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ABSTRACT

Wave ray theory is employed to study features of propagation pathways (rays) of vortex Rossby waves in typhoons
with asymmetric basic flow, where the tangential asymmetric basic flow is constructed by superimposing the wavenumber-1
perturbation flow on the symmetric basic flow, and the radial basic flow is derived from the non-divergence equation. Results
show that, in a certain distance, the influences of the asymmetry in the basic flow on group velocities and slopes of rays of
vortex Rossby waves are mainly concentrated near the radius of maximum wind (RMW), whereas it decreases outside the
RMW. The distributions of radial and tangential group velocities of the vortex Rossby waves in the asymmetric basic flow
are closely related to the azimuth location of the maximum speed of the asymmetric basic flow, and the importance of radial
and tangential basic flow on the group velocities would change with radius. In addition, the stronger asymmetry in the basic
flow always corresponds to faster outward energy propagation of vortex Rossby waves. In short, the group velocities, and
thereby the wave energy propagation and vortex Rossby wave ray slope in typhoons, would be changed by the asymmetry of

the basic flow.
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1. Introduction

Observations have shown that when a tropical cyclone
reaches a certain intensity, pronounced spiral cloud bands
outside the eye wall of the tropical cyclone are formed
(Huang and Chao, 1980). Such spiral clouds are expected to
grow along the radial direction and rotate around the typhoon
center at a velocity not equal to the velocity of the basic flow
(Liu and Yang, 1980). Distinct wave-like fluctuations can be
observed in the spiral cloud bands, indicating the existence of
waves and eddies in the typhoon vortex (MacDonald, 1968;
Yu, 2002).

Studies of wave structures in typhoons can be traced back
to the 1940s, when it was found that the spiral cloud bands
of typhoons exhibit many features similar to inertia-gravity
waves in the shallow water model. These wave structures
in typhoons could be well explained by gravity wave the-
ory (Wexler, 1947; Tepper, 1958; Tatehira, 1961). Huang
and Chao (1980) indicated that the group velocity of inertia-
gravity waves in typhoons was about 90 km h™!, and Liu and
Yang (1980) found that the average phase velocity of inertia-
gravity waves (Cp) was 28 m s~!. Niu (1991) argued that
inertia-gravity waves in an unstable condition is a key factor

* Corresponding author: Zhong ZHONG
E-mail: zhong_zhong @yeah.net

that determines the development of typhoons. Anthes (1972)
and Kurihara (1976) simulated tropical cyclones and found
that energy in typhoons is largely dissipated in the form of
gravity waves. However, despite great progress in the study
of typhoons with the theory of inertia-gravity waves, one crit-
ical weakness in the application of gravity wave theory for
typhoon studies is that the theoretical propagation velocity of
inertia-gravity waves is much faster than the observed mov-
ing speed of typhoon spiral cloud bands (Yu, 2002). Thereby,
it is necessary to seek other more reasonable explanations for
the wave structures in typhoons.

As early as in the late 1960s, MacDonald (1968) found
that wave structures similar to planetary Rossby waves ex-
ist in typhoons, which are actually the vortex Rossby waves
proposed later by Montgomery and Kallenbach (1997). The
theory of vortex Rossby waves overcomes the weakness of
classical inertia-gravity wave theory, and yields a theoreti-
cal wave propagation velocity that is the same as in obser-
vations (Yu, 2002). Shen et al. (2007) investigated vortex
Rossby waves in both barotropic and baroclinic fluids, and
their results indicated that barotropic and baroclinic vortex
Rossby waves could be triggered by second-order horizontal
and vertical shears in the basic flow of a typhoon. By study-
ing the topographic impact on planetary Rossby waves, Luo
and Chen (2003) investigated the influences of topography
on the propagation of vortex Rossby waves using a quasi-
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geostrophic, barotropic model, and proposed the concept of
topographic vortex Rossby waves. Deng et al. (2004) studied
the effects of the Rossby parameter § in the formation of vor-
tex Rossby waves using scale analysis and found that vortex
Rossby waves could be triggered when the Rossby parameter
Bis introduced into a basic flow that even has no radial shears.
Qiu et al. (2010) revealed a significant contribution of vortex
Rossby waves to the formation of the secondary eye wall of a
typhoon. In addition, based on their study of a typhoon pro-
cess, Hall et al. (2013) indicated that the vortex Rossby waves
with wavenumber-2 and 3 are closely linked with deep con-
vection that develops rapidly in typhoons. Furthermore, wave
ray theory has also been applied to study the impact of vortex
Rossby waves on energy propagation in typhoons (Zhong et
al., 2002).

