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ABSTRACT

A set of new parameterizations for the friction velocity and temperature scale over gently sloped terrain
and in calm synoptic conditions are theoretically derived. The friction velocity is found to be proportional
to the product of the square root of the total accumulated heating in the boundary layer and the sinusoidal
function of the slope angle, while the temperature scale is proportional to the product of the boundary
layer depth, the sinusoidal function of the slope angle and the potential temperature gradient in the free
atmosphere. Using the new friction velocity parameterization, together with a parameterization of eddy
diffusivity and an initial potential temperature profile around sunrise, an improved parameterization for the
thermally induced upslope flow profile is derived by solving the Prandtl equations. The upslope flow profile
is found to be simply proportional to the friction velocity.
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1. Introduction

In fair weather conditions, thermally induced up-
valley and up-slope flows prevail over complex terrain
during the daytime. These terrain-induced flows may
interact with the regional and synoptic-scale flows to
trigger convective precipitation, modify the wind di-
rection in the planetary boundary layer (PBL), and
affect the surface-atmosphere exchange of momentum,
heat and water vapor. It is, therefore, important to
properly account for their effect in weather forecasting
and climate models. Many previous studies have used

observations (Whiteman, 1982; Stewart et al., 2001;
Hunt et al., 2003), laboratory experiments (Chen et
al., 1996; Hunt et al., 2003) and numerical simulations
(e.g., McNider and Pielke, 1981; Pielke, 1984; Pielke
and Segal, 1986; Abbs and Pielke, 1986; Stephan et
al., 2002; Zhong et al., 2004) to examine the charac-
teristics of the upslope flows (u) and the surface fluxes
of momentum and sensible heat (w'u( and w'6}). It
is evident from these studies that the strength of the
thermally forced slope flows and the surface fluxes of
momentum and heat are closely related to the slope
angle (a) and the amount of accumulated heating in
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the PBL after sunrise defined by

h+2z¢
Q= / 10(=) — 00(2)]d= (1)

where 6(z) and 6y(z) are the potential temperatures
over a given slope site at ¢t and ¢ = 0 (around sunrise),
respectively; z, the vertical coordinate with z = 0 at
the slope surface; zg, the surface roughness; and h,
the PBL depth. The accumulated heating rate @ is
related to the surface sensible heat flux and slope an-
gle through the following relationship

h+2z¢
Q= / 10(2) — 0 (2)]dz

:/Ot

where Ot is the vertical gradient of 6(z) in the free
atmosphere and Jy, is the entrainment rate for the sen-
sible heat flux (under synoptically calm conditions, a
zero-order jump model in the daytime PBL is used in
the current study for simplification). We define 6" as

0" (2) = 0(2) — Op(2) . 2)

Despite the known fact that these variables, wu(z),
w’—u’o, w’—6"07 @, and «, are closely related to each other,
few quantitative relationships among them have been
derived. Such relationships may be obtained theoreti-

cally by integrating the classical Prandtl equations for
u(z) and 0(2):

h+zq
(14 6p)w'0) + / Brusinadz | dt

20

ou .y . ow'u’
5 = A0 sin o + 5 (3)
00 ow'd’

5= —frusina + Eral (4)
where A\ = g/ is a buoyancy parameter. w’u’ and
w'#" are the turbulent fluxes of momentum and sen-
sible heat, which can be estimated using the gradient
of the mean wind and potential temperature w'u’ =
K (2)0u(2)/0z and w0’ = Kr(2)(00(2)/02 — Yeg)
with . being a temperature counter-gradient and
K, and K, the eddy diffusivities for momentum and
heat. Assuming that the upslope flow along the middle
of a long homogeneous gentle slope does not vary and
that v.e = 0 and K (z) = Kr(z) = K(z) =constant,
Defant (1951) provided a classical schematic illustra-
tion of the diurnal cycle of a thermally forced cir-
culation through an infinitely deep atmosphere. For
steady-state, the upslope flow depth and the maximum
wind speed (Umax) from the Defant (1951) solution can
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be expressed as:
oKk \ /2
h= 5
m <Nsina) ’ (5)
AN &
Umpax = —=—€ 1, (6)

V2N

where N = (\fr)'/2 is the Brunt-Viisili frequency
and A6 is the value of 8”(z) at the slope surface. The
upslope flow depth is assumed to be the same as the
PBL depth. Equations (5) and (6) indicate that the
depth of the upslope flow layer decreases as the slope
angle increases, while the maximum slope flow speed
is independent of the slope angle.

