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ABSTRACT

With the definition of generalized potential temperature, anew generalized frontogenesis function, which is expressed as
the Lagrangian change rate of the magnitude of the horizontal generalized potential temperature gradient, is derived.Such a
frontogenesis function is more appropriate for a real moistatmosphere because it can reflect frontogenesis processes,in which
the atmosphere in a frontal zone is typically characterizedby neither completely dry nor uniform saturation. Furthermore, by
derivation, the expression of generalized frontogenesis function includes both temperature and humidity gradients,which is
different from and superior to the traditional frontogenesis function in moist processes, which also uses equivalent potential
temperature. Diagnostic studies of real cases are performed and show that the generalized frontogenesis function in non-
uniformly saturated moist atmosphere indeed provides a useful tool for frontogenesis, compared to using the traditional
frontogenesis function. The new frontogenesis function can be used in situations involving either a strong temperature or
moisture gradient and is closely correlated with precipitation.
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1. Introduction

Because of the significance of fronts in weather analysis
and forecasting, the theory of frontogenesis has been studied
extensively for several decades. Bergeron (1928) made a dy-
namical interpretation of frontogenesis and frontolysis.New-
ton (1954) studied frontogenesis and frontolysis as a three-
dimensional process. Reed (1955) analyzed the characteris-
tic types of upper-level frontogenesis. However, one of the
issues facing these earlier studies of fronts was how to suit-
ably define a front and how to depict frontogenesis. From a
kinematic point of view, Petterssen (1936) and Miller (1948)
discussed the change of front intensity by analyzing the La-
grangian rate of change of a potential temperature gradient,
d|∇θ |/dt.

Along with the above definition, frontogenesis has been
widely discussed. Petterssen (1956) pointed out that vortic-
ity, divergence and deformation all contribute to frontoge-
nesis. Sawyer (1956) derived a frontal secondary circula-
tion equation by adopting a geostrophic approximation with
the assumption of no change in potential temperature along
the front. Eliassen (1962) further developed the equation by
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taking into account the change in potential temperature along
a front. Hoskins and Bretherton (1972) proposed a semi-
geostrophic model depicting nonlinear baroclinic waves and
frontogenesis, and demonstrated analytically how the Eady
wave could make temperature be discontinuous within a lim-
ited time. Based on isentropic potential vorticity (IPV), Ful-
ton and Schubert (1991) developed a frontogenesis theory via
isentropic and geostrophic coordinate transformations. Ni-
nomiya (1984, 2000) showed that the deformation and hori-
zontal convergence in the subtropical zone are primary con-
tributors to mei-yu (the East Asian rainy season) frontoge-
nesis. In particular, Ninomiya (1984) argued that, different
from polar frontogenesis in which a gradient of potential tem-
perature is conventionally used, a measure of frontogenesis
in the mei-yu rainband should adopt a gradient of equivalent
potential temperature. Wu et al. (2004) discussed the inten-
sity change of frontal systems by utilizing both local and La-
grangian frontogenesis functions, and then further studied the
problem of geostrophic adjustment during frontogenesis. Co-
hen and Schultz (2005) constructed a framework for diagnos-
ing airstream boundaries (e.g., drylines, lee troughs), begin-
ning with a kinematic expression for the rate of change in the
separation vector between two adjacent air parcels. This is
similar to a kinematic framework for diagnosing frontogene-
sis in the form of the Petterssen frontogenesis function andits
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vector generalization. They are then applied to simple, ide-
alized, steady-state flows and a nonsteady idealized vortexin
nondivergent, diffluent flow to determine the characteristics
of air-parcel trajectories and airstream boundaries.

The above analyses of frontogenesis cover many aspects.
A large number of these studies concentrated on the La-
grangian change in the potential temperature gradient as a cri-
terion for frontogenesis/frontolysis (Petterssen, 1936,1956;
Davies-Jones, 1982, 1985; Doswell, 1984; Keyser et al.,
1986; Wu et al., 2004; Ran and Chu, 2007; Li et al., 2013).
These theories had some limitations in cases where moisture
contrast is larger than the temperature gradient in frontalde-
velopment. Latent heat release inevitably poses important
effects on frontogenesis. Diagnoses using a frontogenesis
function based on the measure of|∇θ | may not capture the
essence of the physical processes for frontogenesis.

Yu et al. (1995) shed light on the contributions of la-
tent heat to a narrow ascending motion along a front. They
pointed out that latent heat release intensifies the gradient of
temperature within the cold frontal zone, as well as the cy-
clonical shear of the wind vector, which tends to increase
the intensity of frontal circulation, especially in the ascending
branch. Barth and Parsons (1996) pointed out the significance
of ice-phase processes in the maintenance of a cold front.
By considering ice-phase microphysical processes, sublima-
tion and melting of frozen hydrometeors produced cooling,
which further increased the depth and intensity of the cold
air mass. Therefore, diabatic cooling within the cold air
could potentially play a role in maintaining or even inten-
sifying the circulations that induce precipitation. Wang et al.
(2002) conducted a sensitivity experiment of frontogenesis/
frontolysis by using an atmospheric numerical model. Their
results showed that the frontal intensity (measured by the
maximum horizontal gradient of potential temperature) took
on a damping tendency in dry atmosphere because of a defi-
ciency in the large-scale frontogenesis mechanism in the ini-
tial conditions. In moist atmosphere, meanwhile, its inten-
sity could be maintained for a longer period. These studies
stressed the importance of moisture during development of
fronts in a moist atmosphere. Therefore, the effect of wa-
ter vapor should be considered in the frontogenesis process.
As discussed previously, a conventional way to incorporate
the moisture effect is to replaceθ by equivalent potential
temperatureθe in the frontogenesis function, i.e., to use the
Lagrangian change of|∇θe| as an alternative to measure the
frontogenesis (Ninomiya, 1984). However, such an approach
sometimes still encounters problems. Usingθe assumes the
atmosphere is saturated, while in the development of a frontal
system the atmosphere is typically non-uniformly saturated.
Furthermore, as we show in the cases analyzed in this study,
using an absolute value of equivalent potential temperature
gradient tends to give a front with a relatively weak and loose
structure in comparison with observations.

