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ABSTRACT

The precursors of dipole blocking are obtained by a numerical approach based upon a quasi-geostrophic
barotropic planetary- to synoptic-scale interaction model without topography and with a localized synoptic-
scale wave-maker. The optimization problem related to the precursors of blocking is formulated and the
nonlinear optimization method is used to examine the optimal synoptic-scale initial field successfully. The
results show that the prominent characteristics of the optimal synoptic-scale initial field are that the
synoptic-scale wave train structures exist upstream of the incipient blocking. In addition, the large-scale
low/high eddy-forcing pattern upstream of the incipient blocking is an essential precondition for the onset
of dipole blocking.
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1. Introduction

Blocking is an important part of the low-frequency
variability of the atmospheric circulation in the mid-
high latitudes and can cause anomalous weather con-
ditions over large extratropical regions. Therefore, it
has been an interesting, challenging question to me-
teorologists for decades (Rex, 1950a, b; Chaney and
Devore, 1979; McWilliams, 1980; Shutts, 1983; Luo,
1999, 2000, 2005a, b). So far, the maintenance of
blocking has been fairly well investigated, while its on-
set is still very poorly understood. Whether it is pre-
dicted successfully or not has been a standard for as-
sessing medium-range prediction models (Tibaldi and
Molteni, 1990). Transition to blocking is a problem of
both theoretical interest and practical importance for
weather prediction.

Recently, new progress has been made on the pre-
cursors of blocking. Nakamura et al. (1997) showed
that a quasi-stationary wave train across the Atlantic
is evident during the blocking amplification over Eu-
rope, while no counterpart is found to the west of
the amplifying blocking ridge over the North Pacific
through composite analysis. Michelangeli and Vautard

(1998) found two synchronous antecedent conditions
over Europe-Atlantic blocking: planetary-scale waves
moving to the west and strong baroclinic synoptic-
scale wave trains. Li et al. (1999) proposed that
the structural modification of eddies in the wave train
leads to the planetary structures that become associ-
ated with block onset using adjoint sensitivity pertur-
bations. Both data analysis and diagnosis studies have
emphasized the importance of synoptic-scale waves in
block onset.

Frederiksen (1997) proposed the concept of the
finite-time normal mode in which the basic state
changes with time, and he applied it to the study of
initial perturbations of blocking, vhereas it had been
found that there are optimal perturbations which de-
velop faster than the normal modes in the linear range
(Lacarra and Talagrand, 1988; Farrel, 1990). Buizza
and Molteni (1996) applied linear instability analysis
to study the role of barotropic dynamics in the evolu-
tion of blocking and pointed out that the fastest grow-
ing perturbations upstream in the ridge are essential to
the formation of localized dipole blocking. However,
it is well known that the motion of the atmosphere
or the ocean is governed by nonlinear systems, and

*E-mail: ldh@ouc.edu.cn



NO. 3 JIANG AND LUO 409

the validity of the linear approximation should be in-
vestigated. Oortwijn and Barkmeijer (1995) extended
the fast-growing perturbation to the nonlinear regime
with an iterative procedure and showed that the opti-
mal perturbations lying upstream of the blocking are
stronger in the nonlinear range than those in the linear
range.

Recently, the nonlinear optimization method has
found quite a few applications in atmosphere and
ocean studies. To study the nonlinear amplification
of initial perturbations, Mu (2000) extended singular
vectors (SVs) and singular values (SVAs) to nonlin-
ear theories and proposed a novel concept of nonlinear
singular vectors (NSVs) and nonlinear singular values
(NSVAs). These concepts were applied to study the
first kind of predictability in a two-dimensional quasi-
geostrophic model (Mu and Wang, 2001). In Mu et al.
(2003), the concept of the conditional nonlinear opti-
mal perturbation (CNOP) was proposed, and then this
method was applied to study the “spring predictability
barrier” in ENSO (Mu and Duan, 2003) and the opti-
mal precursors for ENSO events (Duan et al., 2004).
Besides these, it has also been applied to the study
of the stability of the ocean’s thermohaline circulation
(Mu et al., 2004). The concepts of NSVs and CNOPs
are essentially nonlinear problems. Furthermore, Mu
et al. (2002) and Xu et al. (2004) applied the non-
linear optimization method to sensitivity analysis of
a numerical model. From the above, it is known that
the nonlinear optimization method has great potential
in applications.

