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ABSTRACT

In order to improve the accuracy of forecasis of atmospheric and oceanic phenomena which possess a wide range
of space and time scales, it is crucial to design the high—order and stable schemes. On the basis of the explicit
square—-conservative scheme, a high—order compact explicit square—conservative scheme is proposed in this paper.
This scheme not anly keeps the square—conservative characteristics, but also is of high accuracy. The numerical ex-
ample shows that this scheme has less computing errors and better computational stability, and it could be considered
to be tested and used in many atmospheric and eceanic problems,
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I INTRODUCTION

Most computational geophysical fluid problems, such as climate modeling, numerical
weather forecast and ocean current simulation, possess a wide range of time and space scales,
which requires numerical schemes to have high accuracy in time and space besides long—time
computational stability. However most current schemes cannot keep good stability and high
computing accuracy simultaneously. Many difference schemes become less stable with the in-
crease of compuling accuracy. To solve this problem, several efficient difference schemes,
such as the implicit square—conservative schemes (Zeng et al,, 1982; Ji and Zeng, 1982), the
explicit square—conservative schemes {(Ji and Wang, 1991) and the explicit square—conserva-
tive schemes with high accuracy in time (Ji and Wang, 1994), have been proposed in the recent
years. Applications show that these schemes are long—time stable, In order to improve com-
puting accuracy in space, we analyzed many numerical schemes and found that the compact
difference scheme is a high—order scheme with less stencil points, Considering the long—time
computational stabilily of the square—conservative schemes, we combine the square—conser-
vative scheme with the compact scheme and propose a new difference scheme which possesses
both long—time computing stability and high computing accuracy. The numerical example
shows that the computing results are satisfactory.

I1. CONSTRUCTION OF COMPACT DIFFERENCE SCHEME

The compact difference scheme is 2 high accuracy scheme which uses less stencil points
{Lele, 1992). For convenience of further discussion, it is necessary to introduce the main idea
of the compact difference.
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Let Ax) be a periodic function in [0, L k= L/ n, x,= j* A(j= 1,2, e~ n} f;= flx;)

and f'; is the approximation oi‘( gg) . We have
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where z, 8, a, b, ¢ are derived by matching the Taylor series coefficients of various orders.
These constraints are:

a+ b+ ¢= 1+ 20t 28 (2 order) 2)
]

a+ 2%p+ 3ie=2. %(zx-ﬁ- 225 {4 order) , 3}
!

gt b+ Fo= 2. %(a+ 2+ 8) (6 order) . )

Fora= %, b=c¢=0,0= %, A= 0, we get the usual 4—order compact scheme:

f;—l+4fj+fj+l=%m’+1—j}—|)- (%)

l. CONSTRUCTION OF COMPACT SQUARE-CONSERVATIVE DIFFERENCE
SCHEME

The explicit square—conservative scheme was discussed in detail by Ji and Wang (1991;
1994). The construction of the high—order compact explicit square—conservative scheme is as
follows, For simplicity, the scalar advection equation is used as an example.

Consider the following scalar equation:

Gy Sy a<x<h 0<IST, (6)
o ox
ulwp=uplx).  ag x< 3, (1)

Eq. (6) can be generalized as:

a 1 oﬁu au'u
UL WAL L S
I 3(u &x ix )=0

) (8)
where # " is the approximation of » and can be u itself,

Based on the method in Ji and Wang (1991), we have the following numerical scheme:

A+l

31%‘!’- + (A, )+ 5, UB Y = 0, J= 12, v, N, @)
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Ay =gl = T+ w7 (10)

By using the compact differcnce. the approximate derivatives in Eq, (10} are computed as fol-
lows:

Af=d.f. (11

where f represents column vectors »; and ( ) “); respectively, and

=, "'-Af’.v)] = (f,‘),v ,
Sof= U= fy. fi— 11, '",fl_f.’\'—l)l S f—ho s

(41 0 — = 0 1]
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In Eq. (2}, B, is the harmenious dissipative operator, ¢, is the dissipative coefficient. In
Jiand Wang {1991) the following theorem has been proved.
Theorem: If 4, is an anti-symmetrical operator, B, is a positive definite operator,

(B,1)" < O(1) and 2k3i < 1, then scheme {9) is a square—conservative difference scheme

when

s"=k,/[(1—-%k2)+ f(l—%kz)z—(%kﬂzl. (13)

where
[k[‘; WA, w17 (B " 1)
szz(Bﬂu",Awu")'h/(Bnu".u”) (14)
Uiy = DA, ull + 1Bum) » b/ (Byu, ") |

It has been proved (Ji and Wang, 1991) that B, is positive definite if
A u”— An_1u"']. or B = A7t - A"
7 T
the scheme (9) is explicit square—conservative as long as 4, is anti—symmetrical, For the lim-
it of length, the proof of antisymmetry of 4, will be gived in another paper, Now that
4—order compact difference {11} is used in the computation of 1—order derivative in Eq. (10),

scheme {9) is 4—order compaci explicit square—conservative.

=~ +
B,u"= and "' '=u"— 1t 44" So
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1Y, NUMERICAL EXAMPLE

In order to test the accuracy of the 4—order compact square—conservative scheme, three
different numerical schemes are used 1o solve the following equation and their absolute errors
are compared.

a d
(a—u-lrl'sinx-%“lr uecosx=0, x€[0,2a], >0, (15)

o o = SiNX x€[0,2n] . (16)

.

Under periodic boundary conditions, its analytic solution is:

1+ (g2 ) 172
. 2
Upy = SIOX * [_—_———r ] . (17)
EZJ + e—zr([g;)z
2
1. Compact Difference Scheme
u;.'+ b= ui+ Ar(— 2 sinx,u}" — ] reosx;), j=12 e N (18)
where u”} is computed by using 4~order compact difference (5).
2. Explicit Square—conservative Scheme
u}n+ 1 w, + M4, u)] + e, 2 AL (B,u)). j= 12+ N. (19)
o o~ du _ . €u , du »sinx} . .
Considering that 2sinx « M + w* cosx= stre + B e A, u is the approxima-
tion of — [Sinxg—u + Bl » sinx) -. smx)j,:
ix ix
uly — ul, o siny,, , — u_ sinx;
v o e+ Ll B sl | fti =1 =1
(4, ) SInLY, h 7
B, and g, are determined as in Jiand Wang (1991),
3. 4—order Compact Square—conservative Scheme
u;_’f - uy + Arl(A, ul, + e, » A« (B, Wil J= L2 N, {20}
where (4,u); = — sinx; ¢ u’J'.‘ = {u » sinx¥], w’} and (u- sinx)’] are computed by using

4—order compact difference (11).
In Fig, 1. the absolute errors of three schemes at z= 100Ar are shown Here

h= 2/ 50, At= &/ 10. From this figure, we can see that the computing error of the compact
square—coservative scheme s the smallest,
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Fig. 1. Absolute errors of numerical schemes,  essee compact difference scheme explic-

it square—conservaiive scheme — — — 4—order compact square—conservative scheme.

The 4—order compact square—conservative scheme is also used to calculate the single
soliton solutions of Kdv equation, The numerical solutions coincide with the exact solutions
for a long time, which shows that this scheme is long—time computational stable.

The usefulness of the scheme proposed to atmospheric and oceanic numerical models is

10 be further tested.
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