Many previous studies have studied vortex Rossby waves
from various perspectives. However, for simplicity, the ba-
sic flow of a typhoon is always assumed to be symmetrical;
whereas, in reality, it is often asymmetrical. Due to the asym-
metry in the basic flow of a typhoon, the vorticity gradient
will change with azimuth angle, which could radically affect
the nature of the vortex Rossby waves. Thereby, using an
asymmetric typhoon basic flow that is more realistic will be
helpful in improving vortex Rossby wave theory and obtain-
ing more representative results. In the present study, based
on wave ray theory, a model with an asymmetric typhoon ba-
sic flow is employed to discuss the group velocity of vortex
Rossby waves and the nature of wave rays.

2. Vortex Rossby waves and rays in asymmet-
ric basic flow of typhoons
Barotropic shallow water equations in the cylindrical co-

ordinate system with the f-plane approximation can be writ-
ten as (Liu and Liu, 2011)

6_I/t+ (9_u+v§_u_v_2__%+f (])
ot Mﬁr o0 r g@r o>
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where u is the radial velocity, v is the tangential velocity, r is
the radius, 6 is the azimuth angle (in radians), & is the height
of the free surface, fj is the Coriolis parameter, g is the grav-
itational acceleration, and ¢ represents time.

The dimensionless variables listed below are introduced
in the present study:

(ﬁ"’;) = (I/t, V)/U()

F=r/R

Ah = Ah/AH 3)
f=t/T
6=6

[l

where Ug (~ 10! m s™!), R (~ 10° m), AH (~ 10> m) and T
(~ 10° s) are the horizontal velocity, typhoon radius, tempo-
ral variability of height on the free surface, and characteristic
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time, respectively. Substituting the above variables for their
corresponding variables in Egs. (1) and (2), which are then
divided by Ug /R, we have

=2
SR YAV gAH - 1.
/lu;+uu,+ ;Mg— 7 = —711,- +R01V . (4)
0
% v AH -
Av,+mr+§v6)+g = —%hg—Ralﬂ, (5)
0

where 1 = R/(TU)), Ral = foR/Uyp, and the variable with
subscript means taking the derivative of the variable, for ex-
ample, @i, = 0ii/0t, i, = 0ir/dr. Different values of A corre-
spond to different typhoon structures. In the present study,
the horizontal scale of a typhoon is set to be the scale of
large-scale movement, i.e., R ~ T Up; thereby, 4 = 1. Assum-
ing ¥ = ¥(7,7,0), it = ii(7,7,6), and considering the horizontal
divergence to be zero, the dimensionless vorticity equation
can be derived from Eq. (4) and Eq. (5) (the ~ on the top is
omitted) and written as
ol vol
ot rae e =0
where £ =v/r+0v/or —(1/r)(0u/d6).
Assuming v = v(r,0) +V'(t,r,0), u = u(r,0) +u’(t,r,0), both
are constructed by basic flow and perturbation flow respec-
tively, and substituting them for # and v in Eq. (6) yields

oy vor Vvaor vor _of  ,00 _dC
o v roe v "ar Mo ar T
Without loss of generality, here, the tangential asym-
metric basic flow is constructed by superimposing the
wavenumber-1 perturbation flow on the symmetric tangential
basic flow (Zhong et al., 2007). The dimensionless tangential
asymmetric basic flow can be expressed by

0
£ ©)

0. (7)

ar
1+br2

With Eq. (8), the radial basic flow & can be derived from the
non-divergence equation as follows:

p= [1+usin(@+6p)] . (3

i = —— In(1 + br)[ucos@+6o)] » )
2br

where y (~ 1071) is the parameter of asymmetry for the ba-
sic flow, a and b are parameters for the basic flow structure,
and 6 is the initial azimuth of the wavenumber-1 perturba-
tion flow. When y is set to zero, Egs. (8) and (9) degenerate
into an expression for the symmetric basic flow, and the larger
value of u corresponds to the stronger asymmetry in the basic
flow. In addition, the radius of maximum wind (RMW) can
be determined by parameters a and b. From Eq. (8), one can
yield a value of b~!/? for the RMW. In the present study, we
set a = 20 and b = 100; then, the corresponding dimension-
less RMW is r = 0.1, which is about 100 km. Moreover, the
locations of maximum and minimum velocities in the asym-
metric basic flow are determined by the initial azimuth angle
o.

Using the dimensional format of Egs. (8) and (9) (Huang
and Chao, 1980) (i.e., multiplied by the characteristic speed
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Up = 50 m s~!) and specifying the initial azimuth angle
6o = 0 and asymmetry intensity parameter u = 0.2, the distri-
butions of the tangential symmetric basic flow, the tangential
wavenumber-1 perturbation flow, the tangential asymmetric
basic flow, and the radial basic flow, are shown in Figure 1. It
is clear that the tangential asymmetric basic flow speed (Fig-
ure 1c) is no longer distributed as concentric circles symmet-
rical about the typhoon center due to the consideration of the
tangential wavenumber-1 perturbation flow (Figure 1b). In-
stead, large values occur to the north of the typhoon center
and the tangential basic flow speed is obviously not symmet-
ric about the typhoon center. When y = 0.2, the maximum
flow speeds in the tangential symmetric basic flow, the tan-
gential wavenumber-1 perturbation flow and the tangential
asymmetric basic flow are 50 m s™!, 10 m s™! and 60 m s,
respectively.