The surface turbulent fluxes are typically com-
puted based on either the surface layer similarity or
a bulk parameterization (Chou et al., 2003; Bourras,
2006; Princevac and Venkatram, 2007; Venkatram and
Princevac, 2008). There has been some theoretical
work with respect to the parameterization of the tur-
bulent characteristics over slopping terrain. Gutman
and Melgarejo (1981) derived an analytical expression
for the friction velocity u.g, and the temperature scale
0.0, as functions of Br and a over a slightly inclined
terrain. Hunt et al. (2003) proposed that .o is pro-
portional to w,a'/? for a gentle slope, where w, is the
convective velocity.

The present study attempts to examine how the
slope angle (a) and the accumulated heating rate in
the PBL (Q) affect the friction velocity wu.o, the tem-
perature scale 6., and the thermally induced upslope
flow profile u(z). This is achieved through derivations
of the theoretical relationships based on the Prandtl
equations and under synoptically calm and steady con-
ditions in a meso-8 domain.

2. Formula for the friction velocity

Assume near calm synoptic conditions and steady
state, substituting w'u/ = u? into Eq. (3) yields:
o2(2)
0z

=—-\"(z)sina. (7)

Integrating Eq. (7) with respect to z from z = zp to

2 = 29 + h, for the boundary conditions: u2(z) = u2,

at z = 29 and u2(z) = —6pu?, at z = 29+ h, we obtain
AQ sin a
uly = T1o. (8)
AQ sin « 1/2
Ux0 = 110 ) (9)

where d,, is the entrainment rate for momentum.
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Equation (9) shows that in calm synoptic condi-
tions over sloping terrain, u,o depends on both ther-
modynamic (@) and dynamic («) processes and that
the w. is proportional to (@ sin «)/? and independent
of the vertical distribution of 6”(z). Notice that « is
considered a dynamic factor because of the clear link-
age between the strength of the thermally forced ups-
lope flow and w.o: both are proportional to (sin «)/?
as described by Eq. (9) above and Eq. (20) below.

As will be shown next, this new parameterization
for u.o is very important in deriving a theoretical for-
mula for the upslope wind profile u(z).

3. Formula for thermally-forced upslope flows

A theoretical formula for the upslope wind profile
u(z) as a function of the PBL heating rate @ and slope
angle a, can be derived by integrating Eq. (3) if the
turbulent momentum flux w’v’ and the perturbation
potential temperature 6” are known. In sections 3.1
and 3.2, we describe how w/v/ and 6" are parameter-
ized using the new parameterization for u.q and typical
profiles for potential temperature.

3.1 Model for the turbulent eddy diffusivity

As described earlier, as a first order approxima-
tion, the turbulent momentum flux in w’u’ in Eq. (3)
can be parameterized using w'v’ = Ky,(2)0u(z)/0z
where Ky, is the eddy diffusivities for momentum and
Ou(z)/0z is the vertical wind shear.

