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ABSTRACT

Following the theoretical result of Eliassen, the Sawyer-Eliassen equation for frontal circulations and the equa-
tion for forcing the meridional cireulation within a circumpolar voriex are extended in isentropic coordinates to des-
cribe the forcing of the azimuthally averaged mass-weighted radial-vertical circulation within tramslating
extratropical and tropical cyclones. Several physical processes which are not evident in studies employing isobaric
coordinates are isolated in this isentropic study. These processes include the effects of pressure tarque, inertial torque
and storm translation that are associated with the asymmetric structure in isentropic coordinates. This isentropic
study also includes the effects of eddy angular momentum transport, diabatic heating and frictional torque that are
cammeon in both isentropic and isobaric studies. All of the processes are modulated by static, inertial and baroclinic
stabilities.

Consistent with the theoretical result of Eliassen, the numerical solution from this isentropic study shows that the
roles of torque, diabatic heating aad hydrodynamic stability in forcing the radial-vertical circulation within stable
vortices are that 1) positive (negative) torque which results in the counterclockwise {clockwise) rotation of vortices al-
so forces the outflow (inflow) branch of the radial-vertical circulation, 2) diabatic heating (cooling) forces the ascent
(descent) branch of the radial ~vertical circulation and 3) for given forcing, the weaker hydrodynamic stability results
in a stronger radial-vertical circulation. It is the net inflow or convergence {net outflow or divergence), vertical mo-
tions and the associated redistribution of properties that favor the evolution of vortices with colorful weather ¢vents.

Numerical solutions of this isentropic study are given in companion articles. The relatively important coutriby-
tion of various physical processes to the forcing of the azimuthally-averaged mass-weighted radial-vertical circula-
tion within different translating cyclones and in their different stages of development will be investigated.

Key words: The forcing of the radial-vertical circulation, Quasi-Lagrangian diagnostics of cyclones, Balanced equa-

tion
1. INTRODUCTION

Oue property that has been used to measure the intensity of cyclones is the absolute an-
gular momentum about the local vertical axis of the cyclone (Johnson and Downey. 1975a).
Several absolute angular momentum and mass budget studies of extratropical cyclones with
the use of quasi-Lagrangian perspective have been carried out by Johnson and Downey
(1976}, Hale (1983) and Johnson and Hill (1987), Their studies indicate that a net outward
transport of mass and a net inward transport of absolute angular momentum are required in
the development and maintenance of cyclones. These mass and angular momentum trans-
ports are accomplished through a systematic radial—-vertical mass circulation within cyclones
(Johnson and Downey, 1975a). Analysis and numerical simulation of this radial-vertical cir-
culation will 2id in understanding the dynamical forcing processes of cyclogenesis and devel-
opment.
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A quasi-static theory of meridional circulation within a stable and symmetric
circumpolar vortex has been developed by Eliassen (1951), In his theory heating and frictional
torque combine to force the meridional mass circulation within the vortex. In a
hydrodynamically stable vortex, the role of the torques is to force the horizontal branches of
the mass circulation through the surfaces of angular momentum, and the role of diabatic pro-
cesses is to force the vertical branches through isentropic surfaces. In this manner the mass
circulation is maintained in the presence of hydrodynamic stability and serves to supply the
angular momentum and energy needed to sustain the vortex.

With an extension of Eliassen’s work, Kuc (1956) studied the isobaric zonally averaged,
hemispheric meridional circulation response to sources and sinks of heat and angular momen-
tum. He found that the effects of the horizontal convergence of eddy angular momentum
transport (eddy mode), heat transport, diabatic heating and frictional dissipation of zonal
mementum tend to produce a three—cell meridional circulation in the troposphere with a
middle—latitude indirect cell and tropical and polar direct cells.

Recognizing that a direct meridional circulation is forced in isentropic coordinates by
large scale heat sources and sinks, Dutton (1976) introduced the concept of forced zonally av-
eraged general circulation in isentropic coordinates. Using this concept and an approach simi-
lar to Eliassen’s (1951), Gallimore and Johnson {198]) developed a diagnostic equation for
the forced isentropic meridional circulation within an asymmetric circumpolar vortex. In their
equation, frictional torque, pressure torque and eddy mode force the quasi—horizontal mo-
tion along isentropic surfaces. Heating and cooling force motions through isentropic surfaces.
Their results show a direct meridional circulation in each hemisphere in response to the sys-
tematic meridional distribution of heating in tropical fatitudes and cooling in polar iatitudes.

Eliassen’s balanced vortex theory has also been a basis for tropical vortex studies.
Sundqgvist {1970), Challa and Pfeffer (1980) and Pfeffer and Challa (1981) completed similar
studies involving the numerical modeling of stationary tropical cyclones. Sundqvist included a
diagnostic equation for the forcing of the radial-vertical circulation within symmetric tropical
cyclones, and modeied the characteristics of tropical cyclone development successfuily. By ex-
tending Sundqvist’s work to asymmetric tropical cyclones and including the effect of eddy
mode, Challa and Pfeffer improved the simulation of tropical cyclone development.

Pfeffer and Challa’s result that upper tropospheric eddy angular momentum fluxes can
result in the intensity change of tropical cyclones has been confirmed by the analyses of
outflow layer winds and the radial convergence of eddy flux of tangential velocity in Hurri-
cane Elena (Molinari and Vollaro, 1990). With the use of Eliassen’s balanced vortex equation
in storm-relative coordinates, Molinari and Vollaro (1990) investigated the interrelationship
between the intensity change of Elena, the azimuthally averaged radial—vertical circulation
within Elena, lateral and vertical eddy fluxes of absolute angular momentum and potential
temperature. The balanced solutions showed that the contribution of eddy heat fluxes (egui-
valent to the pressure torque in isentropic coordinates) to the radial-vertical circulation was
in the same manner as momentum fluxes near the core, but with smaller magnitude and areal
converge. Their further work suggested that the isolation of physical processes involving eddy
fluxes was meaningful only in the storm-relative framework provided by the moving
coordinate (Molinari et al., 1993).