The purpose of this paper is to explore what
the characteristics are of the synoptic-scale waves
for the onset of blocking in the nonlinear frame-
work. By solving a nonlinear optimization problem,
the optimal synoptic-scale waves are captured numer-
ically. The theoretical model used here is a quasi-
geostrophic barotropic planetary-to synoptic-scale in-
teraction model without topography and with a lo-
calized synoptic-scale wave-maker (Luo, 2005a, b)
and its corresponding adjoint model. The envelope
Rossby solitons theory not only simulates the life cy-
cle of blocking successfully, but also it is able to re-
flect the mutual feedback of planetary-scale waves and
the synoptic-scale waves (Luo, 1999, 2000, 2005a, b).
What is more, it is able to describe the multi-eddy
structures of blocking appearing in the daily synoptic
chart, while many previous theories can only describe
the mature stage of blocking (Butchart et al., 1989;
Malguzzi and Malanotte-Rizzoli, 1984).

This paper is organized as follows. In section 2,
a quasi-geostrophic barotropic planetary- to synoptic-
scale interaction model without topography and with a

localized synoptic-scale wave-maker is described. Sec-
tion 3 presents a nonlinear optimization framework.
The optimal synoptic-scale field prior to block onset is
found in section 4. Section 5 provides discussion and
conclusions.

2. The model details

The dimensionless quasi-geostrophic barotropic
planetary- to synoptic-scale interaction model without
topography and with a localized synoptic-scale wave-
maker on a beta-plane channel, used in this paper, can
be written as (Luo, 1999, 2005a, b)(
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The total stream function

ψtol = −uy + ψp + ψs

has been divided into three parts: the basic field −uy
for a constant background westerly (ū = 0.7), the
planetary-scale part ψp and the synoptic-scale part
ψs; F = (L/Rd)2 and β = β0L

2/U , in which Rd is
the radius of Rossby deformation, β0 is the merid-
ional gradient of the Coriolis parameter, both L=106

m and U=10 m s−1 are the horizontal length and ve-
locity scales respectively. γ = 5×10−3 is the dissipa-
tion coefficient. ∇2 is the horizontal Laplacian oper-
ator. For simplicity, space domain Ω = [−6, 6]× [0, 5]
with a zonal periodic boundary condition. J(a, b) =
(∂a/∂x)(∂b/∂y) − (∂a/∂y)(∂b/∂x) is the Jacobian
operator, for example, the synoptic- and synoptic-
scale nonlinear interaction −J(ψs,∇2ψs), is split
into synoptic-scale part −J(ψs,∇2ψs)s and planetary-
scale part −J(ψs,∇2ψs)p, in addition, planetary- and
planetary-scale nonlinear interaction −J(ψp,∇2ψp),
and planetary- and synoptic-scale nonlinear interac-
tion −[J(ψs,∇2ψp) + J(ψp,∇2ψs)] is also split into
two parts as the above.

The planetary-scale stream function and synoptic-
scale stream function satisfy the following boundary
conditions respectively:

∂ψn

∂x
= 0,

∂2ψn

∂t∂y
= 0, y = 0, Ly, (n = p,s) (2)
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Fig. 1. Planetary-scale initial streamfunction field (Day
0) (A0=0.45), in which the x-axis represents the zonal di-
rection, and the y-axis represents the meridional direction,
and the value is dimensionless length. (The following fig-
ures are the same as Fig. 1). The contour interval (CI) is
0.28.

where Ly is the width of the beta-plane channel (Ly =
5), and ψn = ψn(y, t) represents a zonal average of the
planetary-scale stream function ψp and synoptic-scale
stream function ψs respectively.

