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ABSTRACT

The design of a total energy conserving semi—implicit scheme for the multiple—level baroclinic primitive
equation has remained an unsolved problem for a long time, In this work, however, we follow an energy per-
fect conserving semi—itnplicit scheme of a European Centre for Medium—Range Weather Forecasts
(ECMWF) type sigma—coordinate primitive equation which has recently successfully formulated. Some
real-data contrast tests between the model of the new conserving scheme and that of the ECMWF—1ype of
global spectral semi—implicit scheme show that the RMS error of the averaged forecast Height at 850 hPa
can be clearly improved after the first integral week, The reduction also reaches 50 percent by the 30th day.
Further contrast tests demonstrate that the RMS error of the monthly mean height in the middle and lower
troposphere also be largely reduced, and some well-known systematical defects can be greatly improved,
More detailed analysis reveals that part of the positive contributions comes from improvements of the
extra—long wave components, This indicates that 4 remarkable improvement of the model climate drift level
can be achieved by the actual realizing of a conserving time—differsnce scheme, which thereby eliminates a
corresponding computational systematic error source / sink found in the currently—used traditional type of
weather and climate system models {n relation to the barociimic primitive equations.

Key words: fidelity scheme, computational systematical errors, baroclinic primitive equation
1. The physical problem

Baroclinic primitive equation models are widely used in numerical weather prediction
and climate simulation, The problem of designing a total energy conserving time difference
scheme for a multiple—level baroclinic primitive equation has remained unsolved for a long
time, therefore, there exists a false computational systematic error source/ sink in the
currently—used traditional type of weather and climate system models in relation to the
baroclinic primitive equations. Apparently, even though the scurces or sinks of corresponding
systematic ertors are not large or exceedingly small in terms of quantity, their long—term nega-
tive accumulative effects are not to be overlooked, For various reasons, except in the trivial
first—order conserving schemes and some other very special cases, the basic formulation prob-
lem of conserving schemes in the temporal—spatial discrete sense has remained unsolved for a
long time dthough the studies on the formulation of conserving schemes can be traced back to
early last century and some instantly conserving schemes (ensuring copservation in space only
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and not in time) have been successfully formulated in the world (Galerkin 1915 Arakawa.
1966; Zeng 1979: Simmons and Burridge 1981; Wang and Ji 1990; Zeng and Zhang 1982},
The toughest aspect has been the construction of time discretized conserving schemes, Howev-
er, an energy perfect conserving semi—implicit scheme of a sigma—coordinate primitive equa-
tion has been successfully formulated and realized (Zhong 1994, 1997). By using
NCEP/ NCAR 1958—1998 data and this new total energy conserving semi—implicit
dynamical model, this paper is to deal with such a question, that is, is the achieving of a
high—order total energy conserving scheme significant to the elimination of computational
systematical errors and improvements of weather and climate numerical prediction?

In section 2 of this paper, one formulation theorem of time—difference fidelity schemes,
capable of retaining the general cubic physical conservation law, will be formulated and prov-
¢d. Based on this theorem the total energy conserving (semi—implicit) time—difference scheme
for globat spectral models of baroclinic primitive equations can be constructed. In section 3,
by using the NCEP/ NCAR 1958—1998 data, a comparison experiment of thirteen 30—day
numerical integrations between a traditional and a new total energy conserving semi—implicit
time—difference scheme for global spectral models of baroclinic primitive equations will be de-
signed and conducted. Finally, in section 4, a summary of the present work is given,

2. The mathematical theorem

The operator equation of the evolution problem can be stated as

Cu _

2 + Au=10 . 10
Based on a general compensation principle and the inverse formulation method of a fidelity
scheme (Zhong 1992a, 1992b), a general physical conservation law time—difference fidelity
scheme of EqQ.(1} can be written as

a+l_

a
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Here, 4, is an auxiliary formulation operator, ¢” an undetermined compensation coefficient,

and 8" 1" a compensation operator,
In particular, if operator Eq.(1) yields a general cubic conserving integral property,