Eliassen’s balanced vorlex equation has been modified by Schubert et al. (1987) into an
equation governing the inverse potential vorticity for tropical cyclones. The balanced




348 Advances in Atmospheric Sciences Vol 15

tangential wind fields obtained from the inverse potential vorticity are similar in many ways
to those observed within tropical cyclones. Numerical solutions of this equation demonstrate
how latent heat release generates potential vorticity at low levels and destroys it at upper lev-
els.

The objectives of this paper are twofold. The first is to apply the methods developed by
Eliassen (195!) and Gallimore and Johnson (1981) to derive a diagnostic equation for the
forcing of the azimuthally averaged mass—weighted radial—vertical circulation within stable,
asymmetric and translating extratropical and tropical cyclones. The forcing terms in this
equation include the pressure torque (representing the baroclinic structure of atmosphere and
eddy heat flux), frictional torque, diabatic heating and eddy modes. In addition, the effect of
asymmetric mass distribution, the effects of rotation of the earth, the acceleration of cyclone’s
movement and the tilting of local vertical axis of rotation with respect to the earth’s rotation
axis due to cyclone’s movement over the spherical earth are included. The second obijective is
to apply the diagnostic equation, the theories developed by Eliassen {1951) and Gallimore and
Johnson (1981) and results of mass and angular momentum budget studies of cyclones
(Johnson, 1974; Johnson and Downey, 1975b, ¢; Katzfey, 1978; Schaeider, 1986; Johnson and
Hill, 1987) to the discussion of the role of individual physical process in forcing the
radial—vertical circulation within cyclones.

II. THE BASIC CONCEPTS AND BASIC EQUATIONS
1. The Angular Momentum and Quasi—Lagrangian Framework

The constraints on mass and absclute angular momentum provide basic insight into the
forcing processes during the evolution of ¢yclones, These constraints are imposed from the
conditions 1) that mass is conserved and 2) that increasing absolute angular momentum
about a local storm axis can only be realized by an inward transport of the property. The re-
quirements of a net outward mass transport and a net inward transport of absolute angular
momentum in a developing cyclone dictate that both inward and outward branches of a mass
circulation exist. The inward branch must transport more absolute angular momentum into
the cyclone than the outward branch removes, while more mass is removed by the outward
branch than is imported by the inward branch. This implies that in a stratified atmosphers
there may be systematic inflow within certain isentropic layers and systematic outflow in oth-
er layers (Johnson and Downey, 1975b).

The ability to resolve thess processes in the westerly wind regiimes of the extratropical lat-
itudes and easterly wind regimes of tropical latitudes through diagnostics depends crucially on
two subtle and important steps. The first step is to define a quasi—Lagrangian coordinate sys-
tem which moves with the velocity of the storm in order to separate the horizontal advection
W« 7,40 or transport Vg ° [(AW] associated with wave translation from the relative
advection (U'— W)« V() or transport 7, « (MU - )] associated with development,
where frepresents any arbitrary property. The second step is to define an absolute angular
momentum

g =r=—r)x U, -W,) (10

which is consistent with the quasi—Lagrangian coordinate system. In (1), ¥, is the radius
vector to the storm center and W, is its absolute velocity (Fig. 1). The angular momentum
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Fig.1. The storm spherical coordinate system (Johnson and Downey, 1975a).

defined by (1) is the moment of momentum about the center of the storm vortex, which in-
creases during the development of cyclone and decreases during decay {Johnson and Downey,
1975b).

With regard to the relative effect of storm translation, its importance lies in the modes of
transport within asymmetric vortices and the movement of the origin about which the mo-
ment of momentum exists. Since the storm vortex can develop only with net outward mass
and net inward angular momentum transport relative to the storm center {Johnson and
Downey, 1976), the isolation of the physical processes responsible for forcing the inward and
outward transports will aid in understanding the evolution of cyclenes.

2. The Azimuthally Averaged Transport Equations

In this isentropic study all the horizontal and time derivations are performed on
isentropic surfaces, which implies that & }/ 8¢,8( ) / 88, and 8( )}/ éu in the following equa-
tions represent & )/ 3t,,8( )/ 8B, and 8( )/ Ja, respectively. The azimuthally averaged
transport eguations in isentropic hydrostatic quasi—Lagrangian .spherical coordinates
(Johnson and Downey, 1975a, b) include; the mass continuity equation

1

S @By L @B oy ooy @ @D
36 T amng o lae & Wesinfl+ 7G5 0 =0, @

and the equation for the vertical component of storm absclute angular momentum g,,
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where wy is the radial compenent of velocity of storm center,
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The respective terms on the right—hand side of (4) are the pressure torque, frictional torque,
horizontal divergence of eddy anguiar momentum transport, inertial torque, translational
source and the vertical divergence of eddy angular momentum transport (see list of symbols in
Appendix D).

The definitions of storm absolute angular momentum and its time rate of change are
given in Appendix A. The mass—weighted azimuthal averaged symbol (the circumflex
Mor < >)}and its deviation are defined in Appendix C.

The hydrostatic equation in iseptropic coordinates in terms of the Montgomery
streamfunction ¥ is .