So, what has been missed? Fronts typically develop at
the boundaries of two different air masses, such as when a
continental polar (CP) air mass meets a maritime tropical
(MT) air mass. CP air is dry and cold, while MT air is moist

and warm. Using a completely dry measure (e.g.,|∇θ |) or a
completely saturated measure (e.g.,|∇θe|) evidently captures
only the two extreme scenarios. Along the frontal boundary,
air is most likely non-uniformly saturated. In this study, we
propose a new frontogenesis function to account for a more
realistic moist weather situation. By applying this new fron-
togenesis function, we try to gain an understanding of what
the role is of the development of the moisture field in facil-
itating the formation of fronts. In section 2, the generalized
frontogenesis function in non-uniformly saturated moist at-
mosphere is defined; its physical interpretation and an alter-
native form are given in sections 3 and 4; case studies are per-
formed in section 5; and conclusions are drawn in section 6.

2. The generalized frontogenesis function in
non-uniformly saturated moist atmosphere

As discussed above, traditionally, the Lagrangian change
in the absolute gradient ofθ or T (potential temperature or
temperature) is used as the criterion for frontogenesis in adry
atmosphere. In a saturated moist atmosphere, frontogenesis
can be defined whenθe isolines are compacted. However, the
real atmosphere is neither absolutely dry nor completely sat-
urated. It is typically non-uniformly saturated, such as near a
humidity front.

The rational for the critical concept of “non-uniform satu-
ration” is further explained as follows. The relative humidity
within a grid box is not uniform, but patchy and intermit-
tent. Physically, of course, a parcel of air is either unsatu-
rated or fully saturated, with nothing in between. The con-
cept of “non-uniform saturation” allows for the reality that
in a grid box of perhaps 100 km on one side, there will be
some patches of cloud even when the average relative humid-
ity in the box is less than 100%. “Non-uniform saturation”
has been discussed in previous studies by Gao et al. (2004)
and Gao and Cao (2007). In fact, it can be understood as
“patchy saturation”. In this paper, a volume of air that con-
sists of irregular clumps of saturated air embedded in dry air
is said to have non-uniform saturation (or patchy saturation).

Furthermore, the real frontogenesis process is accompa-
nied by the approach and mixture of cold-dry and warm-
moist flows, which leads to a kind of relatively complicated
environmental atmosphere: a non-uniformly saturated atmo-
sphere. Our previous study (Gao et al., 2010, Fig. 6) provided
evidence for this process. In detail, a Lagrangian particledis-
persion model (Flexpart) is used to trace the approach and
mixture of two airflows with different properties. During the
Flexpart simulation, downward cold-dry air from upper lev-
els and a lower-level origin of upward warm-moist convec-
tion are collocated with each other. Ten thousand particles
are released. Then, the hourly distribution of air parcels after
dispersion is analyzed. From the zonal-vertical cross section
of dispersed air parcels, it is found that warm-moist airflowin
the lower troposphere gradually stretches upward. The east-
ward cold-dry air parcels extend downward. The approaching
of a downward cold-dry air originating from the upper levels
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and its mixing with the lower-level upward-moving moist air
is very clear from the results (Gao et al., 2010, Fig. 6). In ad-
dition, it is easy to understand that the process further leads
to a non-uniform saturation frontogenesis.

The generalized potential temperature,θ ∗ (Gao et al.,
2004, 2005; Yang et al., 2007; Ran et al., 2010; Wu et al.,
2011), can only describe this kind of non-uniformly saturated
situation. As a key factor for non-uniformly saturated atmo-
sphere, it is introduced in this study, expressed as

θ ∗ = θ exp

[

Lqs

cpT

(

q
qs

)k
]

, (1)

whereθ is potential temperature,T is temperature,q andqs

are specific humidity and saturated specific humidity, expo-
nentk is a tuning parameter,cp is the specific heat of dry
air at constant pressure, andL is the latent heat of conden-
sation. In this expression, the generalized potential tempera-
ture is a function of temperature, potential temperature, and
humidity, i.e.,θ ∗ = θ ∗(T,θ ,q). Notice thatqs = qs(T) ex-
clusively. One can see that in the case of completely dry
atmosphere,q = 0, Eq. (1) reduces toθ ∗ = θ . When the
atmosphere is uniformly saturated everywhere,q = qs, Eq.
(1) recovers the situation withθ ∗ = θe. By such a method
of parameterization of equivalent potential temperature,the
introduction of(q/qs)

k fixes the discontinuity of the latent
heat term in the thermodynamic equation. Instead, a smooth
transition between completely dry and uniformly saturated
air is achieved through the change in specific humidity from
q to qs. Furthermore, the generalized potential temperature
varies smoothly across the saturation threshold. Gao and Cao
(2007) also proved its conservation property in moist adia-
batic flow, not considering the turbulence mixing effect etc.
Certainly, (q/qs)k may not be the only form of parameteriza-
tion of equivalent potential temperature. Since this form has
been proved feasible in the application ofθ ∗ and generalized
moist potential vorticity (GMPV) to track cyclones (Gao and
Cao, 2007), non-uniformly saturatedQ vector (Yang et al.,
2007), the modified convective vorticity vector (Yang and
Wang, 2009), non-uniformly saturated stability (Yang and
Gao, 2006; Yang et al., 2009) etc., we adopt it in this study.

