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ABSTRACT

In the first paper in this series, a variational data assimilation of ideal tropical cyclone (TC) tracks was
performed for the statistical-dynamical prediction model SD–90 by the adjoint method, and a prediction
of TC tracks was made with good accuracy for tracks containing no sharp turns. In the present paper, the
cases of real TC tracks are studied. Due to the complexity of TC motion, attention is paid to the diagnostic
research of TC motion. First, five TC tracks are studied. Using the data of each entire TC track, by the
adjoint method, five TC tracks are fitted well, and the forces acting on the TCs are retrieved. For a given
TC, the distribution of the resultant of the retrieved force and Coriolis force well matches the corresponding
TC track, i.e., when a TC turns, the resultant of the retrieved force and Coriolis force acts as a centripetal
force, which means that the TC indeed moves like a particle; in particular, for TC 9911, the clockwise
looping motion is also fitted well. And the distribution of the resultant appears to be periodic in some
cases. Then, the present method is carried out for a portion of the track data for TC 9804, which indicates
that when the amount of data for a TC track is sufficient, the algorithm is stable. And finally, the same
algorithm is implemented for TCs with a double-eyewall structure, namely Bilis (2000) and Winnie (1997),
and the results prove the applicability of the algorithm to TCs with complicated mesoscale structures if
the TC track data are obtained every three hours.
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1. Introduction

Tropical cyclone (TC) motion is one of the two core
problems (tracks and intensity) in TC dynamics. In
the early literature, a TC is usually regarded as a point
vortex. Yeh (1950) and Kuo (1969), for instance, both
viewed a TC as a point vortex (Rankine combined vor-
tex) and studied TC motion and the impacts of the
environment on TC motion. Their results indicated
that TC motion often appears to be cyclonic trochoidal
oscillations, the amplitudes and periods of which de-
pend on the scale and intensity of the vortex and the
displacement velocity of the ambient flow. Since the

model of a point vortex is an oversimplified one, tracks
of trochoidal oscillations can only describe part of the
tracks of real TCs, and therefore, one gradually stud-
ies TCs from the vorticity viewpoint instead, which
is now a prevailing concept in TC research. Based
on the vorticity viewpoint, one largely understands
the mechanism of TC motion using numerical simula-
tion methods (Chan and Williams, 1987; Fiorino and
Elsberry, 1987; Li and Zhu, 1990; Luo, 1991; Smith,
1991; Willoughby, 1992; Wu and Emanuel, 1993; Wu
and Wang, 2000), and the prediction accuracy of TC
tracks has improved greatly. This progress is summa-
rized in Chan (2005). It is now acknowledged that
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the problem of predicting regular TC tracks has been
solved. But for irregular TC tracks, such as those with
sudden speedups, sudden slowdowns and even stagna-
tion, sharp changes in direction, zig-zagging tracks,
etc., there is not a powerful approach.

However, is the theory of a point vortex really in-
correct? Perhaps it is not. For instance, the statistical-
dynamical prediction model (SD) of TC tracks from
the point vortex viewpoint developed by the Shanghai
Institute of Typhoons is one of the successful oper-
ational models (Xue and Li, 1995), which has been
updated from the earliest version SD-75 in the 1970s
to SD-90 in the 1990s, and has a rather good accu-
racy for regular TC tracks. Besides, Xiang and Wu
(2005) also established the relationship between TC
motion and the asymmetric structures of the TC wind
field, showing theoretically that the point vortex is a
reasonable model.

In the first paper in this series (Xiang et al., 2004),
the adjoint method was applied to SD-90 to study TC
movements and ideal numerical tests were performed,
and these showed that SD-90 has a good prediction
ability. In the present paper, real TCs are consid-
ered, and the focus is centered on diagnostic aspects.
Through the adjoint method, not only are real TC
tracks fitted well, but also the forces acting on the
TCs are retrieved.

This paper is laid out as follows. Section 2 cov-
ers the theoretical aspects; section 3 shows the ap-
plication of the algorithm to real TC tracks with com-
plete and partial TC track data; TCs with complicated
mesoscale structures are considered in section 4; and
the paper ends with conclusions and discussion in sec-
tion 5.

2. The theoretical aspects

To help the render’s understanding, the following
presents the theoretical part of the application of the
adjoint method to SD-90.