&y _ K

5 =c (;fj) (6)
With a multiplication of (B.6) in Appendix B by (¢ sing)’ , the quasi~gradient wind equa-
tion in terms of the vertical component of storm absolute angular momentum is

g Rﬂ (g'ﬁ g?g)+ia4sm 8. €]
where
= ([ jph dmm/q W@hﬁwl (8)

is a mean radial pressure gradient force which is a function of § only, and

Ry=— (asin)’ ; J= Qsing, + sing). (9)
The azimuthally averaged hydrostatic mass distribution is expressed by
J— 1 ﬁ
=_Llép 0

IIl. A DIAGNOSTIC EQUATION FOR THE AZIMUTHALLY-AVERAGED
MASS-WEIGHTED STREAMFUNCTION OF THE RADIAL-VERTICAL CiR-
CULATION WITHIN A BALANCED VORTEX

The purpose of this section is to derive a diagnostic equation from (2) to (10) for the
storm relative radial-vertical circulation within cyclones. This will be accomplished through
the following four subsections.
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1. A Diagnostic Relation Involving the Radial and Diabatic Advections of Pressure and Torgues
in Isentropic Coordinates

In this sudsection, two expressions for the tendency of the thermal wind in terms of the
vertical component of absolute angular momentum will be derived in order to remove
the tendency of angular momentum in (3) and to obtain a diagnostic relation involving the
radial and diabatic advections of pressure and torques in isentropic coordinates. The first ex-
pression is for the tendency of the thermal wind within a balanced vortex in relation to the
radial and diabatic advections of pressure in isentropic coordinates. The derivation starts with
taking the vertical and time differentitation of {7) (Yuan, 1990)

d. @ . 5015:&

5 Ggla )= ~ Ryg g 236 +(p1,,)’ (aﬁ)/(pjﬂ)l}. (1
With the use of (6), (11) becomes
- — 3 4 p _L zl l;’ P
5t(aagaz ) Rﬁéraﬁ p, (p ¥1- 5,@9[13,900-’.9) (aﬁ)/(ﬂfa)l- (12)

Following Gallimore and Johnson's analysis (Appendix E), £° is approximately expressed by
7" based on the tropospheric structure of cyclones. With this approzimation, (12) is rewritten
as

(R (adeY (a‘; )/ T, (3)
where a, is equal to ke ()" “(p,,) " *. Eq. 13 relates the tendency of the thermal wind with-
in the azimuthally averaged mass—weighted gradient balanced vortex with the radial deriva-
tive of the tendency of the azimuthally averaged pressure and the tendency of the vertical der-
ivative of a covariance between the azimuthally averaged deviations of the mass and radial
pressure gradient force.

The next step involves the elimination of the pressure tendency in (13} with the use of
hydrostatic assumption. Following Gallimore and Johnson (1981), the azimuthally averaged
mass distribution for the vortex is defined by

mp.0,0y= |7 pd, db. (14

=, (_ _—_

51 G0 8" a aﬁ[ : -Eae

This property is a monoctonic and unigue function of & with E being positive. Under the
hydrostatic assumption and the condition that @} vanishes, the azimuthally averaged pres-
sure is defined from the azimuthally averaged mass distribution by
A0 =~ I Shdo=FpeD /5. (15)

Since the relations between p,n and 8 are unique and monotonic, the pressure tendency with-
in the quasi~Lagrangian azimuthally averaged structure (after Gallimore and Johnson, 1981)
is given by

op @—Wgap .0p , -

ét a 0p 955 “a {16)

The substitution of (16} into (13) gives
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Eq. 17 is the first expression for the tendency of the thermal wind within a balanced vortex in
relation to the radial and diabatic advections of pressure in isentropic coordinates,

The derivation of the second expression for the tendency of the thermal wind in relation
to the vertical derivative of torques starts with the advective form of the azimuthally averaged
mass—weighted absolute angular momentum equation obtained through the combination of
(2Yand (3)

6§az (ﬁ — ‘%)'3 agaz ' tc”ﬁtn ol
at a il ] o 00 £ (18)

The relation between the tendency of the thermal wind and the vertical derivative of torques is
determined by the vertical differentiation of the product of §_, and (18) The result is

08,
8p

A diagnostic equation is given by the combination of (17} and (19)
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Eq. 20 is the diagnostic equation relating the radial and diabatic advections of the azimuthally
averaged pressure with vertical derivative of torques in isentropic coordinates.

2. A Diagnostic Equation Relating the Radial and Vertical Advections o f Potential Tempera-
ture with Vertical Derivative o f Torgues

In order to simplify the process of rewriting (20) into a form similar to the Eliassen’s re-
sult, (20) is transformed from (B.6.f) coordinates into the azimuthally averaged mass
coordinates (O(A),p(8.6,1).t) with p(p.0.1) = gm(f.0,1) = gj':’ pJ g db by using the following re-
lationship {Gallimore and Johnson, 1981)

&p _ _opéb
2B, 0608, @2
a0 _20) , 8 &) ’
3, app afe) ap’ @3

a) _ap20)
20 o6 op° @
2 _120) (25)

b apgp’
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With the use of the following implied thermal wind expression (Appendix B)

s o yo _%Rs 0p 1 oy
Zgazae(gaz) a (aﬁ) 69[(0" )" (aﬁy/(PJB)])Rgu (26)
(20) becomes (Yuan, 1990)
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Eq. 27 is the diagnostic equation relating the radial and vertical advections of potential tem-
perature with the vertical derivative of torques in the mass coordinates (®,p,?}.

3. The Introduction of a Streamfunction of the Azimuthally Averaged Mass—weighted
Radial-vertical Circudation within a Balanced Vortex

Since two unknowns [(# — %) and & ,] for the radial-vertical circulation are involved in
(27}, a streamfunction of the azimuthaily averaged mass—weighted radial-vertical circulation
within & balance vortex will be introduced in order to reduce the unknowns to one. For this
purpose the tendency of mass in the continuity equation will be removed through the
differentiation of (16) with respect to £

L L N N TN 28)

droe ap a op a6’ o0 o8
The substitution of (28) into (2) gives
o, @ W),g ¢ Adp
w6 asmﬁ ap [ge @ = #)ysinfl— ae e,k a8 z apae =Y @9
According to the transformation relationships (22)-(25), (29} becomes (Yuan, 1990)
déd 1 _
T Em_ﬁﬁ[(" W)gsinfi] = (30)
From (30), & streamfunction can be defined as
o _1as
F—w)= snf a3 (a1)
P 1 28
@, = B (32)

where S is the streamfunction of azimuthally averaged mass—weighted radial-vertical circula-
tion within a balance vortex,

4. The Diognostic Equation for the Azimuthally Averaged Mass—weighted Stream finction of
the Radial-vertical Circulation within a Balanced Vortex

With the streamfunction defined by (31) and (32), (27) becomes
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Coefficient 4 expresses the static stability, B the degree of baroclinity, and C the inertial sta-
bility. Bq. 33 is the diagnostic equation for the forcing of iht azimuthally averaged
mass—weighted radial-vertical circulation within cyclones. The property £ in the first right
hand side (r.h.s.) term in (33) represents the forcing of the circulation by pressure torque,
frictional torque, inertial torque, divergence of eddy angular momenium transport and other
effects (see equation 4).

