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ABSTRACT

A two—layer model based on the linearized time—independent atmospheric dynamical equations is proposed in
this paper. The analytical solutions of the vertical, the horizontal motions and the potential temperature ficld induced
by the anthropogenic source of urban surface heating arc obtained. thersfore the heat island circulation existing in
ugstable boundary layer is verified theoretically. From the analytical solutiofis, some conclusions can be drawn.

(1) The vertical motion induced by urban heat island consists of two parts, namely, the cross—hill wave and the
lee wave;

{2) The cross—hill wave only exists in the unstable boundary layer. and varies with height according to
exponential function faw;

(3) The vertical motion induced by heat island reaches the maximum at the top of the unstable boundary layer;

{4) The wave gencrated by heat island not only propogates to the downwind district but also travels to the
upwind area;

{5) 50 is not the necessary condition of the lee wave generation.
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I INTRCDUCTION

It is known that heat island is one of the important characteristics of the urban boundary
layer. Most cities are anthropogenic sources of heat and pollution. In addition, the downtown
areas are covered by a large percentage of asphalt and concrete, which are usually dry
water—proofl surfaces with albedoes and heat capacities that convert and store incoming radi-
ation as sensible heat better than the surrounding countryside. Thus, surface layer air in cities
is generally warmer than that of their surroundings. When isotherms are plotted on a surface
weather map, the pattern looks like the topographic centours of an island, whence the term
heat island. Heat island circulation exists in not cnly stable but also daily unstable urban
boundary layers, which has been verified by a large quantity of atmospheric observation data
above city (Angell, et al., 1973) and the observation analyses about convective activities
(Auer, et al., 1974; Uthe, ¢t al., 1974). Angell, et al. (1973) revealed that the atmospheric mo-
tion above city is in a state of wave, the peaks of which appear in the downwind of the city,
which are induced by heat island.

It is found that the top of mixed layer is forced to go higher, the highest peak of which
appears in the downwind areas of the city, in which the convective activities and precipitation
phenomena are triggered based on the observations at home and abroad {Ochs, 1975, Dirks,
1974),

Sang (1988) and Li {1992) studied the heat island circulation in unstable boundary layer
under some simplifications. In this paper the effects of urban heating and boundary layer
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temperature field on the formation of heat island circulation are investigated with the similar
method of Sang (1988). In the process of deduction, some hypotheses distorting the solutions
of the partial differential equations are avoided, thus the heat island circulation structure is
analyzed theoretically. Therefore, not only an insight into the physical mechanism of the heat
island circulation but also some clues useful for the field experiment and aumerical modelling
can be gained.

II. TWO-LAYER MODEL AND ITS ANALYTICAL SOLUTIONS

In order to deal with the heat island circulation, we consider a two—-layer fluid model,
Assume that the lower layer is the unstable atmospheric boundary layer and that the upper
layer above the boundary layer is stable, and the interface between the above two layers is
fixed at the top of the boundary layer (Fig. 1).

As to the small scale motion such as the heat island, it is reasonable to ignore the Coriolis
force and the motion in y—direction, furthermore it is also assumed to'be time—independent of
the motion. So the linearized, two—dimensional atmospheric thermal and dynamical equa-
tions in the lower layer are as follows:
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Fig. 1. Sketch of model structure.
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With u,x,@ cancelled in above equations, the vertical speed perturbation w in unstable
boundary layer can be obtained as following:

i
ax? 8z’ 98z 8z ¥ 00z cpuzT'

8’ a* a
Ll + W, 1 36 oW, +'£_T (5)

In order to avoid distorting the above partial differential equation solution, no any sim-
plifications here are assumed, namely maintaining the third term, which is different from the
menipulation taken by Sang (1988).

The lower boundary layer is unstable, so g—g <9, thus assume »° = -%——% a—?
T, == l@_f_’ >0, and gy - Q e =T yhere Q is the heating magnitude in the
g 0oz cput T b2 +x*
city center, then Eq. (5) may be rewritten as
w, aiw, aw, 2 h? .
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As to upper stable layer, similar equation as Eq. (6) can be given. Considering the heating in-

tensity is very small above the top of boundary layer, then V=0.Qg >0, pfurthermore,

P= EL%%- and 1, = %g—g > 0 may be assumed, then we have

By (T D p 0 psi<w ¥
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Assuming w, = # ¢**, w, = #,e"", and inserting them into Egs. {6), (7}, then
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~* is the Fourier element of the functicn W
x