For SD-90, a TC is regarded as a point vortex
whose motion satisfies

dx

dt
= u ,

dy

dt
= v ,

du

dt
= (f0 + βy)v + Fx(t) ,

dv

dt
= −(f0 + βy)u + Fy(t) ,

x|t=0 = x0 , y|t=0 = y0 , u|t=0 = u0 , v|t=0 = v0 .

(1)

Here, 0 6 t 6 T, (u, v) and (x, y) are the velocity
and coordinates’, respectively, of the TC center, and

(Fx, Fy) is the force exerted on the TC excluding the
Coriolis force f0 + βy.

Suppose that over the interval 0 6 t 6 T , the ob-
servational TC track is [X = Xobs(t), Y = Yobs(t)].
Now, the goal is to determine the optimal initial ve-
locity (u0, v0) and forces [Fx(t), Fy(t)], such that the
corresponding solution x(t), y(t), u(t), v(t) of Eq. (1)
minimizes the functional

J [u0, v0, fx(t), Fy(t)] =
1
2

∫ T

0

{[(x(t) − Xobs(t)]2

+ [y(t) − Yobs(t)]2}dt . (2)

It can be seen that the solution u0, v0, fx(t), fy(t) is
possibly not unique [in fact, it is an inverse problem
to determine u0, v0, fx(t), fy(t)]. In order to obtain
a unique physical solution, motivated by the think-
ing behind regularization, a stable functional is added
to J so as to keep the solution unique, to speed up
convergence of the solution, and to reduce numerical
oscillations in the iterative process (Huang and Wu,
2001). In the meantime, motivated by the theory of
optimal control, a terminal control term is also added
to J so that the fitted track [namely x(t), y(t)] and
the observational TC track [namely Xobs(t), Yobs(t)]
are kept as close as possible to each other at the ter-
minal. Therefore, the new functional (still denoted by
J)is

J [u0, v0, Fx(t), Fy(t)] =
1
2

∫ T

0

{[x(t) − Xobs(t)]2

+ [y(t) − Yobs(t)]2}dt

+
γ1

2

∫ T

0

(u2 + v2)dt

+
γ2

2

∫ T

0

[(
du

dt

)2

+
(

dv

dt

)2
]

dt

+ δ{[x(T ) − Xobs(T )]2

+ [y(T ) − Yobs(T )]2} , (3)

where γ1, γ2 > 0 are referred to as the regularization
parameters, and δ > 0 is the restraint parameter at
the terminal.

Assume that, for u0, v0 and Fx(t), Fy(t), the so-
lution of (1) is x(t), y(t), u(t), v(t); for the disturbed
ũ0 = u0 + αU, ṽ0 = v0 + αV (U, V are any fixed
constants, α is an arbitrary constant) and the dis-
turbed Fx(t) + αF1x(t), Fy(t) + αF1y(t) [F1x(t), F1y(t)
are any fixed functions], the solution of Eq. (1) is
x̃(t), ỹ(t), ũ(t), ṽ(t). Define

ŝ = lim
α→0

s̃ − s

α
,

where

s = x(t), y(t), u(t), v(t) .



120 APPLICATION OF THE ADJOINT METHOD TO A STATISTICAL-DYNAMICAL PREDICTION MODEL VOL. 23

Table 1. Main characteristics of five TCs.

TC Occurrence Initial position Final position Track direction

9112 2000 UTC 15 Aug–0200 UTC 25 Aug 21.1◦N, 49.0◦E 35.0◦N, 120.5◦E Northwestward

9804 1400 UTC 25 AUg–1400 UTC 7 Sept 24.1◦N, 132.9◦E 48.1◦N, 166.0◦E Northeastward

9908 2000 UTC 19 Aug–1400 UTC 23 Aug 16.9◦N, 124.5◦E 23.8◦N, 112.8◦E Northwestward

9911 0800 UTC 16 Sept–0500 UTC 19 Sept 29.5◦N, 128.1◦E 32.0◦N, 122.2◦E Westward to Northwestward North-

0115 1400 UTC 4 Sept–0800 UTC 12 Sept 18.7◦N, 152.1◦E 41.8◦N, 145.7◦E westward turning to Northeastward
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Fig. 1. TC 9112. (a) The fitted and real track; (b) The
retrieved velocity vector (bold, unit: (◦) h−1) and the re-
sultant of the retrieved force and Coriolis force (light, unit:
×116.8 N) during the whole span of the TC motion.