J-(A]u' Ayuc AyAut A, Au- Ayu- Ayut Ajus Aydus Ayuldo=0 | 3)

then the following theorem holds true. Here, 4, 4,, and 4, are all bounded space operators
independent of ¥ and ¢; do is a space integral element.
Theorem: Suppose the compensation coefficient ¢” satisfies

15\1‘4*,’1(.5")3 + Atz'/z(s")z-l- et =0, 4)

and its order of magnitude is O(Aro), then scheme (2} is a fidelity scheme with a cubic con-
serving integral property and is compatible to Eq.(1) where
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where K= /— ArA" M= I1— AtA"+ A’ 147 4", L is an inverse operator of [+ Ard},
and / 15 a unit operatar.

Based on this formulation theorem, a total energy conserving semi—implicit time—differ-
ence scheme for global spectral—vertical finite—difference models of baroclinic primitive equa-
tions has been formulated and realized (Zhong 1994, 1997),

3, Comparative experiments of real data monthly numerical integrations
3.1 Design of experiments

(1) By further performing monthly integrations of the total energy conserving semi—im-
plicit scheme using the NCEP/ NCAR winter reanalysis data, the present work atlempis to
test the feasibility of long—term integrations of the scheme under the complex conditions more
closely approaching the actval atmosphere, and meanwhile to test the capability of the
scheme in preserving high—order total energy conservation in long—term integration opera-
tions. In the past, long—time feasibility tests were conducted respectively under idealized con-
ditions using the relatively simplified energy and enstrophy conserving explicit scheme for
spectral models of the barotropic vorticity equation and energy, and the enstrophy and angu-
lar momentum conserving semi—implicit scheme for spectrai models of barotropic primitive
equations, although the resulis turned out to be satisfactory (Zhong 1993, 1995), and only the
uninitialized summer FGGE data comparative experiments have been conducted (Zhong
1997).

(2) With identically the CCM3 T42 topography and identical real—data initial conditions,
the present work also attempts to further perform comparative experiments with monthly dy-
namic ntegrations between the traditional ECMWF~type semi—implicit scheme and the total
energy conserving semi—implicil fidelity scheme, The purpose is to test the contribution of the
sources or sinks of the systematic errors concerning energy conservation due to the traditional
time difference (called type Z systematic errors for short) to the total systematic errors and to-
tal errors, under the complex conditions of the coexistence of internal systematic errors with
meteorclogical backgrounds more closely approximate to routine operation, Meanwhile, the
paper also aims to test the possibililies and potentials of improving actual monthly, even me-
dium—range forecasts by formulating a total energy conserving (semi—implicit) fidelity
scheme and thereby eliminating corresponding types of systematic errors, In the past, compar-
ative experiments have been respectively conducied under idealized conditions between the
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relatively simplified energy conserving explicit schemne for a barotropic vorticity equation spec-
tral medel, energy conserving semi—implicit scheme for a spectral model of the barotropic
primitive equations, and the corresponding traditional scheme, The results revealed marked
differences after long time integrations (Zhong 1995), and also oaly the uninitialized 1979 sum-
mer FGGE data comparative experiments have been conducted (Zhong 1997).

Since in the above—described models there is no internal physical process involved in the
atmosphere other than the pure dynamic process, and the initial data is used without
initialization, implying that the initial value of integrations is far from being perfect, it is,
consequently, no surprise that there exist several corresponding systematic error sources or
sinks in the model of the total energy conserving fidelity scheme. If the total energy con-
serving fidelity scheme model is sel as a control standard, then it follows that in addition to
the systematic error sources in the fidelity scheme, there also exist the sources or sinks of type
Z errors in the traditional model due to the failure to retain total energy conservation in the
traditional semi—implicit time—difference process.

3.2 Experiment models and data

By using the new type of total energy conserving semi—implicit time—difference scheme
and the traditional semi—implicit time—difference for a global spectral vertical finite—differ-
ence model (T42 / L9) of the baroclinic primitive equations inclusive of the same CCM3 mod-
el topography, the present work performs two sets of numerical experiments, each having the
same monthly integrations, The initial field of these integrations is the NCEP/ NCAR
1958—1998 data without initialization dated 1 January for the respective year, For all the cal-
culations in this paper, the integral time step is A= 30 minutes.

