂhﬁﬂ%
a 28X 9z  ox a7
dp,  dvy vy oy, & aQ,
2 =yl T L, 22
{ T Tttt Tz
8, dvy Ry évy a0,
"oz Yoy 2 “15z Y ax "Gz
Tyt g vy 0
Vr oty g Ty o =
7. ) iz , 0z (22)
LGP o _
22t wagy Yy
fu, N vy 6w 6v1 ﬁuu) ( _5v0 )(?w dvy dwy
X &Z X oxX X 87
evn n, Dby au, duy av, fu, dvg  Jug €y
—_= = LI D
( ) 4 (' ) +(ax Az X az)

Bx ez Bz ax

For given uy. vy, p,. woand Q. we can subsequently find the quantities with subscripts
1.2 and so on. As a result. the series of solutions are obtained for the governing equations.

From (21). it is plausible that the initia! velocity distribution cannot be arbitrary. One
possible relation is #,. vy . w, = 0. This will be used in the following study.

The initial variables considered in this paper are expressed as:

u, =0, vg=0, w,=0. (23)
» =Pp(X. Z) .
Then Eq.(21} reduces as
ap
Ql = ﬁ {a)
(24)
v, =0 (b
g, =0 ()

{22} becomes:
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2. =0 {a}
1
= T (&)
- 1 ép
P27 7 _“'az; @ (25)
fuy  dw,
w7t @
éul
@ =%z (e)

Assuming that the tower boundary and upper boundary are rigid. then from {25.d), we
can find

1
_[ u, dz =cosst .
0

With this constraint, from (24.2) and (25.2), ¥, and w, are obtained

j & ~[] jo %EdZdz

z 22 1oz 52 (26}
- _[ 8 yzaz + z[ | L azaz
[ ID a0 X
and then, we can determine u,, v,, w, and p, insequence as:
¢ G
vy= - j' Doy _H 22 azaz)
Hy = O
Wy =0 27)
_1c8q dpq a* ap
Py =32 j' jo *hazaz- zj j' ! 4ZdZ) .
Finally. the approximative solutions of (14—18} are obtained by substituting (26), (27) in-
to {19). For example, v component can be expressed as
590 LiZdpg 2
vevrt= =3 ez | | Srazazn’ . 28)

As il has been stated above, the transformation between momentum and physical
coordinates is terminated and the discontinuity is formed when (20) is satisfied. Under this
condition. using (28), we have

&y

-
aXr 1.

Accordingly, the iime scale of the formation of discontinuity can be determined
approximately, that is:
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L, =min( = / I py Pa I ) . 29)

For the surface front which is usually considered, the time scale is:

I

¢, = min () = min ( (30)

%vyz _[ jo Z;f dZdzZ

Obviously, the gradient of the initial density plays an important role in the formation of
the discontinuity, i.e., the distribution of density should be quadratic at least. Otherwise, ¢,
will tend to infinite and no front can be formed. This agrees with the conclusion of Simpson
and Linden (1989). Since the series expansion of (19) is convergent only under the condition
that 7, is far less than one. so another tequirement of the distribution of density for the for-
mation of the discontinuity is

max U; f:';:ﬁ dzdz )> >2 . 31

This ensures the discontinuity can be formed within a limited time duration,
With the results obtained above, two simple cases will be studied in the next section.

I11. TWO SIMPLE CASES

In (X, Z. T) coordinates, the potential vorticity reads as

Gp_ 1

°Z | _av
ax

PV.=

The derivation in details can be found in. BW. The potential vorticity conservation prin-
ciple can be expressed as
dp 1 . s . ..
a7 e P.V., = initial potential vorticity. (32)
X

If the initial velocity v, = 0 then g, depends on the distribution of p. For instance, il p,
is only the function of X, then g, equals zero which is called as zerc potential vorticity flow in
BW and WB. Alternatively, if p, is the function of X and Z, but it is linearly dependent on Z.
then g—z const. This case is called uniform potential vorteity flow. These two cases are spe-
cial simplified cases to simulate the atmospheric conditions. They have been used in many
studies. Since the uniform P.V. flow is more interesting than zero P.V, flow in the real atmos-
phere, in this paper, we will just discuss the former, and then study more complicated case,
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non-uniform potential vorticity flow.
Case 1. Uniform potential vorticity flow
The initial conditions are specified as
=0, v,=0, w, =0,
Po=pg X)—z . (33

Since X is conservative. i.e.
Y=Xo=x,+v, .

where x, is the initial position of a parcel, v, is the velocity of the parcel. If the initial condi-
tion is motionless as shown in (23), then

X=x; .
The initial distribution of the density is

po=ps L) ~2=p; ()= Z .