Using this generalized potential temperature, a new gen-
eralized frontogenesis function in a non-uniformly saturated
moist atmosphere (termed the “non-uniformly saturated fron-
togenesis function”), is defined as

F =
d
dt
|∇θ ∗| , (2)

which measures the Lagrangian rate of change in the ab-
solute value of a horizontal gradient of the generalized po-
tential temperature. Of course, in completely dry atmo-
sphere, Eq. (2) reduces to the classic frontogenesis function,
F = d|∇θ |/dt. In this case, there is no connection between
frontogenesis and moisture processes becauseF is not a func-
tion of q andqs. Furthermore, in a completely saturated at-
mosphere, Eq. (2) becomes the moist frontogenesis function,
F = d|∇θe|/dt. In this case, although moisture enters the

frontal dynamics, only saturated atmosphere,qs, contributes
to the frontogenesis. The continuous variation of the moisture
field is not captured in the frontal development. Note thatF
is not a function ofq. Above absolutely dry and saturated
moist flows are extreme cases. In the moist but unsaturated
region, 0< q < qs,0 < (q/qs)

k < 1,θ ∗ 6= θ andθ ∗ 6= θe, and
F = d|∇θ ∗|/dt is a function ofθ ,q andqs. Therefore, we
substitute the expression ofθ ∗ into the frontogenesis expres-
sion and fully expand the result to show how it generalizes
all situations by posing itself as a function ofθ ,q, andqs,
and how it depends on the gradients ofθ ,q, andqs in non-
uniformly saturated moist flow.

SinceO(∆T) ≪ O(T),O(∆qs) ∼ O(qs), we haveO(∇T/
T) ≪ O(∇qs/qs), where the units ofT and qs are K and
kg kg−1, respectively. With these relations, substituting the
expression ofθ ∗ [Eq. (1)] into the frontogenesis function
[Eq. (2)], the non-uniformly saturated frontogenesis function
can be expanded as

F =
d
dt
|∇θ ∗| =

d
dt
|θ ∗(Fθ +Fq)| , (3)

where

Fθ =
1
θ

∇θ , (4a)

Fq =
L

cpT
∇

[

qs

(

q
qs

)k
]

. (4b)

To show the relative importance of∇θ ,∇T,∇q, and∇qs in F ,
the order of magnitude for each term in Eq. (3) is estimated
as follows. It is shown that the correlation betweenF and∇q
depends on the relative humidity,r.

If taking O(θ ) ∼ 102 K, O(T) ∼ 102 K, O(∆θ ) ∼
101 K, O(∆T) ∼ 101 K, L = 2.5 × 106 J kg−1, cp =
1.005×103 J kg−1 K−1, O(q) ∼ 5×10−2 kg kg−1, O(qs) ∼
5×10−2 kg kg−1, O(∆q)∼ 5×10−2 kg kg−1, O(∆qs)∼ 5×
10−2 kg kg−1, and (q/qs)k values are shown in Fig. 1. When
r = 75%,Fθ ∼ Fq. For a typical synoptic-scale front, if the
relative humidity is greater (less) than 75%, then theFθ term
is less (greater) than theFq term. These analyses indicate,
by reference to Eq. (3), that in the region with high relative
humidity,F is more sensitive to the moisture gradient; while
in the region with low relative humidity,F is more sensitive to

Fig. 1. A plot of weighting function, f (r), as a function ofr,
wherer = q/qs is relative humidity andf (r) = (q/qs)

k.



1068 A GENERALIZED FRONTOGENESIS FUNCTION AND ITS APPLICATION VOLUME 31

the temperature gradient. In the vicinity ofr =∼ 75%, both
the temperature and moisture gradients are important toF ,
which is demonstrated by the case study in section 5.

We now address the issue of how one should determine
the tuning parameter,k, in the weighting function that we in-
troduced in the non-uniformly saturated frontogenesis func-
tion. The implicit assumption we make here is that frontoge-
nesis due to moist processes only takes an effect when con-
densation occurs. Mason (1971) suggested that, during cloud
formation, condensation typically occurs when relative hu-
midity reaches 75%. Zhao and Carr (1997) also empirically
set the critical value of relative humidity for condensation to
75% over land by their sensitivity experiments. Based on
these observational studies, we plot our weighting function as
a function of relative humidity for variousk values (Fig. 1).
One can see that fork = 1,3,5, the weighting function takes
an effective threshold [a non-zero value, sayf (r) = 0.1] at
somewhat premature relative humidity values, i.e., 8%, 43%,
60%. Whenk= 9, the threshold of the weighting function oc-
curs correctly at the 75% relative humidity value. Based on
this analysis, it is advisable that a reasonable value ofk = 9
should be adopted in the cloud formation related to frontal
processes.

The absolute value of a horizontal gradient of generalized
potential temperature is calculated by

|∇θ ∗| =

√

(

∂θ ∗

∂x

)2

+

(

∂θ ∗

∂y

)2

. (5)

Using this definition, we can next analyze in detail the non-
uniformly saturated frontogenesis function.

Substituting Eq. (5) into Eq. (2), one can derive

F=
d
dt
|∇θ ∗|=

1
|∇θ ∗|

[

∂θ ∗

∂x
d
dt

(

∂θ ∗

∂x

)

+
∂θ ∗

∂y
d
dt

(

∂θ ∗

∂y

)]

.

(6)
Givendθ ∗/dt = Q∗, the following relations can be obtained:

d
dt

(

∂θ ∗

∂x

)

= −
∂VVVh

∂x
·∇θ ∗−

∂ω
∂x

∂θ ∗

∂ p
+

∂Q∗

∂x
, (7a)

d
dt

(

∂θ ∗

∂y

)

= −
∂VVVh

∂y
·∇θ ∗−

∂ω
∂y

∂θ ∗

∂ p
+

∂Q∗

∂y
, (7b)

whereVVVh = uiii + v jjj is horizontal velocity,ω is the vertical
velocity in the p-coordinate system, andQ∗ is the diabatic
heating excluding latent heat, such as the radiative heating
due to solar and infrared radiation and other heating/cooling
effects.