3.3 Results of experiments
3.3.1 Feasibility and improvements of essential properties

Results of the 30—day numerical integrations of the traditional scheme and the total ener-
gy conserving fidelity scheme all suggest that there are notable improvements on the essential
properties of total energy and mass conservation of the new type of scheme in contrast with
the traditional one. In meost of the integral cases, both schemes can integrate smoothly within
the whole monthly integral time, The 1998 integral case is given as an example in Fig, 1. For
those initiated from 1960, 1961, 1967, 1970, 1977, 1978, 1980, 1987, 1994, and 1996, the
nonlinear computational instability of the traditional scheme occurs during the integral time,
with the 1996 integral case is given as an example (see Fig. 1). However, for the new scheme,
every computational instability can be eliminated completely. Moreover, the new scheme, as
the experiments demonstrate, can noticeably modify the deviations from the high—order total
encrgy and mass global integral conservation characteristics of the traditional scheme, al-
though such deviations, increasing monotonously with the growth of (he integration time, are
not great in quantity on the monthly integral time scale. Take the 30th day of integrations inil-
iated from 1998 for instance; these relative deviations from the conservation variables are all
close to some 0.0001. Results of Fig, 1 also demonstrate that without adopting stability meth-
ods of artificial time smoothing or filtering, which have side effects, the fidelity scheme can in-
tegrate smoothly over a long time. The theorem as formulated in the paper can surely be
applied to solving the formulation problems of high—order tctal emergy conserving
time—difference schemes for baroclinic primitive equations, and that of the high—order
total energy conmserving semi—implicit fidelity schemes for global spectral—vertical
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Fig. 1. The 3(—day computational variation of the conservative global integration of the total ener
gy and mass of the baroclinic primitive equations in the winter of 1958~1998, EF: computational
variation of the total energy using the new fidelity scheme, ET: of the total energy using the tradi-
tional scheme, MF: of the mass using the fidelity scheme, MT: of the mass using the traditional
scheme.

finite—difference models of baroclinic primitive equations is also applicable to long—term nu-
merical integrations using real daia without initialization,

3.3.2 The contributions of type Z error to the total systematic error of monthly predictions

Errors derived from the average predictive field of 2 number of individual integrations
represent an important aspect of total errors of the model. The predictive systematic errors in
the paper are referred to as errors of the 30—day average predictive field obtained from all the
monthly integrations.

Compare the evolution curve of the RMS error of the 850 hPa geopotential height aver-
age field between the total energy conserving semi—implicit fidelity scheme and the traditional
semi~implicit scheme exclusive of model topography under identical conditions of
integration, it can be easily seen that the contribution of the type Z systematic error (forecast
RMS error of the traditional scheme with that of the fidelity scheme deducted) to the total
RMS error can approximately reach one—fourth of the total RMS systematic error at the end
of the second week of integration and about half of its total amount four weeks afterwards
(see Fig. 2). Further analysis reveals that a large part of the positive contributions comes from
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Fig. 2, The 30—day computational vaniation of the RMS error of the average of the 850hPa height
initiated from 1 January 1958—1998 deducted 1960, 1961, 1967, 1970, 1977, 1978, 1980, 1987, 1994,
and 1996, Old: the traditional scheme, New: the new fidelity schemne,

improvements of the extra—long wave components (see Fig. 4).

If the type of errors in extending the forecasting period can i a sense reflect the model cli-
mate systematic errors associated with climate drift, then it is by no means impossible to con-
tribute much to the solving of climate drift by way of formulating new types of high-order to-
tal energy conserving schemes and thereby eliminating corresponding type Z sysiematic errors
in the traditional schemes.

3.3.3 The average improvement of total errors of monthly integrations

The average of predictive errors derived from a number of numerical integrations of a
model represent the average level of the total predictive errors of the model.