The classification criterion of second order differential equation like (33) is expressed by

8' = AC—~ B, (37
The substitution (34)-(36) inta (37) vields

. 36
= 2 38
a3 Sjnsﬁ ap a 6ﬁ (gaz ) { )
With
o8 PP
= >Q and iy E.*>0, {39)

5 is positive definite and (33) is an elliptic equation, It is important to realize that the condi-
tions in (39) require only that the azimuthally averaged pressure decreases with potential tem-
perature and that the azimuthally averaged mass—weighted vertical component of absolute
angular momentum square increases with radius along an isentropic surface. Therefore, local
static and inertial instabilities could exist while average conditions as expressed by (39) may
still be satisfied.

VI. A BRIEF INTERPRETATION OF THE PHYSICAL PROCESSES INVOLVED IN
FORCING THE RADIAL-VERTICAL CIRCULATION WITHIN
EXTRATROPICAL CYCLONES

Since (33} is formally equivalent to Eliassen’s result, the theoretical conclusions from his
study for a closed system will be applied to the following discussion that 1) for a vortex, mo-
tion away from (toward) the axis of rotation and along isentropic surfaces is forced by posi-
tive (negative) torques; 2) diabatic heaiing {cooling) forces motion upward {downward)
through isentropic surfaces along surfaces of constant absolute angular momentum and 3) for
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a given value of heating and / or sources and sinks of angular momentum by torques, the
weaker the hydrodynamic stability of the vortex is, the stronger the radial-vertical
circulation. The effects of torques and diabatic heating on the storm relative mass and angu-
lar momentum transport have been discussed in previous budget studies (Johnson, 1974;
Johason and Downey, 1975b; Katzfey, 1978; Schneider, 1986; Johnson and Hiil, 1987). A
brief review is presented in this section.

1. Pressure Torgue

Johnson and Downey (1975b) discussed the physical basis for the azimuthal pressure
torque in various coordinate systems. Their results indicate that the azimuthally averaged
azimuthal pressure torque vanishes in the Cartesian and isobaric coordinates but not in
isentropic coordinates. Note that the azimuthally averaged mass—weighted pressure torque in
isentropic coordinates (Johnson and Downey, 1975b) is expressed by

B A
<89'.'> p‘fﬁaa /P-"e
— c,f B d ey, € Fhy  ——
O op.aaz8? Y3l P (40}

where A represents the height of the isentropic surface, 9k / & is the slope of an isentropic
surface in the azimuihal direction and p{éh / =) is the azimuthal component of pressure
stress vector [P'= pi = p(8h / 2a)T — p(8h / 39k] of an upper domain on a lower domain
through the inclined isentropic surface which separates these two domains (Katzfey, 1978,
1983; Czarnetzki and Johnson, 1995). In lower atmosphere where isentropic surfaces intersect
with the earth’s surface. Lorenz’s convention {Lorenz, 1955) is applied to the calculation of
pressure torque. Following Lorenz’s convention, the pressure and geopotential height on the
“underground” isentropic surfaces (8 < 8, 8 is the surface potential lemperature) are set to
their values at earth’s surface. Therefore, the azimuthal integration of first term in (40) is zero
due to the cyclic continuity in the azimuthal direction. The azimuthally averaged
mass—weighted pressure torque in isentropic coordinates becomes

- <%”i > =%(p%)/(pla]. @1
Expression (41) states that mass—weighted azimuthally averaged pressure torque results from
the difference between the azimuthally averaged azimuthal component of pressure stress on
upper and lower inclined isentropic surfaces of a volume ¢lement. Due to this torque, angular
momentum is transferred across inclined isentropic surfaces by pressure stresses, just as angu-
lar momentum is transferred across mountain surfaces by viscous stresses.

This expression given by {41) also illustrates the classical result that there are no net in-
ternal sources of absolute angular momentum by pressure force since the vertical integration
of (41) reduces to pressure stresses acting on the boundaries. Therefore, over a uniform
earth’s surface net positive and negative torques (or source and sink of absolute angular mo-
mentum) within isentropic layers must offset each other, which implies that there exists a
non-convective momentum transfer through inclined isentropic surfaces duo to pressure
torque (Johnson and Downey, 1975b).

The non-convective transfer of absclute angular momentum across the inclined
isentropic surfaces and the forcing of the radial motion by pressure torque occur
simultaneously within cyclones with a non—axisymmetric baroclinic structure. An exampie of
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vertical distribution of areally integraied pressure torque over areas with radii of 6° (solid)
and 9° (dashed} of equivalent latitude respectively at 1200 UTC 23 within a baroclinic vortex
that occurred in April 1968 over the midwestern United States is shown in Fig. 2 with nega-
live pressure torque in the lower valued isentropic layers and positive pressure torque in the
higher valued isentropic layers. According to the one to one correspondence between the pres-
sure torque and the geostropic radial mass transport

pressure torque = — < %‘g > =pd, fasing(U, ), / ol 42}
their results of mean geostrophic lateral mass transport confirm Eliassen’s (1951) conclusion
that inward mass transport [oJ, (U ), < 0] is forced by negative pressure torque in lower val-
ued isentropic layers and outward [pJ, (U, ), > 0] positive pressure torque in high valued
isentropic layers.