(34)
Accordingly, the solution of (14—-18) with this initial condition is:
_Beo 1
“w=gx “y)
18pg -
po= — 2P0 (35}
w, 3 2y (z°-2Z2) .'
v, =0
g =0
and finally, we can determine u,, v,, w, and p, insequence as:
o1 _ 1% 1
= Tgh T Ty @Y
=0
N @36)
wy, =10
#pg

1 2
Lzt -2).
4 ax°

If the form of p, is given then the velocity field and density field in (X, Z.T)

coordinates can be found. Using the definition of X, the solution can be recovered to the
physical coordinates (x, z, ). :

According 1o (30), the time scale for the formation of discontinuity for this case is

: 4
t. = mln( 6_2,00 ) .
ax?

- (37

The another requirement of the distributicn of the density, according to (31), is expressed
as:
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2

max (é Ll

9 )> >4, 38)

in nondimensional form. These two conditions ensure the formation of the surface front with-
in a short period of time.

Next. if p; is taken as the form
po (X)=a2ErfbX) .

where ¢ and h are constants. Then, the distributions of p and ¥ can be found. Fig.1 (a) shows
the initial distribution of density. Fig.2 shows the evolution of the velocily fields and density
field. At r=0.5. the isotaches of v and isostathes converge near (x.z)=1(0.2,0). But no
discontinuity is formed. But at r =:,, which is 0.68, calculated by means of Eq.(37). the
discontinuity is obvious in the Tields of v and p. In the density field. isostathes of p= — 0.2
and p= - 0.4 collapse each other at (x, z) = (.23, 0). which means that at the point (0.23, 0)
the gradients of p and v are infinite. This is an important feature of the discontinuity or
Trontogenesis. Fig.2 (c) is the distribution of vertical velocity at + = ¢_. It is obvious that there
is a strong upward motion (w . =0.7 m / s) above the surface front and a strong downward
molion behind the surface front for compensation. Fig.2 {d) shows the distribution of the hor-
izontal kinetic energy at + = _. Near the surface and the upper front, there are two high hori-
zonlal velocity regions which are something like the low level jets in the real atmosphere,
From this, a conclusion can be drawn that the geostrophic adjustment is also a possible
mechanism for the formation of low level jets.

Case 2. The simple non—uniform potential vorticity flow

Assuming that the initial density has the form

P X ZY=pg (XN~ Z) - Z , (39)
Isostathesat r =0 Isostathes at s =
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Fig. |. The distribution of initial density of uniform P. ¥. and aon-uniform P. V. flow. a: Uni-
form P. ¥. flow, b: Non—uniform P_ V. flow
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as a result, the potential vorticity 1s obtained as
PV.=FPV, = —p, (X)-1,

from Eq.(32). which means that the distribution of P.V. i3 non—uniform. The initial distribu-
tion of density is shown in Fig.1 (b).
Then the #, v. w and p are obtained:

_ 1.~ 1
u= ax (Z EZ ).
ol 1 10
v= Ty ax €T Z 3
I RS
" Py {ZZ 6Z 32)1 .

UV PINVRISRPNS Eat- N (. AETE P BT PR
p=p U= Z)=Z = 3= Gy +1)GZ ¢z 3200

Fig. 3 shows the distribution of velocity and density field for this case at r =7 = 0.83,
which displays the main features of front as Fig.2. Near the surface. the isotaches of
v collapse at x = 0,23, and isostathes of p= — 0.2 and p= -- 0.4 also collapse each other.
Above the surface front, the vertical velocity is very strong. And near the surface there exists a
region of high horizontal kinetic energy which is something like the front jets as showed in
Fig.2(d}. However, there is a prominent difference between Fig.2 and Fig.3, which is, in Fig.2,
there is no front formed at the upper layer. Neither the velocity field nor the density field
shows the discontinuily. This phenomenon can be explained as. at the surface, the gradient of