The simplest approach is to assume that K(z)
is a constant (e.g., Kao, 1981; Ye et al., 1987). A
somewhat more sophisticated formula for K(z) was
proposed by Gutman and Melgarejo (1981); K(z) =
ku.oz when 2z < —0.07L, and K(z) ~ (w'@))'/324/3
when z > —0.07L (k is the von Karman constant
and L is the Obukhov length). Stevens (2000) pre-
sented an analytic solution to a PBL model with a
cubic eddy diffusivity profile for the potential temper-

O(h)—i—elo [ln(hs+zo)+2ln<1+y)] , 20 <z<hs+z,

0(z) = k
6(h)

z

)

where Y = (1 — 15z/L)Y/? and Y5 = (1 — 1529/L)"/?.
A representative profile of f(z) around sunrise [defined
as 0p(z)] may consist of three layers [as schematically
illustrated by the thick solid line in Fig. (1)]: a noctur-
nal surface inversion layer of depth h; that was formed
the previous night; a less stable and nearly neutral
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ature. O’Brien (1970) obtained a cubic polynomial
formulation for K(§) in the PBL where £ = z/h is
a non-dimensional height. This formulation has been
used extensively in numerical models (Pielke et al.,
1983; Troen and Mahrt, 1986), but rarely in analyti-
cal studies, possibly because of its complexity.

In order to derive a reasonable vertical profile of
u(z), a cubic K, profile, as described by O’Brien
(1970), Pielke et al. (1983); Troen and Mahrt (1986),
(see Appendix B of Ye et al., 1987) is used in this
study:

K (€) = kuwoh€(1+ b1 — €)%, (10)
where £ = z/h. Equation (10) indicates that K, (¢)
depends on dynamic and thermal dynamic processes
through the variables u.o and h [as expressed by Eq.
(18)]. A small value of by (b;=0.05) is used so that the
value of K,,(€) at the top of the PBL is slightly larger
than zero, but much smaller than K., the maxi-
mum value of K,(§), which from Eq. (10), occurs at

E=(1+b1)/3.
3.2 The determination of 0" (2)

The observational data from Wangara (Clark et al.,
1971), O’Neill (Lettau and Davidson, 1957), Vampa
Valley in western Colorado (Whiteman, 1982) and
South Park in the Colorado Rockies (Banta and Cot-
ton, 1981) showed that during a calm, clear day over
different topography (plain, a deep mountain valley or
a broad, flat basin), a representative profile of (z)
in the daytime PBL typically consists of two layers:
a shallow super-adiabatic surface layer (with a depth
hs) where the potential temperature decreases rapidly
with height, and a near neutral layer where the po-
tential temperature profile is almost independent of
height. The two layer structure is schematically illus-
trated by the thin solid line in Fig. 1. Mathematically
it can be expressed as follows:

1+ Ys (11)

hs+zo<z<h+ 2z,

layer of thickness (hg — h1) remaining from the pre-
vious PBL; and a nearly uniform stable layer above
ho + zp. Mathematically, the three-layer approxima-
tion of the near sunrise potential temperature profile
can be expressed as:

z—20\"°
eo(hl) — Ab; (1 — n ) , 2 < hi + 20,

h1—|—20<2<h2—|—20, (12)

ho + 20 < z,
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where 0g(hq) is the value of 0y(z) at z = hy + 2o and
Ay = 0p(h1 + z0) — 00(z0) is the intensity of the sur-
face inversion layer. An analysis of the observational
data indicates that ng depends on the relative contri-
butions of radiative and turbulent cooling across h;
as discussed by André and Mahrt (1982), Yasuda et
al. (1986) and Garrat and Ryan (1989). It is assumed

0"(z) = { B0 (1 - ;fo) + Br(h —ha),
Br(h — ha) ,
Br(z — h2) ,

Substituting Eq. (13) into Eq. (1) and integrating
Eq. (1), yields the following formula:

Q=0Q1+Q2+0s, (14)
where 1, @2, and Qs are defined as:
hi1+z0 _ no
O :/ Af, (1 - ZO) dz
zZ0 hl
= h1A01/(1+no), (15)

ha+zo h+zo
Q2 = / Br(h — h2)dz + / Br(z — ha)dz

20 ha+zo

= ﬁT(hQ - h%)/2 ’

zoths 0.0 hs+zo 1+Y
QS_/ZO 2 [ln( ~ >+2ln(1+ys>]dz

b zo+hs(x) 1+Yp
=7 {zo {ln ( o +21In 1175 +

%(Ys _YO)} .