2. Frictional Torque

Similar to the pressure torque, the frictional torque T - Fasin involves angular momen-
tum exchange in that viscous stresses transfer angular momentum across isentropic / earth
surfaces and across lateral boundaries of a storm volume. Since the viscous stresses acting on
lateral boundaries are presumed small, the net fricticnal torque primarily involves the sink of
storm angular momentum to the earth by viscous stressed.

In the absolute angular momentum budget study of a Midwest cyclone of April 1968
(Fig. 3), the turbulent characteristics of the boundary layer are related to the large—scale
synoptic parameters, such as the geostrophic wind and drag coefficient (Lettau, 1959). As itis
shown in Fig. 3, the frictional torque is negative throughout the life cycle of the storm, which
will force inflow in lower layers.
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Fig. 2. Vertical profiles of pressure torque (10"kg Fig. 3. Vertical-time section of frictional torque
m®s %) evaluated for 5 K isentropic layers of storm vol- {10""m%?) for the time period of 1200 UTC 24 April
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3. The Divergence o fEddy Angular Momentum Transpori { Eddy Mode)

The eddy angular momentum transport is associated with the covariance between the
mass—weighted deviations of radial component of wind and vertical component of absclute
angular momentum. The forcing of the radial-vertical circulation due to the asymmetries of
the wind field is associated with the radial divergence of radial eddy angular momentum
transport

ip.-1 1 ddp . e .
_(55) lasin,ﬁ'@gg <l =Wy g5 > sinf]

_EBy L8 dp, et
26  asinpaglag X "y Lersiofl @3)

During the development of an extratropical cyclone, an S-shaped pattern in the wind
field in the upper troposphere is observed (Wash, 1978; Hale, 1983; Schneider, 1986) due to
the adjustment of upper atmospheric wind field to the low—level baroclinic zone through the
thermal wind. Figure 4 shows the streamline and isotach analyses on 315 K (near 300 hPa) for
an extratropical cyclone that occurred over the United States in April 1979 (Schneider, 1986).
This synoptic situation is simplified by Johnson et al. (1981} in Fig. 5 which shows that in the
exit region of the southern jet an inflow deviation is associated with positive deviation of an-
gular momentum. In the entrance region of the northern jet, an outflow deviaticn is associ-
ated with negative deviation of angular momentum, Therefore, the eddy angular momentum
transport is convergent due to the S—shaped upper—level wind pattern. According to Eliassen
{1951), this positive eddy mode results in outflow in this layer.

The importance of the convergence of eddy angular momentum transport in the devel-
opment of cyclones has been emphasized by Wash (1978), and Johnson and Hill {1987).
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Fig. 4. Streamlines and isotaches (dashed in m sy for 315 K at 12 UTC 10 April 1979 (Schneider, 1986).
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Fig. 5. Schematic of upper level eddy lateral angular momentum transport that is associated with the con-
tortion and rotation of the thermal field (Johnson et al., 1981}

Noticing that the azimuthally averaged absolute angular momentum within a cyclone in-
creases with radius, they point out that the increase of the angular momentum due to this ed-
dy mode in the isentropic layers in which the mean mode of angular momentum transport is
outward is the excess of the convergence of eddy mode over the divergence of mean mode.

4. fnertial Torque

Within the balance of storm angular momentum, the inertial torque stems from the
acceleration / deceleration of the storm axis with respect to an absolute framework. Through
an asymmetric mass distribution, the inertial torque is expressed by

— d,W o
— <[ y7 22— Qx(Qx7)]> asinf

_ dW, D
= - <ira= >asinfl — < [« 2QxW ) > asinf
+ < I+ Qx[Gx(F— F, )]} > asinf. 44

The first r.hs. term in {44) is associated with the earth-relative acceleration/
deceleration of the cyclone’s movement. In an example shown in Fig. 6a, the acceleration
vector (W, / dt) points 1o the west~southwest. The azimuthal component of storm
acceleration vector is positive through most of the celd sector (lower valued isentropic layer)
and negative through most of the warm sector (higher valued isentropic layer). Within a typi-
cal two-layer baroclinic structure which is bounded by 8, and 8, at the bottom and top of
the storm volume respectively and divided by an isentropic surface 6, (Fig. 6b), the
azimuthally averaged mass—weighted azimuthal component of storm acceleration vector is
positive (negative) due to more mass or thicker isentropic layer in lower (upper) domain.

The second term in (44) deals with azimuthaliy averaged mass—weighted azimuthai com-
ponent of Coriolis force associated with earth—relative velocity of the storm center. In the ex-
ample shown in Fig. 7, a Midwest cyclone moved northeastward with almost constant

e — T1
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( -l

Fig. 6. Schematic of {a} acceleration of a cyclone. W, J# ,; is the earth-relative velocity of a

cyclotie system at 7, (), &, /d  is the acceleration vector and 7 is the unit vector of
azimuthal coordiante and (b) a simplified two-layer mass distribution bounded by 8, and 6,
and divided by d,, .

earth—relative velocity during the time period from 1200 UTC 23 to 1200 UTC 24 April 1968,
Within this period of time, the second term will be the dominant term. Due to the
northeastward movement of the cyclone in the Northern Hemisphere, the dominant direction
of vector — 28xW, is southeastward and — T« (2GxW,) is negative in the leading half of
the storm volume and positive in the trailing half of the storm volume. Since the mean
orientation of the cold front shown in Fig. 7 is southeastward from the low center during this
time period, more hydrostatic mass due to the cold dome behind the cold front is located in
the trailing half of the volume in the lowet valued isentropic layer. Thus the azimuthally aver-
aged mass—weighted second term in (44) is positive in the lower valued isentropic layer.

The third term is associated with the contribution of the earth’s rotation to the angular
momentum about the local vertical axis of the cyclone. This term is cancelled by the last term
of (47) which is the expression of the forcing term associated with the tilting of storm angular
momentum towards or away from the local vertical axis (see next section).