, where be

The general solutions of Eqs. (8), (9) are
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according to the upper boundary conditions: z — ¢, w, =0, (11) can be rewritten as

W,=Ce ™ k>,

W, =0 k<!, (12}

the constants A, B and C can be carried out depending on the following boundary conditions
and interface condition, namely

w, =0, % =0, z=—4h {13)
W, =w,, W, =#,, z=10 (14)
fi Oy

el + 2z z=0. ] 135

Eq. (15) is the discontinuous condition deduced from the discontinuous condition of potential

temperature, where the Bernoulli Theorem is used {Sang, 1988} }'=:,g2—(p] —p)/ pys
M

where p, and p are the densities of upper and lower model layers respectively.

As to the high wavenumber (k >/" ). inserting the solutiars {10) and (12} into the
boundary conditions and interface conditions (13}, (14), (15), so the following equations can
be obtained

- bk
—ih g g, b= be
Ae Be Q————(A] oL, T a) (16)
bfihk —ah
A+ B O T c. an
aQbe ™ —ah
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h (4, +ali, +a)
from Eqs. (16), (17) and (18) A, B, and € can be resolved, further being substituted into (10)
and (12), then w,, and &,, are as follows:
R (e 1 — TP it 0 4 g mats iy, - bk (19)
Gy = g, RIS WM — ™) — (e —e M) T, (20)
where the subscript # means the higher wave number relatively (k > 7" ), and
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As to the low wavenumber (k <!' ), the constants A and B can be carried out only in
demand of (16} and (17) because of #, =0, so the %, #,, are

7, =g WLLEENETY + flk)e ™ e, ¢]))

Wy =0, (22)
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where the subscript { means the wave number is relatively lower (i.e. k </" ), and
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Therefore, the vertical speeds in boundary layer and the upper stable layer can be de-
duced in use of Fourier integral

w, =W, +w,, =Re(.r # 0" dk +I Wy, e dk), (23)
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By use of Residual Theorem in mathematics, and after complicated manipulation we can
obtain
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where Ay = A5, Lo A,.|k=*]_ =4, =12, j= 1,2 plyay, =#,i=12), g,(k,)

— bk, o .
= ”b—%— vk, ky, are the two first order singular points of the Fourier integral, and satis-
!

fy the following conditions
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namely, k, can be obtained by iterative computation according to the following equation
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From sclutions {22), (25), (26) and (27} it can be found that the vertical speed
perturbations in the unstable heat island boundary layer and the upper stable layer arise from
the urban heating when the air flows across the city by day. It consists of both high wave
number and relatively low wave number elements, the latter w,, formula and w, =10 (i.e. (22},
{25)) mean that the phase of perturbation is same as that of heating function V. In the
downwind of the city, the perturbation reaches the maximum, and decreases with the increase

of | x| value by the form of (¢ ™% xsin(/* x)— be ™ cosl!® x)+5)/(B* +x%). This kind
of low wave number perturbation varies with height, in the boundary layer by complex
exponential law, and it must be pointed out that the perturbation exists only in the heat island
boundary layer rather than in the upper stable layet, this may be because of the hypothesis of
the two-layer model, which is different from the result of Sang (1988). From above analyzing,
it is concluded that the low wave number perturbation is just the cross—hill wave induced by
heat island, which is only limited within the unstable boundary layer, not propagating to
downwind area of the city.

As to the high wavenumber element perturbations w, and w,, they reach the maxima at
the top of that by the forms of e ~*** and ¢~ “?°, which are reflected at the bottom of the up-
per stable layer and consequent lee waves, which furthermore can propagate to the lower
boundary layer and can form the similar waves travelling to the surrounding areas. It is fur-
ther found that this kind of wave is dominantly made of the two harmonic modes whose wave
numbers are 2z / k| and 2x / k, respectively. Because of the wy, {FO =0, so it is fogicaily
deduced that the wave peak will exist in the downwind district, where convective activities eas-
ily occur when the air humidity is appropriate (See Fig. 2}. If some special parameéters are giv-
en. then the numerical results can be carried out and be drawn as Fig. 2, which are consistent
with the above analyses mostly.