Substituting these relations, Eq. (6) becomes

F = −
1

|∇θ ∗|

[

∂θ ∗

∂x

(

∂VVVh

∂x
·∇θ ∗

)

+
∂θ ∗

∂y

(

∂VVVh

∂y
·∇θ ∗

)]

−
1

|∇θ ∗|

[

(∇θ ∗ ·∇ω)
∂θ ∗

∂ p

]

+
1

|∇θ ∗|
(∇θ ∗ ·∇Q∗) . (8)

It can be seen from Eq. (8) that the non-uniformly saturated
frontogenesis function is associated with the contributions
of horizontal motion, vertical motion and diabatic heating.
These physical processes are examined in detail in the next
section.

3. Analysis of physical processes related to
frontogenesis in a non-uniformly saturated
atmosphere

3.1. The contribution of horizontal motion to frontogene-
sis

For the convenience of discussion, theθ ∗ isolines are as-
sumed to be parallel to thex-axis. Thus, they-axis points
to the direction of the gradient ofθ ∗, and ∂θ ∗/∂x = 0,
∂θ ∗/∂y = ∇θ ∗. Under this setup, the terms related to hor-
izontal motion,

−
1

|∇θ ∗|

[

∂θ ∗

∂x

(

∂VVVh

∂x
·∇θ ∗

)

+
∂θ ∗

∂y

(

∂VVVh

∂y
·∇θ ∗

)]

,

become

−
1

|∇θ ∗|

[

(

∂θ ∗

∂y

)2 ∂v
∂y

]

.

Becausev is the velocity component along they-axis, it is or-
thogonal toθ ∗ isolines. Asv decreases along the orientation
of the horizontal gradient ofθ ∗, i.e.,

∂v
∂y

< 0, −
1

|∇θ ∗|

[

(

∂θ ∗

∂y

)2 ∂v
∂y

]

> 0

(a positive contribution toF), frontogenesis presents. On the
contrary, when

∂v
∂y

> 0, and thus−
1

|∇θ ∗|

[

(

∂θ ∗

∂y

)2 ∂v
∂y

]

< 0

(a negative contribution toF), frontolysis occurs. These ef-
fects manifest the contribution of horizontal motion to fronto-
genesis:θ ∗ isolines contract/expand in response to horizontal
convergence/divergence.

3.2. The contribution of vertical motion to frontogenesis

Similar to the terms associated with horizontal velocity,
the isolines ofθ ∗ are also assumed to be parallel with the
x-axis. Therefore, the terms related to vertical motion,

−
1

|∇θ ∗|

[

(∇θ ∗ ·∇ω)
∂θ ∗

∂ p

]

,

become

−
1

|∇θ ∗|

(

∂θ ∗

∂y
∂ω
∂y

∂θ ∗

∂ p

)

,

which renders(∂ω/∂y)(∂θ ∗/∂ p) . In stable stratification
(i.e., ∂θ ∗/∂ p < 0), if a warm and moist air parcel ascends
(ω < 0) and the cold and dry air descends (ω > 0), which
leads to∂ω/∂y > 0, the contribution of vertical motion to
frontogenesis is negative, i.e.,(∂ω/∂y)(∂θ ∗/∂ p)< 0 (a neg-
ative contribution toF), and frontolysis presents. Fronto-
genesis presents for the opposite case when warm air de-
scends and cold air ascends(∂ω/∂y)(∂θ ∗/∂ p) > 0, a posi-
tive contribution toF). For unstable stratification, frontogen-
esis/frontolysis presents for the opposite y-gradient coupling
of vertical motion to that for stable stratification.
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3.3. The contribution of diabatic heating to frontogenesis

The terms related to diabatic heating,(∇θ ∗ ·∇Q∗)/|∇θ ∗|,
can be simplified to

1
|∇θ ∗|

(

∂θ ∗

∂y
∂Q∗

∂y

)

,

which will result in −∂Q∗/∂y, under the above assump-
tion. As the cold air moves southward and reaches above
warm air, the heat will be transferred into the cold atmo-
sphere by physical processes such as the radiative heat-
ing due to solar and infrared radiation and other heat-
ing/cooling effects, which makes cold air become warmer,
and the generalized potential temperature increases, i.e.,
dθ ∗/dt > 0(Q∗ > 0). The diabatic heat changes the prop-
erty of the cold air, which leads to the descending gradient
of generalized potential temperature between cold and warm
air, −∂Q∗/∂y < 0, and frontolysis presents. Similarly, as
warm air moves northwards and diabatic cooling occurs,
then dθ ∗/dt < 0(Q∗ < 0), which also leads to a decrease
in the gradient of generalized potential temperature, and
−∂Q∗/∂y < 0, and therefore frontolysis presents.

4. An alternative form of the non-uniformly
saturated frontogenesis function

Using Eqs. (6), (7a) and (7b), we can reorganize terms to
write F in the form

F = F1 +F2+F3+F4 , (9)

with

F1 =−nnn·∇Q∗ , (10a)

F2 =
∂θ ∗

∂ p
nnn·∇ω , (10b)

F3 =−
D
2
|∇θ ∗| , (10c)

F4 =−
1

2|∇θ ∗|

[

Est

(

∂θ ∗

∂x

)2

+

2Esh

(

∂θ ∗

∂x
∂θ ∗

∂y

)

−Est

(

∂θ ∗

∂y

)2]

, (10d)

wherennn is a unit vector along the direction of(−∇θ ∗). D =
(∂u/∂x+ ∂v/∂y) is horizontal divergence,Est = (∂u/∂x−
∂v/∂y) is stretch deformation, andEsh = (∂v/∂x+ ∂u/∂y)
is shear deformation.

Ninomiya (1984, 2000) derived the above relations for
a traditional frontogenesis function. We arrived at similar
forms of these equations, except withθ ∗ replacingθe. How-
ever, this substitution generalizes the frontogenesis process in
a background atmosphere from complete saturation to non-
uniform saturation. The physical meaning of each term in
Eq. (9) is now analyzed.