Then, the tangent linear model (TLM )of Eq. (1)
is

dx̂

dt
= û ,

dŷ

dt
= v̂ ,

dû

dt
= (f0 + βy)v̂ + βvŷ + F1x ,

dv̂

dt
= −(f0 + βy)û − βuŷ + F1y ,

x̂|t=0 = 0, ŷ|t=0 = 0, û|t=0 = U, v̂|t=0 = V,

(4)

The adjoint equations and adjoint initial conditions
are
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Fig. 2. TC 9804. (a) The fitted and real track; (b) The
retrieved velocity vector (bold, unit: (◦) h−1) and the re-
sultant of the retrieved force and Coriolis force (light, unit:
×116.8 N) during the whole span of the TC motion.

−dP

dt
= x(t) − Xobs ,

−dQ

dt
− β(vR − uS) = y(t) − Yobs ,

−dR

dt
− P + (f0 + βy)S = γ1u − γ2

d2u

dt2
,

−dS

dt
− Q − (f0 + βy)R = γ1v − γ2

d2v

dt2
,

P (t) = δ[x(T ) − Xobs(T )] ,

Q(T ) = δ[y(T ) − Yobs(T )] ,

R(T ) = γ2
du

dt

∣∣∣∣
t=T

, S(T ) = γ2
dv

dt

∣∣∣∣
t=T

.

(5)

Therefore the functional gradient of J at [u0, v0, Fx(t),
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Fig. 3. TC 9908. (a) The fitted and real track; (b) The
retrieved velocity vector (bold, unit: (◦) h−1) and the re-
sultant of the retrieved force and Coriolis force (light, unit:
×116.8 N) during the whole span of the TC motion.

Fy(t)] is 
∇u0J = R(0) − γ2

du

dt

∣∣∣∣
t=0

,

∇v0J = S(0) − γ2
dv

dt

∣∣∣∣
t=0

,

∇Fx
J = R(t), ∇Fy

J = S(t) ,

(6)

Setting R = (R1, R2, R3, R4) = [u0, v0, Fx(t), Fy(t)],
then, the descent algorithm can be expressed as fol-
lows

Rj,i+1 = Rj,i + ∇Rj
J |Ri

· ρj,i+1 . (7)

3. Application to real TC tracks

In this section, five typical TC tracks occurring
in the Northwest Pacific Ocean are chosen. These
tracks are obtained through 3-hourly satellite position-
ing. By using the adjoint method, the initial velocity
and forces exerted on the TCs are retrieved, and the
tracks are fitted. The characteristics of five TCs are
exhibited in Table 1.

In the following, the assimilation from complete
track data is carried out first, and then the assimila-
tion from incomplete track data is also done to verify
the stability of the above algorithm.
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Fig. 4. TC 9911. (a) The fitted and real track, where
the arrow indicates the portion of the track that is in a
looping motion(see Fig. 6); (b) The retrieved velocity vec-
tor (bold, unit: (◦) h−1) and the resultant of the retrieved
force and Coriolis force (light, unit: ×116.8 N) during the
whole span of the TC motion.

3.1 Assimilation from complete track data

In the assimilations from complete track data for
five typical TCs (9112, 9804, 9908, 9911, 0115), the
real and the fitted tracks, as well as the relationship
between the retrieved velocity vector and resultant of
the retrieved forces and the Coriolis force, are shown
in Figs. 1–5. Note that the assimilations fit the real
tracks well.

It follows from Figs. 1–5 that the fitted tracks, re-
trieved velocities, and the resultants of the retrieved
force and Coriolis force have the following properties:

(1) Although the TC motions are very complicated,
the TC tracks can be fitted well, and the TC motions
are analogous to those of particles. When the angle
between the velocity and the resultant of the retrieved
force and Coriolis force is small, or approaches 180
degrees, the TC tracks usually appear to be approxi-
mately straight lines, with the TC motion accelerating
(small angle) or decelerating (the angle approaching
180 degrees). For example, for TCs 9804, 9908 and
0115, there exist portions of their tracks where the an-
gle between the retrieved velocity and the resultant is
small, and they move nearly straight.
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Fig. 5. TC 0115. (a) The fitted and real track; (b) The retrieved velocity vector (bold, unit: (◦) h−1) and the
resultant of the retrieved force and Coriolis force (light, unit: ×116.8 N) during the whole span of the TC motion.
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Fig. 6. Local magnification of Fig. 4. (a) Clockwise looping motion; (b) the corresponding retrieved velocity
(bold, unit: (◦) h−1) and the resultant of the retrieved force and Coriolis force (light, unit: ×116.8 N).