With the daily average value of the RMS error of the 850 hPa geopetential height of the
1958—1998 30—~day integrations using the traditional semi—implicit scheme inclusive of CCM3
topography (called Scheme A for short) as a reference, it can be seen that with the coexistence
of multiple error sources or sinks, the average improvement of total RMS error obtained by
formulating a total energy conserving fidelity scheme (called Scheme B for short) and thereby
eliminating the corresponding type Z errors in Scheme A, cun reach approximately one—fifth
of the total RMS errors at the end of the second week of integration and even about
two—fifths of the total four weeks afterwards (see Fig. 3). Further analysis also reveals that a
large part of the positive contributions comes from improvements of the exira—long wave
components (see Fig. 5). This demonstrates well the great potentials of Scheme B. 1 also sug-
gests that the advantages of Scheme B primarily focus on long—term numerical integrations,

In the same way, the improvements of predictions can be clearly confirmed by compari-
son among the geopotential height fields with the corresponding observation field deducted.
Figure 6 indicates, averagely speaking, for the deviations in Scheme A, Scheme B reduces
them over 60 percent at 500 hPa and about 50 percent al 850 hPa in the largest negative error
center (also the maximum global error center in view of absolute value) at the Arctic Pole: in
the sublargest negative error center over the Antarctic Pole, Scheme B reduces them
one—third at 500 hPa and one—fourth at 850 hPa. Moreover, in the largest positive error cent-
er at the mid—latitudes of Northern Hemisphere, Scheme B also clearly reduces them at both
500 hPa and 850 hPa. The striking differences between the two schemes in framework and
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Fig. 3. Asin Fig. 2, for the average of the RMS error of the 850 hPa height,
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Fig. 4. As in Fig. 2, for the 1-3 waves {extra—long Fig. 5. As in Fig, 2. for the the average of the 1-3
wave components) RMS error of the average of the 850 waves {extra—long wave components) RMS error of the
hPa height, 850 hPa height.

subtleties also reasonably depict the entirely different nature of the two types of errors. In gen-
eral, on the 30th day of integration, Scheme B certainly has better global performance than
Scheme A in the middle and lower troposphere, This is consistent with the calculated results

of RMS errors {see Figs, 2-5),

4. Summary

A total energy conserving semi—implicit time—difference scheme of baroclinic primitive
equations can be realized by the theorem and the nonlinear computational instability of the
traditional scheme can be eliminated completely without adopting stability methods of artifi-
cial time smoothing or filtering (see Fig, 1),

The RMS error of averaged forecast height in the lower troposphere, for example, at 850
hPu. can be improved clearly after the first integral week and the reduction can reach 50
percent of systematic error and about 40 percent of total error within monthly integration (see

Figs. 2 and 3).



1110 Advances in Atmospheric Sciences Vol. 19

500 hPa 850 hPa

0= D
:_!,ﬂﬂ,:';:-'—::::_:_—_‘-y-u_q_"___

$0E 1206 w 120w s0m

(c)

Fig. 6, The 30—day averaged height global contour chart of the thirty—one integrations initiated
from 1 January 1953—1959, 1962—1966, 1968—1969, 1971-1976, 1979, 1981—1986, 1988-1993,
1995, and 1997—1998. (a) Observational 500 / 850 hPa height; (b) Forecast height using the tradi-
tional scheme with corresponding observational height deducted; (¢} Forecast height using the fidel-
ity scheme with the corresponding observational height deducted,

The error of monthly mean height in the middle and lower troposphere at the second,
third, and even fourth integral week can also be largely reduced and some well-known
systematical defects can be greatly improved, for example, Like these at 500 hPa (see Fig. 6).
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A large part of the positive contributions comes from improvements of the extra—long
wave components (see Figs, 4 and 5).

[t may be stated that functions of revising small digit internal deviation from the energy
conservation characteristic is by no means small, and the achieving of a high—order total ener-
gy conserving scheme is of significance to the elimination of computational sysiematical er-
rors and improvements of either weather or c¢limate numerical predictions,

Besides these, the results concerning the improvements of the upper model atmosphere
will be presented in a separate paper as it concerns fidelity computations of physical dissipa-
tion and more complex interactions between the physical conservation laws and the physical
dissipation and others, and is therefore beyond conservative system modeling.