The planetary-scale initial field is assumed to be
(Luo, 1999):

ψp0 = 2A0

√
2
Ly

sech(0.85A0x) cos(kx) sin(my) , (3)

where A0 is a constant representing the amplitude of
initial blocking. A0 = 0.45 is chosen in this paper so
that there are no closed centers and only a little ridge
of high pressure (as shown in Fig. 1).

sech x =
2

ex + e−x
, k =

2
6.371 cos(φ0)

,

m = −2π
Ly

,

and φ0 is the central latitude of blocking, which as
usual is φ0=55◦.

In the barotropic model, in order to generate baro-
clinic waves, a wave-maker is put upstream of an in-
cipient blocking, which is an ideal perturbing source
with time. This approach is used by Shutts (1983).
The wave-maker used in this paper is as follows:

Fs = 2C0ε[−2γ(x+ x0)]e−αε
2(x+x0)

2
[a1 cos(k1x− ω1t)

− a2 cos(k2x− ω2t)] sin(my/2) , (4)

where

a1 = u(3k2
1 +m2/4)− β, a2 = u(3k2

2 +m2/4)− β,

k1 =
9

6.371 cos(φ0)
, k2 =

11
6.371 cos(φ0)

,

ω1 = uk1 −
(β + Fu)k1

(k2
1 +m2/4 + F )

,

ω2 = uk2 −
(β + Fu)k2

(k2
2 +m2/4 + F )

,

C0 is the intensity of the perturbing source and x0 is
the position of the source. In this paper, we choose
C0 = 0.04, ε = 0.24 and α = 1.8.

In our numerical approach, the temporal dis-
cretization is the Adams-Bashforth scheme, where
stream functions ψp and ψs are treated as unknown
terms. The Arakawa finite difference scheme is used to
discretize the Jacobian operator, in which subscript p
represents 0–4 waves through a space Fourier filtering,
and s represents 8–16 waves through the space Fourier
filtering. The five-point difference scheme is used to
discretize the Laplacian operator, in which the grid
spacing ∆x = 0.36 and ∆y = 0.33 correspond to di-
mensional length of 36 km and 33 km respectively, and
the time step ∆t = 0.012 corresponds ∆t = 20 min in
the domensional form.

3. The formulation of the nonlinear optimiza-
tion problem

In the theory of blocking proposed by Luo (2005a,
b), the planetary-scale initial field may develop into
a dipole blocking pattern under the eddy source up-
stream of the blocking even in the absence of topog-
raphy. The numerical experiment of this theory also
obtains similar results (Jiang et al., 2005). However,
whether the planetary-scale initial field can develop
into a typical dipole block pattern depends, to a large
extent, on the structure of the initial synoptic-scale ini-
tial field. So, in this paper, the answer to the problem
needs to be sought, namely to answer: what synoptic-
scale initial field can make the planetary-scale initial
field ψp0 develop into a typical dipole blocking pattern
ψp, obs at a given time? The following ψp, obs can be
obtained based upon (3)

ψobs =−uy+2B0

√
2
Ly

sech(0.85B0x) cos(kx) sin(my) ,

(5)

where ψp, obs is 0–4 waves of ψobs through the space
Fourier filtering and B0 is the amplitude of the typical
dipole blocking.

For fixed T > 0 and initial condition

ψp|t=0 = ψp0, ψ
′
s|t=0 = ψ′

s0 ,

the propagators Mp,T and Ms,T are well defined, i.e.,

ψp(x, y, T ) = Mp,T (ψp0, ψ
′
s0) ,

ψs(x, y, T ) = Ms,T (ψp0, ψ
′
s0) ,

are the solution of (1.1) at time T .
In this paper, the Euler norm is employed, which

is defined as,

‖ψ‖2 =
∫

Ω

ψ2dxdy . (6)
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Now we define the objective function,

J(ψ
′∗
s0) = min

ψ′
s0

J(ψ′
s0) , (7)

where

J(ψ′
s0) =

1
2
[Mp,T (ψp0, ψ

′
s0)− ψp,obs]T

[Mp,T (ψp0, ψ
′
s0)− ψp, obs] , (8)

where T the matrix transpose, and ψ
′∗
s0 is the optimal

synoptic-scale initial field when the objective function
attains the minimum.