4.1. The term related to diabatic heating, F1

F1 represents the contribution of diabatic heating to fron-
togenesis, which is given by the projection of the horizontal

gradient of diabatic heating onto the direction of the horizon-
tal gradient of generalized potential temperature.

4.2. The vertical motion term, F2

F2 represents the contribution of vertical motion to fron-
togenesis. This effect is measured by the projection of the
horizontal gradient of vertical velocity onto the direction of
the horizontal gradient of generalized potential temperature.

In stable stratified atmosphere (∂θ ∗/∂ p < 0), the cou-
pling between descent of warm air (ω > 0) and the ascent of
cold air (ω < 0) will lead tonnn ·∇ω < 0, so thatF2 >0, and
frontogenesis occurs, and vice versa.

4.3. The horizontal convergence/divergence term, F3

F3 represents the increase or decrease of the horizontal
gradient of generalized potential temperature (i.e., the fronto-
genesis or frontolysis processes) induced by horizontal con-
vergence (D < 0) or divergence (D > 0).

4.4. The horizontal deformation term, F4

F4 denotes the contribution of horizontal deformation to
frontogenesis. To simplify the analysis of this term, an ideal
state is given. We assume adiabatic (F1 = 0) and horizon-
tal airflow (F2 = 0) (e.g., on a rigid horizontal boundary, just
like terrestrial external surfaces). A typical deformation field
(e.g., pure stretch deformation) is considered here as an ex-
ample. The assumption is taken so that the shearing deforma-
tion vanishes locally. Let us takexas the axis of dilatation and
y as the axis of contraction. The angle between generalized
potential temperature and thex-axis isβ (Fig. 2), and thus
the angle between−∇θ ∗ and thex-axis isφ = β + π/2. The
gradient of generalized potential temperature is expressed as

−∇θ ∗ = |∇θ ∗|[(−sinβ )iii +cosβ jjj ] , (11)

Fig. 2. Schematic illustration of right-hand Cartesian coordinate
systems, (x,y) and (s,n), defined locally by rotating the stan-
dard (x,y) Cartesian coordinates system through anglesβ into
the (s,n) system. Thes-axis is tangent to an isoline ofθ ∗ and
is directed such that then-axis points towards colder air. The
angle betweennnn and thex-axis isφ .
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which indicates

∂θ ∗

∂x
= |∇θ ∗|sinβ ,

∂θ ∗

∂y
= −|∇θ ∗|cosβ . (12)

Combining Eq. (12) with Eq. (10d), the expression forF4

becomes

F4 =
|∇θ ∗|

2
(Estcos2β +Eshsin2β ) . (13)

For pure stretch deformation (shear deformationEsh= 0), Eq.
(13) is simplified to

F4 =
1
2
|∇θ ∗|Ecos2β , (14)

whereE(E =
√

E2
st+E2

sh) is total deformation.

For β < π/4, F4 > 0, frontogenesis occurs; whereas, for
β = π/4,F4 = 0, and forβ > π/4,F4 < 0, frontolysis is more
favorable. However, theθ ∗ isolines will rotate toβ < π/4 in
the deformation-dominated flow, i.e., it turns to frontogene-
sis. Asβ = 0, the frontogenesis reaches its peak in strength.
Therefore, deformation is the most favorable frontogenesis
pattern flow.

Combining Eqs. (10) and (14), in typical “saddle” flow
pattern (i.e.,Esh= 0), if not considering the diabatic heating,
Fi(i = 1, · · · ,4) becomes

F1 = 0 , (15a)
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From Eqs. (15a–d), one can see that in a non-uniformly
saturated atmosphere, the frontogenesis depends not only
upon the temperature (or potential temperature) gradient,∇T
or ∇θ , but also upon the moisture gradient,∇q. Note that
qs is a function of temperature only. Therefore, the current
generalization of the frontogenesis function using general-
ized potential temperature can be used in real atmospheric
conditions to capture frontogenesis due to the change of tem-
perature as well as moisture fields.

In a completely dry atmosphere,q = 0,(q/qs)
k = 0,θ ∗ =

θ ,Fi(i = 2,3,4) are not functions ofq andqs. Thus,Fi(i =
2,3,4) are reduced to

F2 =
∂θ
∂ p

nnn′ ·∇ω , F3 =−
D
2
|∇θ | , andF4 =

1
2
|∇θ |Ecos2β ′ ,

(16)
wherennn′ is a unit vector along the direction of (−∇θ ), andβ ′

represents the angle between potential temperature and thex-
axis. Equation (16) represents the terms in the frontogenesis
function for dry atmosphere. It is indicated from Eq. (16) that

the classic frontogenesis theory describes front development
based solely upon the isoline collapse. The contribution of
moisture to frontogenesis is not captured by this method.

In completely saturated atmosphere,q = qs,(q/qs)
k =

1,θ ∗ = θe,Fi(i = 2,3,4) are not a function ofq. Thus, Eq.
(15) results in the form
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wherennn′′ is a unit vector along the direction of (−∇θe) and
β ′′ represents the angle between equivalent potential temper-
ature and thex-axis. Equation (17) represents the terms in the
frontogenesis function for saturated moist atmosphere.

It can be seen that the difference between Eq. (15) and
Eqs. (16) and (17) is the effect of the moisture gradient.
Therefore, it is evident that the non-uniformly saturated fron-
togenesis function diagnoses frontogenesis well in regions
with a large moisture gradient. Furthermore, it can be ex-
pected that the non-uniformly saturated frontogenesis func-
tion can capture the full spectrum of frontal development no
matter whether the atmosphere is dry, unsaturated, or satu-
rated.

5. Cases study

In this section, two real atmospheric cases are examined.
The application of the newly defined frontogenesis function
for a non-uniformly saturated moist atmosphere is conducted
by using 1◦×1◦ National Centers for Environmental Predic-
tion (NCEP) Final (FNL) analysis data. Details of this dataset
can be found at http://dss.ucar.edu/datasets/ds083.2/.