Isostathesat ¢ = 0.5

Isotachesof ¢ atr =05
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Fig. 2. The case of uniform P. V. Mow. al: Isotaches of v atr= 0.5, a2: Isotachesats =7 = 0.68,
bl: Tsostathes at + = 0.5, b2: Isostathesat r =y . ¢ lsotachesof watr=r .d: wtviatr=r,,
e: Isotaches of v a1 £ = r_ = 0.73 {correction of high order term is contained).
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Fig.3. The case of non-vniform P. V. flow. a: Isotaches of v at + =, =083, b: Isostathes at

r=rt..c Isotachesol wats=r .d o+ atr=1,

2 .
the initial density Po being large. so it produces large pressure force. Since the gradient of

the initial density is quadratic at least, the pressure force is not equal everywhere, strong
convergent motion is produced in certain region. and finally causes the formation of the
discontinuity. While. at the top boundary, due to the small gradient of the initial density, the
vertical transportation of mass, caused by the horizontal convergent motion near the surface,
is not large enough to increase the gradient of density prominently to lead to the formation of
the upper front at the same time as the surface front. This proves the conditions for the for-

mation of discontinuity derived above (i.2.(30) and {31)).

1¥. THE HIGH ORDER CORRECTION

The two cases above are both considered by vsing cne order approximation. In this sec-
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tion. we will explore the corrections to them of high order terms, For simplicity, just the case
of uniform potential vorticity is considered.

Substituting {19) into (14~ 18) and using the initial distribution of density for the uniform
case. high order terms of u and v are obtained as:

_lﬁf’*;i{’ﬂ._ 2 _ _1‘331"1; 13 1épy
o e RGeS B FAO R & 4
| ¥ dpg @' pg & py alos ¥ ap,
— + + _Lh
a1 e g Ty lo(axl ) axt ¥ “n
_ 1 _iapu. azp(: 1
"4 a7 16 ax ax? (Z"~2) .

Fig. 2(e) shows the distribution of v at 1 =¢_=0.73 when the high order term ot} is
contained. It is obvious that the main feature of the frontogenesis is the same as the low order
approximation shown in Fig.2(a2) except there is a little correction to the low order solution.
For example, the position of the surface front is changed a little and the time scale for the
formation of discontinuity turns ltonger ¢ =0.73, while ¢, = 0.68 for 0(+?). Despite these
corrections, the low crder approximation does express the main characteristic of the process
of the frontogenesis. i.e. the formation of the discontinuity on the whole.

V. CONCLUDING REMARKS

In this work, simple model and simple method are used to discuss the formation of
frontogenesis and the time scale for frontogenesis. The main results are:

1} Without the large scale initial velocity fields, the initial density field also can form the
surface front under the condition that the distribution of density is, at least, quadratic and

I ezt
max(j _[ p? dZdZ)is far larger than 2.
LAUN) &

2) The gradient of density plays an important role in the frontogenesis.

62
3) The time scale for frontogenesis is related to E;“ .

In this simple model. the effects of dissipation and orography are not contained. In fact.
during the frontogenesis, the effect of dissipation will become important due to the increase of
the gradient of variables. On the other hand, the orography has obvious effect on the real at-
mosphere. So it is necessary to consider the effects of dissipation and orography in the prob-
lem of frontogenesis.
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Appendix
The deduction o fEqgs.(14)—( 18)

are expressed in (13), we have

2.2 v
dt 8T  dtéX
2@ v

ax &X  axeX

With these, 4 can be written as

dt
-~ 4 _¢ &, 3
@ "o THar T
g dv @ a . ar @ 8 L ov @
= 4+ == LIS LAV A IR (LG T L
eT " arax "(ax axax) "(az ezax)‘

which, after some modifications, has the following form

d é f ¢ s ov dvy &
LIS ST SRS N LT Ly A
4 er "z " Yix (5: tuey TV ax
- According to Eq.(9). (A2} is simplified as
d é [
£ =X 4,5
ar et Yaz -

Using the relations expressed in (Al.b,c), s—: and g—: can be expressed as

dv _ av “_61’)-1

ax  ax i) 4
By _dv v,
dz 02 t c"X) '

Then, {A1.b.c) have the forms as follows:

oty
éx (a EX) ax '

P8 ey
E_a_z*'az(' )

According to the relations between the physical space and the momentum space which

(Al.a)

(ALDb)

(Al.c)

(A2)

(A3)

(Ad)

(AS5)

Substituting (A3}, (A5) inte (8)-(11), Eqs.(14)—(18) are obtained after some manipu-

lating.
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