(17)

(1 represents the integrated nocturnal cooling across
h1 formed the previous night and g is the integrated
heating across the daytime super-adiabatic layer.

For commonly observed daytime upslope flows, the
steady-state values of ) and Qg are in order of 103 (K
m s~ !) and 10* (K m s™1), respectively, yielding a ra-
tio of Qs/Q of 1072. Qg can thus be eliminated from
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that Egs. (11 and 12) can be used to describe the
vertical profiles of 6(z) and 6y(z) over a given slope
site.

A representative profile of §”(z) can be derived by
substituting Eqs. (11) and (12) into Eq. (2), which
yields:

—2\™ 6. h 14+Y
A91<1—Z ZO) + Br(h — ho) + kf) {m<¥)+2ln< + )} 20 <2< hs + 70,

1+Ys
hs +z20<z<hy+ 2,
hi+20 <2< ha+ 20,
ho4+ 20 < z.

(13)

Eq. (14), suggesting that it is not necessary to in-
clude the super-adiabatic surface layer in the solution
for Eqs. (14) and (16). This leads to the following
approximation for h:

2(Q — Qo}”
Br ’

Equation (13) can now be simplified to

h {h% + (18)

Height
>~

k—6(z)

1 1
0 (ZO) 60(/11)

Potential Temperature (K)

Fig. 1. Schematic illustration of the 6y(z) profile (thick
solid line) and 6(z) profile (thin solid line); hg, h1,he
and h on the vertical axis are the super-adiabatic surface
layer depth, the nocturnal inversion layer depth formed
during the previous night, the top of the nearly neutral
layer remaining from the previous day’s PBL and the
daytime PBL depth, respectively; @1, the total cooling
across hi;@s, the heating relative to the daytime super-
adiabatic surface layer; and Q2 = Q — Q1 — Qs.
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A6, <1—ﬂ) L Brh(1-6), fo<E<Etbo,
CE<E,
L+ <EL T+ &,

i 6
€)= prh(l—&).

ﬂTh(g - 62) )

where 60 = Z()/h,, 51 = hl/h and fg = hg/h
3.3 Analytical results and discussions

Equation (19) indicates that the value of 8”(z) in-
creases with decreasing z. Eq. (7) together with Eq.
(19) suggests that u?/dz near the surface is larger
than that in the rest of the PBL. In other words, the
value of u2(z) near the surface deviates more from the
constant flux than in the overlying layer. Therefore,
a constant momentum layer is not considered in the
current derivation.

Under synoptically stagnant conditions and in
steady-state, the thermally forced upslope flow pro-
file, uw(§), can be derived by substituting w'u’ =
K (z)0u(z)/0z into Eq. (3), Eq. (9) into Eq. (10),
and then Egs. (10) and (19) into Eq. (3), and inte-
grating the resulting equation with respect to £, us-
ing boundary conditions u(¢) = 0 at & = & and at
& =14 ¢&p and the conjugation conditions of u(z) and
Ou(z)/0z at € = & + & and at £ = &+ &y. The result
of the integration is

ina]'/?
u(g) = |LHQAMATT o) (ap)

Substituting Eq. (9) to Eq. (20) yields

u(e) = L0 e e

f1(8), & <&<&+&o,
&) =13 fa(§), & +&<E<&L+E, (22)
f3(8), L+&H<E<1+&,

where

Q1
Q

2Q2/Q
116

C11[Bs(§) — Bs(&o)] » (23)

f1(€) =—=[A2(8) — A2(0)]+

[B1(&) — B1(§)]—

&+

fal6) =2

1

Cn[Bs3(§)

Q1
Q

2Q2/Q
1+&

f3(8) =

[Bi(

C11[B3(§) —

Q2/Q
(1-63)

14+

1
T,

(§2 + &0)?
14+

Q
2Q2/Q

[Bs(&2 + &o)

1

+ &

—[A2(€ + &o) — A2(&0)

&) — Bi(&

B3 (&o)]+

{(1+26 —b)

—¢

—&—&

—[A2(&1 + &) — A2(&0)]+

[B1(&) — B1(§)]—

- B3(€0)] )

|+

+&o0)]—

[B1(&2 + &) —

— Bs(9)]}

with As, By, Bs, and B3 defined as

Axe) = [ 0-52)

—&)?