5.1. The two cases

Case I is from 0000 UTC 12 to 0000 UTC 13 August
2004. The rainbelt in the Huabei region of northern China
stretched in the northeast–southwest direction (Fig. 3a).
Three precipitation centers were located at (37◦N, 113◦E),
(37.5◦N, 114.5◦E), and (39◦N, 117.5◦E). Another patch of
heavy rain occurred over the southeast coast of China, associ-
ated with an extratropical cyclone. However, we concentrate
on the rainband that occurred in the northern part of China.
The circulation background over the Huabei region indicates
that a line of strong confluence shear and a typical “saddle”
pattern existed in the lower troposphere between 30◦N and
42◦N (Fig. 4a). A large low trough was located to the north
of the shear line stretching from (46◦N, 126◦E) to (40◦N,
110◦E) with northeast–southwest orientation. The ‘saddle’
flow pattern stretched vertically upward above the 500 hPa
level (not shown). A subtropical anticyclone covered the re-
gions south of the shear line. At the 200 hPa level, directly
above the frontal precipitation region (Fig. 3a), divergence
flow dominated along the northeast edge of the South Asia
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(a) (b)

Fig. 3. (a) Observed 24-h total rainfall amount (mm) in north China from 0000 UTC 12 to 0000 UTC 13 Au-
gust 2004; (b) observed 36-h total rainfall amount (mm) overthe middle and lower reaches of the Yangtze River
from 0000 UTC 6 July to 1200 UTC 7 July 2003.

(a) (b)

Fig. 4. The streamline field at the 700-hPa level (a) at 0000 UTC 12 August 2004 and (b) 0000 UTC 6 July 2003.

high (not shown).
Another case (Case II) is from 0000 UTC 6 July to 1200

UTC 7 July 2003. A heavy rainfall event associated with
a mei-yu front occurred over the middle and lower reaches
of the Yangtze River (MRYR) between (24◦N, 105◦E) and
(30◦N, 120◦E) over China (Fig. 3b). Another area of light
rain occurred north of 33◦N, associated with a relatively weak
front. We concentrate only on the rainband in the MRYR
region here. The rainband was oriented in the southwest–
northeast direction. A line of strong confluence along with
a strong wind shear existed in a northeast–southwest orien-
tation and was located at around 27◦–36◦N (Fig. 4b). The
confluent shear zone was a result of a large-scale flow pattern

that consisted of a subtropical high located in the northwest-
ern Pacific at around (25◦N, 129◦E), a low centered at (48◦N,
122◦E), and an anticyclonic flow over a large part of China
south of the Yangtze River. At 200 hPa, the above rainfall
region was dominated by divergence flow (not shown). It is
particularly noteworthy that the precipitation along the front
tended to present double rainbelts, especially east of 114◦E.

5.2. Frontogenesis analysis in the two cases

The 6-hourly 1◦×1◦ NCEP analysis data are used to an-
alyze the characteristics of frontogenesis for the above two
precipitation events. Both temperature and humidity (Figs.
5a and b) gradients were formed over the Huabei region (to
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(a) (b)

(c) (d)

Fig. 5. (a) Temperature (K) and (b) relative humidity (%) at 700 hPa at 0000 UTC 12 August 2004; (c)
temperature (K) and (d) relative humidity (%) at 700 hPa at 0000 UTC 6 July 2003.

the north of 36◦N) before the onset of precipitation during
Case I. Unlike the classical cold/warm front, Case II had
a distinctively strong gradient in humidity over the MRYR
(Fig. 5d). There was no temperature gradient associated with
the rainband (Fig. 5c). Along this moisture front (Fig. 5d),
double moisture gradients were evident, which was consis-
tent with the double rainbelts identified in Fig. 3b.

Let us first examine the vertical distribution of general-
ized potential temperature. Figures 6a–c are the meridional
vertical cross sections (along 116◦E) of the potential tem-
perature (θ ), equivalent potential temperature (θe), and gen-
eralized potential temperature (θ ∗), along with perturbation
specific humidity at 0000 UTC 6 July 2003. From the dis-
tribution of perturbation specific humidity (Figs. 6a–c), one

can see that a large horizontal moisture gradient was located
below 300 hPa when crossing the frontal zone between 25◦N
and 33◦N. Because there was little water vapor in the upper
troposphere,θ ∗ had a similar distribution pattern to that of
θ in the upper troposphere (compare both at about 300 hPa
in Figs. 6c and a). This is coincident with the theoretical
analyses in the previous sections. Until the middle and lower
troposphere, where the moisture gradient became large across
the frontal zone accompanied by the increase in water vapor,
the distribution ofθ ∗ andθ lines began to show significant
differences. In particular, theθ lines clearly failed to capture
the moisture front, whileθ ∗ presented a frontal zone that co-
located with the large moisture gradients. In comparison with
equivalent potential temperature, the distribution ofθ ∗ lines
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(a)

(b)

(c)

Fig. 6. The meridional vertical cross section along 116◦E of (a)
potential temperature (θ ), (b) equivalent potential temperature
(θe), (c) generalized potential temperature (θ ∗) (K) along with
perturbation specific humidity (shaded; g kg−1) at 0000 UTC 6
July 2003.

(Fig. 6c) was similar to that ofθe lines (Fig. 6b) to a large
extent, butθ ∗ isolines showed a much stronger front than
θe isolines. The narrowθ ∗ trough extended downwards in
response to the moisture ridge, stretching upwards between
25◦N and 33◦N (Fig. 6c), right in the region where precip-
itation occurred. Theθe trough, on the other hand, did not
extend as low as to the surface, and the largestθe front oc-
curred on the north side of the moisture front. This is un-
derstandable because theθe gradient depends on the gradient
of saturated moisture, which is typically achieved first on the
cool temperature side. The gradient ofθ ∗ on the south side
of the moisture ridge (south of 30◦N) captured the gradient
of moisture that was clearly not saturated (Fig. 6c). Again,
this understanding is consistent with the theoretical analyses
in the previous sections. Based on the above diagnoses, we
can conclude that frontogenesis usingθ andθe misrepresents
the true moist front, whileθ ∗ can represent the frontogenesis
process in a non-uniformly saturated atmosphere.