Acknowledgments. This paper was presented at the 56th session of Young Scientist Forum held ot December
3—4, 2000, at China Hall of Science and Technology, Beijing, by Chinese Association for Science and Technology.
This research was jointly supported by the Mational Key Programme for Developing Basic Sciences (G1998040911)
and the National Natural Science Foundation of China under Grant Nos, 49675267, 49205058, and 49975020,

REFERENCES

Galerkin, B., 1915 Rods and plates. Series occurring in various questions concerning thé elastic equilibrium of rods
and plates. Vestnik inzhenerov, 19, 897-908.

Arakawa, A, 1966: Computational design for long—term numerical integration of the equations of atmospheric mo-
tion, J. Comput. Phys., 1,119-143,

Simmons, A. J., and D, M, Burridge, 1981: An energy and angular momentum conserving vertical finite—difference
scheme and hybrid vertical coordinates, Mon, Wea. Rev., 109, 758~766.

Zeng Qingeun, 1979 The Physical- Mathematical Basis of Numerical W eather Prediction, China Science Press, Beij-
ing, 58—5% (in Chinese).

Wang, B., and Ji, Z, 1990: The construction and preliminary test of the explicit complete square conservative differ-
ence scheme, Science Bulletin, 35, 766—768 (in Chinese),

Zeng, Q., and Zhang, X., 1982: Perfectly energy—conservative time—space finite—difference schemes and the consis-
tent split method to solve the dynamical equations of compressible fluid, Seiesria Sinica, Series B, XXV,
B66—880.

Zhong Qing, 1992a: The formulation of a perfect square conservative time~-difference scheme and its preliminary
check, Chinese Science Bulletin, 37, 497-502,

Zhong Qing, (992b: A general inverse formulation principle of perfect conservative scheme and its applications,
Chinese Journal of Computational Physics, 9, 758—764 (in Chinese),

Zhong Qing, 1993; An inverse compensation formulation principle of long effective fidelity scheme of evolution prob-
lems and its preliminary applications, Chinese Science Bulletin, 38, 1101-1107,

Zhong Qing, 1994: An application of fidelity scheme theory: A preliminary report on preserving complete energy and
mass conservation characteristics in multiple—level primitive—equation semi—implicit spectral model and its pre-
liminary benefits to a real data forecast skill scores and RMS error. Proceedings of Tenth Conference on Numeri-
cal Weather Prediction, 266—268,

Zhong Qing, 1995a: Long valid time energy perfect conserving spectral scheme of barotropic primitive equation,
Acta Mereorologica Sinica, 8, 313-324,

Zhong Qing, 1995b: Efficient enstrophy perfect conserving fidelity spectral schemes of barotropic primitive equation.
Chinese Journal of Aimospheric Sciences, 19, 268—278,

Zhong Qing, 1997: The formulation of fidelity schemes of physical conservation laws and improvements on a tradi-
tional spectral model of baraclinic primitive equations for numerical predictions. Acta Meteorelogica Sinica,
641661, 13, 224—248 {in Chinese).




1112 Advances in Atmospheric Sciences Vol. 19

—HKIHEHRFREERSRE
R RRSSIER B

woEF  BRxEE HES
wm =

MERFTRERD 26k RTEEAN il 6 K AR SRR A
MEeERTLTHEMLBR FREME, # T FEFRSKMF PR AM DL
(ECMWF) i) o— R R T B ki R A kB RN TN LS. TREY,
850 hPa -1 FUiR M E 4 RMS B2 EHS — R LGB 8 9 B, 215 30 REmMMRERE
R B T 50%. # —HRER KRS, SHE DTN TN AR YRS RMS 1%
LBERM, THL—EWEMRELRE AT AREDS. FMEMR T B R, X Bl
B AR — BB MR R B B Bttt IS B, XA, G M S AR R A I K BR
THES T EERERERT, AT BEERAVRES B DXL, MXFRERTFE
TR g BB H R T AR R O B R SR .

XA REAFR HBERARE BERKRTE