(L +by)

14+no

E(1+by

Bs(§) +

dg

(133_711)1)32(5)-1-

> e +b) P Iné+

Jj=2

Z

B1(€)
Bs(€)

(L0 2T (=6) /]

=1/(1+b;
~ f¢/(1+

I
by — )],
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(19)

B1(§)]+
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e._%<1_m>l+noj i=0,1,2,...
] 5{ fl ) ) Ly 4y
(30)
. 4!
of4 = 31
1+ngo (1 +ng —])!]! ) ( )
. 1l
0172 = . /L' . . b (32)
J (j—2—-0)l!
and
term1
= — 33
11 term?2 ) ( )

term1 z%[AQ(fl +&o) — A2(&0)]+

Q2/Q
(1-¢3

(1428 — b1)[B1(1 4+ &) — B1(& + &o)]—

1+b61-& &
J’_
b1 — &

>{ln

(& + &)?
1+

2Q2/Q
(14 &)

and term2=Bs(&) — B3(1 + &o).

If ¢ is used to denote Ao, By, Ba, or Bs, then
©(&0), (&2 + &), and (1 + &) are the values of ¢(§)
at £ =&y, & =& + &, and £ = 1 + &g, respectively.

Note that f(&) is independent of the slope steep-
ness and that from Eq. (20), u(§) is proportional to
v/sin . These results are consistent with results from
previous numerical simulations. For example, Ye et al.
(1987) based on idealized numerical simulations con-
cluded, that over a plain-slope-plateau topography the
maximum upslope flow intensity over the middle of the
slope in mid afternoon is proportional to v/sin a.

Equation (22) shows that f(§) is a complicated
function of Q1/Q,Q2/Q, h1,ha, and h; the impact of
Q on f(§) is unclear based on Eqs. (26)—(33). The
impact of @ on f(§) can be assessed through a case
computation using Eq. (22), which is shown in Fig. 2.
The dotted and solid lines in Fig. 2, which correspond
to @=1155 m K and 3135 m K, were computed with
Br=4.0 K km™', 2=0.04 m, no=1, Q1=330m K,
h1=150 m and hy=1000 m. When (@ increases from
1155 m K to 3135 m K (by 170%), the profiles of f(¢)
are almost the same in the layer near the surface and
near h. In the middle area, the impact of the varia-
tion of @ on f(&) is very small. The maximum value
of f(&), fmax, increases from 5.27 to 5.70 (increasing
only 8%). Additional computation also indicates that

[B3(14 &) — Bs(&2 + &)} —

[B1(&0) — B1(&2 + &)

PARAMETERIZATION OF FRICTION VELOCITY, TEMPERATURE SCALE AND UPSLOPE FLOW  VOL. 26

14 T
== =0=1155mK
— 0=3135 mK
12t
1
f©)
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Fig. 2. The f(&) profiles for Q=1155 m K (dotted lines)
and 3135 m K (solid lines) computed based on Egs.
(22)—(33) with Br=4.0 K km™!, 2,=0.04 m, no=1,
Q1=330 m K, h1=150 m, and h2=1000 m.

when @ increases from 990 m K to 3795 m K (an in-
crease of 283%), the value of fi,.x increases from 5.17
t0 5.76 (an 11% increase). Therefore, we conclude that
as a first-order approximation, the impact of @ on f(&)
can be neglected, which, according to Eq. (20), sug-
gests that u(§) is proportional to QY2

According to the above analysis, u(£) is propor-
tional to (Qsina)'/?; the proportional coefficient,
(&), as illustrated in Fig. 2, is independent of o and
nearly independent of Q.