To further demonstrate this, we computed the frontogene-
sis function using bothθ ∗ andθe for Cases I and II. In Fig. 7,
we plot the generalized potential temperature (dashed lines in
Fig. 7a), and equivalent potential temperature (dashed lines
in Fig. 7b), and corresponding frontogenesis functions (gray
shading). In general,θ ∗ tended to generate a much stronger
front thanθe, which may be associated with the effect of more
water vapor and induced latent heating release being included
in the θ ∗ formula. Furthermore, the frontogenesis function
based on generalized potential temperature presented a better
pattern and location for precipitation (e.g., both stretchnorth-
eastwards, east of 117◦E in Figs. 7a and 3a.) than that based
on equivalent potential temperature (compare Figs. 7a and b).
From Fig. 7a, the generalized potential temperature and the
non-uniformly saturated frontogenesis zones corresponded to
fronts (large gradients of both temperature and humidity in
Figs. 5a and b) well at 700 hPa, as compared to the equiv-
alent potential temperature and the traditional frontogenesis
function (Ninomiya, 1984, 2000) (Fig. 7b), e.g., to the east
of 117◦E where the large gradients of both temperature and
humidity locate.

We also conducted the same analyses for Case II. In Fig.
8, the same fields are plotted as in Fig. 7. Again, we see the
frontogenesis function based onθ ∗ generated a much better
front than that based onθe. In particular, the double mois-
ture fronts identified in Fig. 5d were presented in the non-
uniformly saturated frontogenesis function as well (Fig. 8a),
while the front generated by using the equivalent potential
temperature was very weak and failed to capture the double-
front structure (Fig. 8b). The above analyses further ver-
ify the theoretical analyses in sections 2 and 4 that implied
the non-uniformly saturated frontogenesis function diagnoses
frontogenesis well in regions with a large moisture gradient
since its expressions include∇q.

Furthermore, the cases studies in this section are consis-
tent with the theoretical analyses in section 2 in which the
sensitivity ofF to θ andq was demonstrated when the tem-
perature and humidity fields are poorly synchronized in the
moist process. For example, for the region with high humid-
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(a) (b)

Fig. 7. (a) The generalized potential temperature (dashed lines) and (b) equivalent potential temperature
(dashed lines) (units: K) along with corresponding frontogenesis functions (gray shading) (units: 10−10

K s−1 m−1) and stream line (vectors) at 700 hPa at 0000 UTC 12 August 2004.

(a) (b)

Fig. 8. The same as Fig. 7, except for 0000 UTC 6 July 2003.

ity west of 117◦E, and between 36◦N and 45◦N, F is sensitive
to the moisture gradient; while for the regions with relative
humidity values less than 75% near 45◦N and east of 117◦E,
F is sensitive to the temperature gradient and can reflect the
large temperature gradient in Case I (Figs. 7, 5a and b). Sim-
ilarly, F is sensitive to the moisture gradient and can reflect
the large moisture gradient near 30◦N in the regions with rel-
ative humidity higher than 75% in Case II (Figs. 8 and 5d).
All these analyses prove the theoretical derivation presented
in section 2.

To further confirm this analysis, we also plot the merid-
ional vertical sections along 116◦E of the non-uniformly
saturated frontogenesis function (shaded), streamline field
(arrowed lines),θ ∗ (dashed lines), and precipitation amount
(vertical bar lines) at 0000 UTC 6 July 2003 (Fig. 9). Again,
theθ ∗ isolines represented a sharp trough vertically, and the
frontogenesis function did split into two bands above the
surface, with the north band slightly stronger than the south
band. From the discussion of Figs. 6b and c, we established
that the north band might be related to the saturated moisture
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Fig. 9. The meridional vertical sections along 116◦E of the non-
uniformly saturated frontogenesis function [refer to Eq. (9);
shading; units: 10−10 K s−1 m−1], streamline field (arrowed
lines), generalized potential temperature (dashed lines;units:
K) and precipitation amount (vertical bar lines) at 0000 UTC6
July 2003.

column, and the south band might be related to the unsat-
urated moisture column. Strong updrafts were sandwiched
between these two frontal bands. The frontal bands tended
to locate slightly on the north side of the corresponding rain-
belts, with the saturated frontal band being responsible for
the heavy rainband and the unsaturated frontal band being re-
sponsible for the light rainband. This picture is consistent
with the analyses in Figs. 8a and 3b.

Finally, to analyze the relative contributions to the fronto-
genesis from the various terms in Eqs. (15) and (17), we plot
the time series of the completely saturated and non-uniformly
saturated frontogenesis functions and their component terms
in Fig. 10. The evolution tendency of the terms showed that
although the vertical velocity term is negative near the front
(F2), the large-scale convergence and deformation of the hori-
zontal wind in the frontal zone work together to sustain a pos-
itive gradient ofθ ∗ or θe against the decrease of theθ ∗ or θe

gradient caused by the tilting/twisting effect. The difference
between the non-uniformly saturated and completely satu-
rated frontogenesis (compare Figs. 10a and b) is that the non-
uniformly saturated frontogenesis function tends to produce a
much stronger front in the first 12 hours than the frontogene-
sis function based on using equivalent potential temperature.
After the initial 12 hours, the frontogenesis by the former
decreases relatively significantly, while the latter decreases
very slightly. But how can we explain this phenomenon? The
latter function assumes a saturated atmosphere everywhere,
which tends to smooth out the moisture gradient, and there-
fore reduces the strength of the frontogenesis and the vari-
ation tendency of the frontal production. This result is also
consistent with previous analyses. Furthermore, the evolution
tendency of the non-uniformly saturated frontogenesis func-
tion reflects the frontogenesis strength variations (Fig. 10a),

which is consistent with the amplification and decay of the
weather systems, and the accompanying precipitation evolu-
tion (Fig. 10c).