In order to seek the minimum of the objective func-
tion, the gradient of the objective function with re-
spect to the initial synoptic-scale field should be de-
termined. The first variation of J(ψ′

s0) is

δJ(ψ′
s0) =[Mp,T (ψp0, ψ

′
s0)

− ψp, obs,Mp,T (ψp0, ψ
′
s0)δψ

′
s0] , (9)

where Mp,T is the tangent linear approximation of
propagator Mp,T .

Let M∗
p,T be the adjoint operator of Mp,T , we have

∇J(ψ′
s0)=M∗

p,T (ψp0, ψ
′
s0)[Mp,T (ψp0, ψ

′
s0)−ψp, obs] .

(10)

The optimization algorithm is the limited memory
BFGS method, which is an extension of the conju-
gate gradient method. It is widely used in predictabil-
ity, sensitivity analysis, data assimilation and ensem-
ble forecasting. Nonlinear optimization methods are
already being used successfully in the study of atmo-
spheric and oceanic science (Mu and Wang, 2001; Mu
et al., 2003; Xu et al., 2004).

4. The optimal synoptic-scale initial field of
dipole blocking patterns

4.1 Results of the numerical experiment

Considering that the mature blocking is usually
in the upstream of the incipient blocking, the typical
dipole blocking pattern defined is in the west of the
initial blocking. In this paper, B0=1.0, so that there
are closed high and low pressure centers, as shown in
Fig. 2. Certainly, the amplitude and the position can
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Fig. 2. Typical dipole blocking for B0=1.0, CI is 0.28.
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                   Fig. 4 

Fig. 3. Optimal synoptic-scale initial field for optimiza-
tion time of T = 3 days (Day 0) (CI is 0.2), in which the
solid lines represent the positive isolines and the dotted
lines represent the negative isolines.
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                   Fig. 4 Fig. 4. Same as in Fig. 3 except with optimization time
of T = 5 days (Day 0) (CI is 0.15).
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Fig. 5. Same as in Fig. 3 except with optimization time
of T = 7 days (Day 0) (CI is 0.1).

exhibit small changes, but these do not influence the
conclusions. We fix T = 216, 360, and 504 steps (cor-
responding to Days 3, 5 and 7) and the corresponding
optimal synoptic-scale initial fields are shown in Figs.
3, 4 and 5 respectively. The results show that the
common characteristics of these three pictures are the
typical wave train structures in the upstream of the
incipient blocking. Comparing these three pictures, it
is also found that the longer the optimization time T
is, the stronger the optimal synoptic-scale initial field
is, which is easily understood from the point of view of
energy. In addition, when the optimization time T is
7 days, there are two branches in the north-south di-
rection in the optimal synoptic-scale initial field. Cer-
tainly, because of the solid boundary condition in the
north-south direction, the values on the north/south
boundary are not well disposed.

Now using Fig. 3 as the initial synoptic-scale field
(Day 0), we simulate the evolution of the planetary-
scale waves and synoptic-scale waves respectively. The
results show that planetary-scale field develops into a
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typical dipole blocking and the synoptic-scale waves
divide into two branches in the north-south direction
at the given optimization time (Fig. 6), which is almost
consistent with the forced envelope Rossby soliton the-
ory (Luo, 1999, 2000, 2005a, b) and the numerical sim-
ulation (Jiang et al., 2005). For the optimization time
interval being 5 and 7 days, respectively, we see sim-
ilar results respectively. For simplicity, they are not
shown here.