Previous angular momentum budget studies (Johnson and Downey, 1975b; Katzfey,
1978; Schneider, 1986; Johnson and Hill, 1987) show that like the profile of pressure torque,
there exist positive and negative counterparts in the vertical profiles of inertial torque. This
condition, that the inertial torques force inward and outward lateral branches of mass circula-
tion in different isentropic layers, implies that the processes may also be viewed as a mode by
which absolute angiuar momentum is transferred through the isentropic layers of a voriex
(Johnson and Downey, 1975b).
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Fig. 7. Schematic of inertial torque due to 20X, , where ¥, is the velocity of the storm

center,

5. The Tilting of Angular Momentum towards or away fom the Local Vertical Axis due to
Storm Movement

The tilting of storm angular momentum towards or away from the local vertical axis is
represented by

-y
tal
Sl

a

cE, >~ <k, «(Qxg,)>. (45)

<22 L > — <k c(QxF)> =<

dt &4 ka (nga ) [

The first r.h.s. term in (45) deals with the earth—relative movement of the coordinates along

the spherical earth’s surface and the second r.h.s. term in (43) deals with the rotation of the

earth. Only the horizontal component of absolute angular momentum contributes to the tilt-
ing term. Since absolute angular momentum is expressed by (Johnson and Downey, 1975b)

7, =GF—7 )T, ~W,)=(F~F,n{U—-W,)+Qx(F-TF,)]
=(F-F )T, )+[(F-7,) - F—7 - [r—7F,) QKF - 7,), (46)
the expansion of {45) becomes (Schneider, 1986)

—

<”i" cE, K, @xE,)> = <W, - {QF-F - F-FFE-F,) -1

HF-F U}/ 7, > = <k, (F—T,)>

e o gLy -




No.3 D. R. Johnson and Zhuojan Yuan 361

<@ (U-W,)>+ <k, « Dr—7,1-0)>
— < T - {Qx[fix(F — 7,)]} > asinf. 47

In (47), the last term has the same absolute value as the third term in (44) but opposite sign, so
they cancel each other. The results of several angular momentum budget studies {Wash, 1978;
Hale, 1983; Schneider, 1986) show that this forcing term, which is associated with the tilting
of storm angular momentum towards or away from the local vertical axis, is smaller than
pressure torque and other forcing terms.

6. Diagbatic Processes

The last r.h.s. term in {33) specifies the forcing associated with diabatic processes. Within
a cyclone, upward branches are forced primarily through latent heat release within moist con-
vection and in some cases through sensible heating in the boundary layer. Downward
branches of the radial-vertical circulation are forced through the cooling due to radiative
processes and evaporation.

Another forcing term associated with the covariance between the azimuthally averaged
mass—weighted deviations of diabatic heating and vertical component of absclute angular
momentum is the vertical eddy mode [ (—‘t—’)_';5| (Eg <8 gr >)]. A diagnostic study
(Hale, 1983) based on areally averaged quantities indicaies that the vertical eddy angular
mementum transport has some contribution to the development of an intense Ohio Valley
extratropical cyclone.

7. Estimation ofthe Magnitude o fthe Forcing Terms in the Stream finction Equation

In this section, the orders of magnitude of four forcing terms are estimated and com-
pared. The first term deals with pressure torque

& n dy . o1, 08 @ . oy . 3
= [- === < 4
E‘E[ 28, <50 >/ (asinfi)’ ] & ol e <5 > (asing)” ], (48)
which is one of the dominant forcing components in the early stage of a Mediterranean cy-
clone of March 1982 (Johnson and Hill, 1987). The second term

i _é_ /1 3'1’ ! 66 a 1 lf’ N TPY Y

25~ 5 Y Gy /T =5 2 10s, 15 GEY 1IN 49)
deals with the vertical and temporal variation of the covariance of the azimuthally averaged
deviations of mass and radial pressure torque. The third term

/\ 1 A I\ “—'_
Z (=62t Gy /Tl = S~ e Y R £ GI (503

'
deals with the second order vertical derivative of the covariance of the azimuthally averaged
deviations of mass and radial pressure torque. The fourth term

a ép 30 @ I\
=—[— } = 51
a¢( 6) a,e (x. f] 38, 0% aB( 8] (51)
deals with the azimuthally averaged mass—weighted diabatic heating rate.

The radial distribution of the order of the magnitude of these four terms is given in Table

| for an oceanic cyclone that occurred over the Atlantic Ocean in February 1979. The data
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used in the calculations are ECMWF FGGE level IT1 data on 1.875° latitude / longitude grid
at 12-hour time interval. These data are interpolaied to a storm spherical isentropic
coordinate system (Johnson and Downey. 1975a) which is composed of 17 isentropic levels at
10 K intervals from 220 X to 380 K and seven concentric circles at radii of 1.5°, 3.0°, 4.5°,
6.0°, 7.5% 9.0° and 10.5° latitude, Each circle contains 36 grid points that surround the storm
center. When viewing these results, it is important to note that there exist three limitations in
the calculation due to the data and the computational method. First, the spatial and temporal
resolutions of the data are quite coarse compared to the spatial and temporal scales of cy-
clones. Second, ECMWF FGGE data result from assimilation which is the combination of
observed and numerically simulated data, and third, the calculation of high order derivative
quantilies as (49} and (50) based on difference method may contain noise. In spite of these
limitations, the order of magnitude should provide insight into the relative importance of
these terms for the oceanic extratropical cyclone.