(2) When the angle between the velocity and resul-
tant is large, 90◦ or so, say, and the magnitude of the
resultant is not small (if small, the turning is mostly
slight), the TC tracks are curved, meaning that the
TCs are turning sharply. This case occurs in all the
above five TCs. In particular, for TC9911, there is a
looping motion (marked by an arrow in Fig. 4a, see
Fig. 6 below), which, along with the corresponding re-
trieved velocity vector and resultant in Fig. 4b, is mag-
nified in Fig. 6. From Fig. 6, it can be seen that the
third to seventh arrows (velocity vector) form a circuit,
which means that the simulated TC motion is a loop-
ing one. When the magnitudes of the resultants vary
from large to small, it seems that there are transition
processes, meaning that tracks switch their convexity.
This is especially clear for TCs 9112, 9804, and 0115.

(3) It seems that, in some cases, the resultants of
the retrieved forces and Coriolis forces are distributed
periodically (figures omitted here), which probably de-
termines the periodicity of the TC tracks.

3.2 Assimilation from incomplete track data

In the above, the assimilation from complete track
data of five typical TCs was performed, and the TC
tracks were fitted well, and the forces were retrieved.
These results indicate that the retrieved velocity and
the resultant of the retrieved force and the Coriolis
force match the fitted tracks well, and the TCs display
particle-like motion. Because this algorithm depends
on the observational data of TC tracks, an assimila-
tion from incomplete track data is performed below to
check the stability of this algorithm, using the track
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Fig. 7. The distribution of the retrieved velocity (bold, unit: (◦) h−1) and the resultant of the retrieved
force and Coriolis force (light, unit: ×116.8 N) for a portion of the TC 9804 track. (a) 12 hours; (b) 24
hours; (c) 36 hours; (d) 48 hours; (e) 60 hours; (f) 72 hours; (g) 84 hours; (h) 96 hours; (i) 108 hours; (j)
120 hours; (k) 168 hours; (l) 204 hours; (m) 240 hours; (n) 252 hours.
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Fig. 8. TC Bilis. (a) The fitted and real track; (b) The retrieved velocity vector (bold, unit: (◦) h−1) and the
resultant of the retrieved force and Coriolis force (light, unit: ×116.8 N) during the whole span of the TC motion.
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Fig. 9. TC Winnie with the track data every six hours. (a) The fitted and real track; (b) The retrieved velocity
vector (bold, unit: (◦) h−1) and the resultant of the retrieved force and Coriolis force (light, unit: ×116.8 N)
during the whole span of the TC motion.

data of TC 9804 as an example. The specific proce-
dure is as follows: an assimilation of the data of the
first 12 hour track is implemented, and then, the data
of the succeeding 12 hour track is added to fulfill the
same assimilation, and so on. The retrieved velocity
and the resultant of the retrieved force and Coriolis
force are shown in Fig. 7.

From Fig. 7, it can be seen that, in the period of the
first 72 hours, the distribution of the retrieved veloc-
ity and the resultant of the retrieved force and Coriolis
force is a little different from that of the complete TC
track data shawn in Fig. 2b; however, from the first 84
hours on, with the increasing amount of TC track data
used, the distribution of the retrieved velocity and the
resultant of the retrieved force and Coriolis force is al-
most the same as that of the complete TC track data,
which shows that the algorithm in this paper is stable

when using a sufficient amount of TC track data.

4. Double-eyewalled TC cases

It is now accepted that the accuracy of TC track
forecasts has been improved, although there are still a
lot of problems remaining to be solved. So, the pre-
vailing research focuses on the effects of changes in
the complicated mesoscale structure of typhoons, such
as the breaking and restoration of the eyewall, on the
track and intensity of the typhoons.