The fit between the values of the non-uniformly satu-
rated frontogenesis function (gridded data) and precipitation
amount (corresponding grids) is performed by linear regres-
sion (y = ax+b, wherey is precipitation andx is the fronto-
genesis function). Figure 10d shows the derived relationship
with a = 8.27 andb = 2.45, and the correlation coefficient
equal to 0.86. The relationship in Fig. 10d is used to calculate
the intensities of the new generalized frontogenesis function
for different rainfall thresholds (Fig. 10d and Table 1). In-
versely, the obtained frontogenesis intensity thresholdsmay
be used to predict rainfall with different intensities. Forex-
ample, if the frontogenesis function is greater than or equal to
11.80 10−9 K s−1 m−1, precipitation may reach up to heavy-
rainstorm level (Table 1). From Fig. 10d, there is greater
correlation between the new frontogenesis function and the
precipitation as the 24-h rainfall amount is less than 100 mm
(below heavy-rainstorm level). At this time, their correlation
coefficient can reach up to 0.88. Since the new frontogenesis
function may provide an obvious positive correlation with the
rainfall to a certain extent, it is helpful for rainfall forecasting
in the future. Certainly, further work is required to verifythis
relationship; however, in the present study, we have taken an
important first step, i.e., to derive the new frontogenesis func-
tion and attempt to test its correlation with rainfall via two
case studies. Thus, we have laid the foundations for further
frontogenesis studies in the future.

6. Conclusion

Traditionally, the Lagrangian change in the gradients of
θ (or θe) is taken as the criterion for frontogenesis in dry
(or completely saturated) atmosphere. However, the real at-
mosphere is neither absolutely dry nor completely saturated,
and it is more likely non-uniformly saturated (e.g., near a
humidity front). In order to describe a non-uniformly satu-
rated atmosphere, we generalized the potential temperature
to include both temperature and moisture effects. With this
generalized potential temperature, a generalized frontogene-
sis function for a non-uniformly saturated moist atmosphere
was defined as the Lagrangian change rate of|∇θ ∗|. The
dynamics of various physical processes were analyzed. The
non-uniformly saturated frontogenesis function is more ap-
propriate for the real moist atmosphere. In particular, this
generalized frontogenesis function improves the traditional
frontogenesis function, in which the assumption of either
completely dry or completely saturated atmosphere has to be
made. Furthermore, the non-uniformly saturated frontoge-
nesis function includes the effect of the moisture gradient,
which provides an important dynamic mechanism for the de-
velopment of fronts in a moist atmosphere.

Diagnostic studies were conducted for two real frontal
precipitation cases. It was shown from these diagnoses that
the non-uniformly saturated frontogenesis function indeed
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Fig. 10. The curve of area-averaged (36◦–42◦N, 115◦–120◦E) terms in the (a) non-uniformly saturated fronto-
genesis function [refer to Eq. (9);F total = F2 +F3+F4; F2: vertical velocity term;F3: convergence term;F4:
deformation term (units: 10−9 K s−1 m−1)]; (b) traditional frontogenesis function [F t total = Ft2 +Ft3 +Ft4;
Ft2: vertical velocity term; Ft3: convergence term; Ft4: deformation term (units: 10−9 K s−1 m−1)] at 700 hPa;
and (c) precipitation (mm) from 0000 UTC 12 to 0000 UTC 13 August 2004. (d) The fit between the values of
the frontogenesis function (gridded data; units: 10−9 K s−1 m−1) and precipitation amount (mm; corresponding
grids) by linear regression (y = ax+b, wherey is precipitation andx is the frontogenesis function).

Table 1. To calculate the intensities of the frontogenesis functionfor different rainfall thresholds according to the relationship in Fig. 10d.

24-h rainfall amount (Y, mm) 0.1–10 10–25 25–50 50–100 100–200
Rain level Drizzle Rain Heavy rain Rainstorm Heavy rainstorm
Frontogenesis function (X, 10−9 K s−1 m−1) 0.91 2.73 5.75 11.80 23.89

has several advantages. First, the non-uniformly saturated
frontogenesis function captured the frontal development due
to either the temperature or moisture gradient, or both.
Second, the non-uniformly saturated frontogenesis function
showed a much stronger and more clear signal in frontal zone
than the traditional frontogenesis function. Third, the loca-
tion, pattern, and strength of the developing front correlate
much better with precipitation fields in the analyses using the

non-uniformly saturated frontogenesis function than in when
using the traditional frontogenesis function. Both the theoret-
ical analyses and diagnostic studies for the real cases showed
a promising future for the application of this non-uniformly
saturated frontogenesis function.

It is important to note that further description of the gen-
eralized potential temperature and the corresponding general-
ized frontogenesis function is necessary, where the “general-
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ized” potential temperature reflects a meaning as follows:θ ∗

is the continuous function ofθ andq in mathematics; there-
fore, in a certain physical sense approximately representspo-
tential temperature in the dry/moist process as the moisture is
less/greater than the critical condensation relative humidity.
Furthermore,θ ∗ can completely regress to theθ andθe for-
mula in extreme dry and completely saturated cases. There-
fore, although it is only one of the solutions to the problem,
the generalized potential temperature,θ ∗, seems to possess
properties superior toθe (e.g.,θ ∗ is a continuous function of
θ andq).

Thus, the primary advantage ofθ ∗ overθ or θe is handed
to and inherited by the non-uniformly saturated frontogene-
sis function, since it is based onθ ∗. Secondly, the application
in real cases showed the validity of the non-uniformly satu-
rated frontogenesis function. Furthermore, the frontogenesis
strength variations from the evolution tendency of the non-
uniformly saturated frontogenesis function also reflects the
amplification and decay of weather systems, and the accom-
panying precipitation evolution.
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