4.2 The eddy feedback Jp = −J(ψs,∇2ψs)p

In order to investigate the contribution of the non-
linear self-interaction of synoptic- scale waves to the
planetary-scale waves, the large-scale eddy feedback
Jp field is calculated for the optimal initial synoptic-
scale field and its evolution. The Jp field is shown in
Fig. 7, when the optimization time T is 3 days. The re-
sults show that the Jp field possesses a low/high struc-
ture located in the upstream of the incipient blocking
till the maturation of the blocking, in which the neg-
ative value region (dashed lines) represents the eddy-

induced planetary-scale anticyclonic vorticity, and the
positive value region (solid lines) represents the eddy-
induced planetary-scale cyclonic vorticity in this whole
process. During the onset stage of the vortex pair
block, the eddy-induced planetary- scale anticyclonic
vorticity is injected into the high pressure region of
blocking, and then it promotes the development of the
blocking anticyclone; but the eddy-induced planetary-
scale cyclonic vorticity is injected into the low trough,
and then it promotes the development of the low pres-
sure of blocking. That is to say, the structure of the
synoptic-scale waves in the upstream of the incipient
blocking is very important for the onset of blocking.
When the optimization time T is 7 days, the same re-
sults can be obtained (Fig. 8). This low/high Jp field
of eddy-ignored planetary-scale vorticity transport is
essential for the onset of blocking, which may be an in-
dicator of blocking onset. The above results obtained
by the optimization method are consistent with the
results of the diagnosis by Luo et al. (2001).
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Fig. 6. Evolvement of planetary-scale waves (CI is 0.28) and synoptic-scale waves (CI is 0.2)
respectively using Fig. 3 as the synoptic-scale initial field. (a) Day 1 of the planetary-scale waves,
(b) Day 2 of the planetary-scale waves, (c) Day 3 of the planetary-scale waves; (d) Day 1 of the
synoptic -scale waves, (e) Day 2 of the synoptic-scale waves, (f) Day 3 of the synoptic-scale waves.
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Fig. 7. Jp field [Jp = −J(ψs,∇2ψs)p] for the first 4 days (CI is 0.8) with an optimization time
of T = 3 days. The solid lines represent the positive isolines and the dotted lines represent the
negative isolines. (a) Day 0, (b) Day 1, (c) Day 2, (d) Day 3.

- 21 - 

-6 -4 -2 0 2 4 6
0

1

2

3

4

5

-6 -4 -2 0 2 4 6
0

1

2

3

4

5

-6 -4 -2 0 2 4 6
0

1

2

3

4

5

-6 -4 -2 0 2 4 6
0

1

2

3

4

5

(a) (b)

(c) (d)

 

 

Fig. 7 

 

-6 -4 -2 0 2 4 6
0

1

2

3

4

5

-6 -4 -2 0 2 4 6
0

1

2

3

4

5

-6 -4 -2 0 2 4 6
0

1

2

3

4

5

-6 -4 -2 0 2 4 6
0

1

2

3

4

5

(a)

(c)

(b)

(d)

Fig.8 Fig. 8. Same as in Fig. 7 except with the optimization time of T = 7 days.

5. Discussion and conclusions

In this paper, the optimal synoptic-scale waves for
the onset of blocking are obtained by solving the cor-
responding optimization problem numerically. Nonlin-
ear optimization methods are used to study the block
onset for the first time, which provides an advanta-
geous tool for the study of the blocking precursors.
This lays a foundation for the further study of initial
perturbations for blocking, which overcomes the limit
of traditional linear methods.

The results show that the prominent characteris-
tics of the optimal synoptic-scale initial field for differ-

ent optimization times are the wave train structures
upstream of the incipient blocking. The longer the op-
timization time T is, the stronger the synoptic-scale
waves are. From the analysis of the eddy-feedback Jp

field, it is found that the large-scale low/high eddy-
forcing pattern upstream of the incipient blocking is
an essential precondition for the onset of dipole block-
ing, which is consistent with the observation analysis.

Besides this, other kinds of general objective func-
tions based on the understanding of blocking can be
adopted to investigate the effects of perturbations on
the onset of blocking, because there are some limi-
tations in this objective function, especially the def-



414 STUDY OF THE OPTIMAL PRECURSORS FOR BLOCKING EVENTS VOL. 22

inition of the typical blocking pattern. This work is
just the beginning of a nonlinear optimization theory
framework being applied to the study of the onset of
blocking.
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