A concentric double-eyewalled mesoscale structure
is often observed in strong TCs both in the North-
west Pacific Ocean and in the Atlantic Ocean. Double
eyewalls usually mean the pattern of inner and outer
convective rings, with an inner ring diameter of 13 km
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 Fig. 10. TC Winnie with the track data every three hours. (a) The fitted and real track; (b) The retrieved velocity
vector (bold, unit: (◦) h−1) and the resultant of the retrieved force and Coriolis force (light, unit: ×116.8 N) during
the whole span of the TC motion.

and an outer ring diameter of 46 km (Chen and Ding,
1979; Peng et al., 2004). Now, Zhu et al. (2004)
modeled hurricane Bonnie (1998) using the Fifth-
Generation Pennsylvania State University–National
Center for Atmospheric Research Mesoscale Model
(MM5). And both the simulated and observed storms
also appeared to exhibit eyewall replacement scenar-
ios in which the storms weaken as double eyewalls ap-
pear, and then reintensify as their inner eyewalls di-
minish and concentric eyewalls develop. Their results
indicate that the eyewall replacement process may be
predictable because it appears to depend on the large-
scale flow. Here, we choose two double-eyewalled TCs
occurring in the Northwest Pacific Ocean to check the
applicability of the present method: Bilis (2000) and
Winnie (1997).

The track data of TC Bilis was obtained every
three hours.The fitted track and resultant of the re-
trieved force and Coriolis force are shown in Fig. 8, in-
dicating that the present method can also be applied
to the cases of double-eyewalled TCs.

Now we turn to TC Winnie. The track data of TC
Winnie was mostly obtained every six hours. The fit-
ted track and resultant of the retrieved force and Cori-
olis force are shown in Fig. 9. From the figure, it can
be seen that the track is fitted badly. In checking the
calculation process, it can be seen that the iteration
algorithm stops at a large level of the cost functional,
not at a small value. If interpolation procedure is per-
formed (perhaps with some error) so that the track
data of TC Winnie appear every three hours, then the
track is fitted well, and the fitted track, retrieved ve-
locity and resultant of the retrieved force and Coriolis
force match well (Fig. 10).

Therefore, it can be concluded that the present
method applies to TCs with evolving complicated

mesoscale structures, such as double-eyewall struc-
tures and so on, provided that the temporal resolution
of the track data is once every three hours.

5. Conclusions and discussion

In this paper, a variational data assimilation by the
adjoint method is carried out for five real TC tracks,
and the model used is the statistical-dynamical predic-
tion model SD–90. The results indicate that, although
the TC motions are very complicated, the TC tracks
can be fitted well; for a given TC, the distribution of
the resultant of retrieved force and Coriolis force well
matches the corresponding TC track. That is, when
a TC turns, the resultant of the retrieved force and
Coriolis force acts as a centripetal force, which means
that TCs behave like particles, which also verifies the
validity of the point vortex viewpoint. Furthermore,
the distribution of the resultants of retrieved forces
and the Coriolis forces appears to be periodic in some
cases. A variational data assimilation for a portion of
the track of TC 9804 shows that the algorithm in this
paper is stable when sufficient TC track data are used.

In all the turning tracks, recurvature accounts for
a rather large percentage. Hodanish and Gray (1993),
using data of North Pacific rawinsondes, investigated
the interaction between the synoptic-scale circulation
and tropical cyclones prior to, and during, the recur-
vature process, and their results show that the envi-
ronmental wind fields at all levels of the troposphere
are closely related to tropical cyclone motion prior to,
and during, recurvature. For tropical cyclones that
recurve, significant changes in the upper-tropospheric
zonal wind fields were observed 1–2 days prior to be-
ginning recurvature in the environmental sector north-
west of the storm. Cyclones actually began to recurve
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when positive zonal winds (westerlies) penetrated the
middle and upper troposphere to within 6◦ of the cy-
clones’ center. Tropical cyclones that did not recurve
consistently showed negative zonal winds at this ra-
dius. Our results in this paper indicate that recurv-
ing is characterized by the resultants of the retrieved
forces and the Coriolis forces as centripetal forces.
Of course, the background corresponding to retrieved
forces needs to be investigated further.

The SD–90 is now in use in operational TC pre-
diction. Since the force Fx(t) and Fy(t) is determined
according to the statistical regression method in SD-
90, theoretically, the present method for determining
Fx(t) and Fy(t) should be superior to the statistical re-
gression method, as is shown above by the numerical
results. For instance, TC turning is characterized by
the resultant of the retrieved force and Coriolis force
as a centripetal force. Therefore, theoretically, predic-
tion of TC tracks based on the present method should
have an advantage over that from SD–90. This is now
under research and will be published in another paper.
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