Suppose the potential temperature lapse rates in lower and upper layers are —1K /km
and 3K / km respectively, and the city scale is 10 km. So the other parameters are

(ei.uh + e*'-zzf' )

1 L

r=118%x10 *m ' y=5ms”
[=204%x10 *m™ ", a=25x%x10"7
$=0.005m™"; b= 2500m
0=33x10""m ‘s
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Fig. 2. Vertical wind perturbation field.

k,=220%10 7 'm™'
ky,=707%10 'm ™"
Being valuable to point out, the discontinuity of the densities between the two sides of the

interface {y==M can not be the necessary condition, which has also to do with the other {actors

(seeing from (26) and (27)).
In order to have a broader knowledge of the urban heat island circulation. besides the

above vertical wind speed perturbation fields, it is necessary for us to grasp the horizontal
wind speed and potential tempeature perturbation fields. Substituting (23) to (27) into (3) and

(4), we can obtain
= —g (O[]« [0 T LA - (0 TP — ae"“"””]arcfg(%)
— gk, )/ &, {fx &, )[A”e;.”[:m " iue"z'(‘”')] _ i“eini.-m —oze_“["”"}cos(k,x)

+g,Gkyme 2 /G, k) e TG — iy + ) — e (A -y — 4y)]

[ippe’=e 0 — 2,025 Jeostie, ) + €, 29

the following approximation is adopted in deduction, i.e. j.' e~ " cos(kx)dk zj P
a )

coslkx)dk = ﬁ by which the formula e -|1-x2 [e M xsin(i® x)—be M

cos(?* x) + 5] may be substituted, same as above manipulation, then there are
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—g;'(k])/k| |:fl (k])' (efin(:'i-fl) Fe;"‘(:"'"'])—e':'"t”] +e—a[.—+.ﬁ}]cos(k|x)}

+Q(—);/g€"t+marctg{;—c)+6‘3. 31

0, =(—i@){ ol ) ke, Lf e MePn? — o) — (ehh — ¢~y ]e M costic, x)
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where w,,0, and wu,.0, are the horizontal wind speed and the potential tempurature
perturbations of the upper stable layer and the lower unstable boundary layer respectively,
C,.C,.C,.C, arethe integral constants waiting to be determined.

By analyzing above solutions. it is known that & and £, are the combinaticns of both
cosine and counter tangent functions horizontally, while u,and @, of the cosine functions
along the x—direction. Furthermore, they vary with height by the ¢xponential function. and

u,,0, reach the maxima at the top of the boundary layer and then decrease by the form of

e ™7 ande ™" above the top of that, these are similar as the results of Sang (1988).
Finally, Fig. 3 is given to combine the vertical and the horizontal speed perturbations.
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Fig. 3. The whole speed {y (i + u, ;0! + wj, ) vector.
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[Il. HEIGHT OF THE UNSTABLE BOUNDARY LAYER ABOVE THE URBAN
HEAT ISLAND

One of the focuses has been put on the estimation of the urban boundary layer height by
the atmospheric researchers and environmental workers, which is very important to the at-
mospheric pollution control and the planning of the city development. but also the improve-
ment of the climate numerical simulation. Therefore it is necessary to have a further study as
follows.

Supposing that the perturbation at the top of the BL is expressed in the vertical dis-

placement at the interface of the model. because of w = Eﬂ we obtain

dx
dx dx dx
,?L:U =jw[7 =j(w” + w”’)l::D? =j W, |:=DEX
gZ(k ) ir i inh —ah g U(l)
= Ekll {fl(kl)[e 2 h _e-uf ] +£,-||F —e If}cos(klx)ﬁ'mz—
me M2 [e "ty —a, +aj—et iy - fy _7-|z)](€j'zb - ¢’ Joostk, x} + C. (33)

From (33} it is known that the height of the boundary layer varies horizontally as a com-
bination of cosine modes, in the downwind of the city or the countryside there exist the wave
peaks. this is somewhat consisient with the previous observation analyses (Ochs, 1975, Dirks
1974), Of course, whether the magnitude of it is correct or not will be further verilied by the
field experiment data.

IV, CONCLUSION

All of above. the vertical and the horizontal wind speed and the potential temperature
perturbation fields have been deduced from a simplified twe-layer model in the unstable
boundary layer, the conclusions from which are mostly in consistence with the observation
facts. From Eqs. {3}, (5), {7} and the process of deduction of the partial equations, whether the
atmosphere is stable or not is the dominant facter to determine the forms of the solutions of
the model. If the more layers of model are adopted the better results closer to the real atmos-
phere will be obtained.
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