Table 1. Estimation of the Magnitude of the Forcing Terms for an Oceanic Extratropical Cyclone of February 1979

forcing terms {m hPa 's™) radins 4.5° radius 6.0°

£ _ s il inf) -1 -
aﬁ[( 28, <3, )/ (asinp) ] 10 1"
2o & Ay -4 B
i sy Gy G 10 10
i{_?’il( J )']_(@)-’;( J }J} -1 -
3 Uagllede)iGg Y/ 0de 10 10

3 A

2 -1z -1z
0 (e, 8) 10 107t

The results in Table | show that for this oceanic cyclone the forcing associated with pres-
sure torque (the first term) is three orders of magnitude larger than the forcing associated with
the covariance between the azimuthally averaged deviations of the mass and radial pressure
gradient force (the second and third terms) at smaller radius and two orders larger at larger
radius. Table 1 also shows that the forcing associted with the azimuthally averaged
mass—weighted diabatic heating (the fourth term) is one order of magnitude smaller than the
first term at smaller radius and has the same order as the first term at larger radius. Since
those two forcing terms associated with the covariance between the azimuthally averaged de-
viations of the mass and radial pressure gradient force [(49) and (50)] involve third
derivatives, their diagnoses by finite differencing are not feasible due to low spatial and tem-
poral resolutions of the original data as well as the low resolutions used in the numerical
simulation. ’

V. SUMMARY

The results of mass and angular momentum budget studies of cyclones indicate that 1)
the development of cyclones requires net import of absolute angular momentum from their
environment through radial-vertical mass circulation (Johnson and Downey, 1975¢c; Johnson
and Hill, 1987) and 2) the investigation of the forcing of the radial—vertical mass circulation
within cyclones will provide insight into the physical processes responsible for the evolution of
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cyclones.

Through the application of a theory developed by Eliassen (1951) for the forced
meridional circulation within a stable and symmetric circumpolar vortex and the theory de-
veloped by Gallimore and Johnson (1981) for the forced zonally averaged meridional circula-
tion within a stable and asymmetric ciccumpolar vortex, a diagnostic equation is derived for
the forced azimuthally averaged mass-weighted radial-vertical circulation within stable,
asymmetric and translating extratropical and tropical cyclones. This diagnostic equation in-
cludes several isolated physical processes, which are respectively associated with pressure
torque (representing the baroclinic structure of atmosphere), frictional torque, diabatic heat-
ing and eddy angular momentum transpori. In addition, the impact of inertial stability,
baroclinic stability and static stability, the effects of rotation of the earth, the acceleration of
cyclone’s movement and the tilting of local vertical axis with respect to the earth’s rotation ax-
is due to cyclone’s movement over the spherical earth are also included.

The diagnostic equation derived in this paper relates the radial—vertical circulation with
the sinks / sources of angular momentum (negative / positive torques) and diabatic heating.
With the use of Eliassen’s (1951) theory, and the results of angular momentum budget studies
of cyclones (Johnson, 1974; Johnson and Downey, 1975a, b, 1976; Johnsen and Hill, 1987), a
brief interpretation is given for the roles of lorques and heating in forcing the radial-vertical
circulation in several extratropical cyclones.

With a two-layer structure of the azimuthally averaged mass transport, negative pres-
sure torques will force inward mass transport in lower valued isentropic layers and positive
pressure torques will force outward mass transport in higher valued isentropic layers. This
distribution occurs in extratropical cyclones undergoing moist non—axisymmetric baroclinic
development {Johnson and Downey, 1975b and Johnson and Hill, 1987). The convergence of
hotizontal eddy angular momentum transport in higher valued isentropic layers results from
the S-shaped upper-level wind field due to the adjustment of the upper~{ayer winds to the
rotation of the lower—layer baroclinic zone through thermal wind. The distribution of
[rictional torque wilh negative values in lower layers (Johnson and Downey, 1975¢) will result
in inflow in these layers according to Eliassen’s (1951) theory. Other effective torques strongly
depend on the movement of cyclones and asymmetries of its mass distribution with respect to
the axis of rotation.

The influence of diabatic processes on the radial—vertical circulation oceurs through ra-
diation, evaporation, latent heat release within moist convection and sensible heat flux in the
boundary layer. Heating is responsible for upward branches of the radial—vertical circulation
and cooling for downward branches of the radial-vertical circulation.

The radial-vertical circulation in a cyclone undergoing moist development will be gener-
ated with inflow (forced by negative torques) in lower valued isentropic layer, outflow (forced
by positive torques) in higher valued isentropic layer, upward motion associated with diabatic
heating and downward motion associated with diabatic cooling. This radial-vertical circula-
tion will provide the cyclone with angular momentum needed for its development (Johnson
and Downey, 1976; Johnson and Hill, 1987). The occlusions of cyclones require vertical trans-
fer of storm angular momenturm. The transfer of storm absolute angular momentum across
inclined isentropic surfaces is associated with four processes: nonconvective flux by pressure
and viscous stresses, a virtual transfer by inertial torques and diabatic transport. With the use
of Lagrangian perspective within isentropic framework, these processes are isolated and treat-
ed explicitly.

In the future, emphasis will be placed upon numerically solving the diagnostic equation
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{33} through the use of the successive—over—relaxation (SOR) method. Various case studies
will be carried out to test the ability of the diagnostic equation to simulate azimuthally
—averaged mass—weighted radial motion within cyclones. With the use of the diagnostic equa-
tion, the consistency between transport processes and physical processes will be examined and
the relatively important contribution of various physical processes to the forcing of the
azimuthally—averaged mass—weightled radial-vertical circulation within different translating
cyclones and in their different stages of development will be investigated. These results will be
presented in companion articles,

The authors would like to thank Mr. Todd Schaack and Professor Kim Van Scoy for their scientific and editorial
contributions. This research was sponsored by NASA Grant NAGS5-81.

APPENDIX A
The Definition of Storm Angular Momentuma and kts Time Rate of Change

Storm angular momentum defined as the moment of momentum about a moving storm
axis {Johnson and Downney, 1975b) is expressed by

g, =(F—F, (U, —W,) an

where ¥ is a position vector with its origin at the earth’s center, ¥, is the position vector of
the storm’s center, I, and W, are the absolute velocities of 7 and ¥, respectively (see Fig.
1). The corresponding orthogonal right—handed set of unit vectors 7, 7, k are defined
{Johnson and Downey, 1975a) as

k=7/]¥l A2
T=kx(r~7,)/|[kx(F-7,)| (A.3)
W= Txk. (A.4)

The corresponding coordinate surfaces are the vertical plants, x=constant; the cones,
B=constant; the quasi—horizontal surface, #= constant.