4. Formula for the temperature scale

A new parameterization for 0,y over slopping ter-
rain in a synoptically calm condition is derived as fol-
lows:

Substituting w6’ = u.0.(z) into Eq. (4) under
steady-state conditions results in:

Oub.(z)
hog

= fru(z)sina . (34)

Integrating Eq. (34) with respect to ¢ from & = &
to &€ = 1+ &, for the given boundary conditions:

u*9*(§) = ux0bx0 at f = fO and U*Q*O(f) = _5hu*00*0
at £ =14 & yields

Brhsina /H&’
w000 = ——/——— de .
U000 T+0n Je, u(§)d§ (35)
Substituting Eq. (21) into Eq. (35) yields
: 1+ dm
040 = —Brhsina ( ) n(&) , (36)

k1/2(1 + 6y)
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1+&o
we = [ s (37)
0
As mentioned above, f(§) is independent of o and
nearly independent of (. Therefore, Eq. (37) sug-
gests that 7(€) has similar features as f(£). Eq. (36)
shows that in calm synoptic conditions over a gentle
slope, 6.9 depends on thermal and dynamic processes
through parameters h, fr, and «, with 6,y being pro-
portional to hsin a. The value of h, based on Eq. (18),
depends not only on @ and @1, but also on hy and Br.
An intercomparison of Egs. (36) and (9) shows that
the effect of the slope steepness is stronger on 6, than
on U.p. Uxo, and is dependent on the total heating in
the PBL for the day, but independent of fr; however
0.0 is dependent on the total heating for the day, the
total cooling from the previous night, and the depth of
the nearly neutral layer remaining from the previous

day’s PBL. 6, is proportional to '1r/2~

5. Conclusions

New parameterizations for turbulent quantities
over gently sloping terrain including the friction veloc-
ity, temperature scale and the up-slope velocity pro-
file, have been theoretically investigated under steady-
state and synoptically calm conditions.

The advantage of the current study is that the
friction velocity, temperature scale and the thermally
forced up-slope velocity profile can be estimated us-
ing routinely measured potential temperature, which
is much simpler and much more practical than the
schemes proposed by Gutman and Melgarejo (1981)
and Hunt et al. (2003) as described in the introduction.
The formulations derived by Gutman and Melgarejo
(1981) are very complicated because the friction ve-
locity (and temperature scale) is an implicit function
of the friction velocity and temperature scale. The
friction velocity derived by Hunt et al. (2003) is pro-
portional to the convective velocity but the convective
velocity is a function of the product of the friction ve-
locity and the temperature scale. The disadvantage
with respect to these formulations is that the param-
eterized turbulent variables are difficult to use.

The major conclusions are as follows:

(1) The friction velocity wu.g is found to be propor-
tional to the product of the square root of the total
accumulated heating in the boundary layer (Q) and
the sinusoidal function of the slope angle (sina).

(2) The temperature scale is proportional to the
production of the vertical gradient of the potential
temperature in the free atmosphere (Or), the PBL
depth (h) and sina. This indicates that the temper-
ature scale is affected by not only the accumulated
heating rate @ but also the total cooling during the
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previous night, the depth of the nearly neutral layer
remaining from the previous day’s PBL, and . The
impact of the slope angle on the temperature scale is
stronger than that on the friction velocity.

(3) The friction velocity is independent of Sr, but
the temperature scale however, is proportional to ﬂ%/ 2,

(4) The surface momentum flux is proportional to
Q@sina. The surface sensible heat flux is proportional
to hQ'Y?Br sin®/? .

(5) The upslope wind profile in a non-dimensional
coordinate &, wu(§) is directly proportional to
(Qsina)'/? and therefore, directly proportional to the
friction velocity.,
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