Since cyclones are primarily characterized by rotation in a horizontal plane, the vertical
component of vector angular momentum is selected for study. With the unite vector F, de-
fined (Johnson and Downey, 1975b) by the gravity force as

E,=(T¢), /|(Va),|
the vertical component of angular momentum considered bere is
2. =k, « F, =asinflu, —w,,),. (A.5)
while its time rate of change becomes

dagaz _daU:o * Ea)
dt di

dﬂ Eﬂ + dﬂ FD -
dt dr e

=k,

o v s W = o . dk, _ dg,
=¥ e[F-oea + T o=
o +T-(F T Qx(Qx7)esing & BT g

(A.6)

where F is the frictional force, ¢ = e, T+gz

-*
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APPENDIX B

An Equation for Quasi—Gradient Wind in Terms of the Storm Absolute Angular
Momentum and the Thermal Wind Expression

The assumed quasi—gradient wind equation for the storm relative circulation is expressed

by
(= w,); L o
"W'Fﬁu—wa)a aﬁ 6,6) (B.1)
where
(j : x5, 3 dxd@)/(j"f 12 07y dad8) (B.2)

is a mean radial pressure gradient force. Adding P asinf / 4 to both sides of (B.1) and
rearranging it yields

(u—w,), asinf+ ‘?(asm 3= ({252 —E)+iasin . (B.3)
(asmﬁ)3 ¢ # 2 a df g

Now (B.3) will be rewritten by applying the definition of the vertical component of absolute
angular momentum given by Johnson and Downey (1975b) and Wash (1978)

g, =(—w,) asinf+a’(1—cospXf, + N/ 2, (B4}

where £ equals 2Qsingg and fequals 2Qsing. With a small angle approximation, (B.3) be-
comes
g, =(u—w,), asinf + (asin)’ (f, + H/ 4
=(u—w,),asinf + (asinB)* 7/ 2, (B.5)
where F=(f + /2.

With the substitution of (B.5) into (B.3), the equation for the gradient wind in terms of the
storm absolute angular momentum becomes

az Fil
(asmﬂ)3 - E(‘% a 73%} + iasmﬁ (B.6)

The vertical derivative of {B.6) with the use of the same strategies as those in subsection under
section 3 gives the following implied thermal wind expression

L8 . . Ry 3 _E _ 13y
Bogg@u)= —— Gglo [(pJg)’ 2 Gg) 7 6IDR,. (B7)
APPENDIX C

The Definition of Mass—weighted Azimuthal Average and Its Deviation

The mass—weighted azimuthal average (/N or <>) and its deviation { * ) (Johnson
and Downey. 1975a; Dutton, 1976} are defined by

<()> =(A) =pJ,( }/ ply, (.1
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(Y =0)-W=0)-<()>,

where azimuthal average { ) and its deviation { ¥ are defined by

1 2= —
y=5 0w, (Y=0)= ).

APPENDIX D
List of Symbaols

Symbol

S EPNIRARAS DY T L WOW R TR N s s R

4 S o 8 £ m™R R

g e x

-

radius of earth

specific heal at constant pressure
Coriolis parameter at latitude ¢
Coriolis parameter at latitude ¢,
0.5(f+ f; Xsee Appendix B)
acceleration due to gravity
vertical component of absolute angular momentum
height of isentropic surface
azimuthal wavenumber

mass

pressure

IZT ‘;—g df (See equation 3.6)

1000 hPa

streamfunction

time

height above sea level

sum of torques (see equation 2.3)
Jacobian for transformation, |8z / 20|
Kelvin

Gas constant for dry air

— (asing)’

temperature

amplitude of azimuthal wave
azimuthal coordinate

(R/pNp/ p,,)"

radial coerdinate defined by angular distance
potential tempeature

Montgomery streamfunction

R/¢c,

Density

latitude

latitude of the center of a storm

radial coordinate in (®,7) coordinates defined by length
dp/ dt

(c2)

(C.3)
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Subscripts and Superscripts

a absolute frame of reference
B bottom or boundary
0 budget volume central reference axis
P p coordinate
s surface of the earth
T top of atmosphere
z vertical direction
o azimuthal component
i} raidal component
d isentropic coordinate system; isentropic surface
Yectors
F frictional force
U earth-relative wind velocity
W earth-relative velocity of lateral boundary of a storm volume
£,  absolute angular momentum
m unit vector in radial direction
T unit vector in azimuthal direction
k unit vector in vertical direction
F position vector
a angular velocity of the earth
Operators
d . I .
70 partial derivative with respect to 6
E quasi—Lagrangian time derivative in isentropic coordinates
2 1@
a0 a ofip
4
) dr

azimuthal average

A or <> mass—weighted azimuthal average

deviation from mass—weighted azimuthal average
deviation from azimuthal average

horizontal del operator

Riemann integral

absolute value

APPEXDIX E

An Approximation of p—" within the Tropospheric Structure of Cyclones

The power series expansion of ;"_ may be expressed {Gallimore and Johnson, 1981) as
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=+ gﬁ"("‘ Lhele—nt ”(%’)" =7+ 57 /P

where the series s(p’/ p) is convergent. With &, as an azimuthal wavenumber, the azimuthal
pressure deviation o is expressed by

¢ = Apsinlk, ) 0<x< 2,

If the ratio of Ap to p equals one to two, then p_" is bounded (Gallimore and Johnson,
1981) by

098297" < p° < 7",

Therefore p* is likely a good approximation for p©  within the tropospheric structure of cy-
clones. The smaller the g (or Ap) is, the better the approximation will be,
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