Figure 2 shows the distributions of @#(0Z/dr) +
@/r)(0Z]06), (V' [r)(0Z]06) and u'(OZ/0r) in Eq. (7), from
which it can be seen that (87 /0r) +(¥/r)(0Z 06) is very small
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when r is relatively small, but it will increase quickly with
r. So, in this study, we assume @#(0Z/0r) + (¥/r)(0Z/06) = 0
in r ~ [0,0.35], as it is much smaller than the other items
in this range. Moreover, the average tangential and radial
speed within the ranges of r ~ [0,0.35] and 6 ~ [0, 2] in the
asymmetric basic flow is 37.5 m s~ and -6.8 m s~

Based on the definition of the stream function (i), v =
oY /or, u=—(1/r)(0y/06), and the vorticity equation, Eq. (7),
can be written in linear form in » ~ [0,0.35]:

0 va _0\_, , low ol 1oy d

(EJ’?a_eJ’”a_r)V Vo or e ragar

The solution to Eq. (10) can be obtained using the
Wentzel-Kremers-Brillouin-Jeffreys (WKBJ) method. Sup-
pose the solution to the slowly evolving wave packet (Zhong
et al., 2002; Tao et al., 2012) is

wl - ‘IJ(R, ®, T)eia(rﬂ,t) ,

(10)

(11

where (R, T,0) = &(r,t,60) and ¢ is a parameter smaller than 1,
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Fig. 1. Distributions of the speed of tangential and radial basic flow (units: m s™!): (a) tangential symmetric ba-
sic flow; (b) tangential wavenumber-1 perturbation flow; (c) tangential asymmetric basic flow; (d) radial basic
flow (the abscissa and ordinate indicate dimensionless distances from the typhoon center).
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Fig. 2. Distributions of (a) (v//r)(8Z/86), (b) u’(8Z/0r) and (c) u(dZ/dr) + (¥/r)(0Z/H6) on the 6—r plane.

we have
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where k and [ are radial and tangential wavenumbers, respec-
tively. Substituting Eq. (12) into Eq. (10) and omitting the
small term that includes &, we obtain the frequency equation
for vortex Rossby waves:
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where w is the frequency.
The radial and tangential group velocities, C, , and Cg g
Liu and Yang (1980), can be expressed as

kR -DE o %
Cg,r =(u+ (k2+12)2
7 77 (15)
2k - )%
Cep=|V+ (k2 + 12)2
dr C
ar _ Zer (16)
rdf Cg,g

Substituting Eq. (15) into Eq. (16), we can obtain Eq. (17)
shown below:
dr Cgr
= ,
do Cep
where dr/(rd#) is the slope of the wave ray.

Integration of Eq. (17) can yield the rays of vortex Rossby
waves in asymmetric basic flow.

(a7

3. Numerical solution of the wave ray equation

Since it is hard to obtain the analytical solution of the
wave ray, Eq. (17), here, we seek its solution by numerical
integration. The scheme for numerical integration is written
as

r(n+1) =r(n)+A0f(r(n),6(n)) , (18)

where n is the number of integration steps, A8 is the inte-
gration step, and f(r,0) is the term on the right-hand side of
Eq. (17). The initial value 6(0) is set to zero; the integration
range of r is set to [0,0.35]; the integration step A6 = 0.01;
and wavenumber k =/ = 1. Figure 3 presents the wave rays
obtained by numerical integration under the above conditions
when u is set to 0, 0.2 and 0.3, respectively.

Figure 3 shows that the vortex Rossby wave rays prop-
agate outward in a spiral pattern. The distances from the
typhoon center of the wave rays increase with the azimuth

0.4

— p:O
— u=0.2
P b=0.3
2
04 02 0.2 0.4
0.2
0.4

Fig. 3. Wave rays corresponding to various values of u (the ab-
scissa and the ordinate indicate dimensionless distances from
the typhoon center).
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angle and, apparently, the differences between the rays in-
crease with the intensity of asymmetry (1). The larger the
value of y, the greater the increase in the distance of the wave
ray, and that makes a wave ray with larger u farther away
from the typhoon center. Although the difference between
the asymmetric wave ray and the symmetric one is still large,
the difference between wave rays for y = 0.2 and p = 0.3 be-
comes smaller with the increasing of r. This suggests that the
impact of the basic flow asymmetry on wave rays will gener-
ally decrease and ultimately be constrained within a certain
radius.

4. Group velocity

Based on Eq. (17) for wave rays, the radial and tangen-
tial group velocities (C, and Cgg) are two important fac-
tors affecting wave rays. In the following, we take u = 0.2
and 8y = 0 as an example to explore the impacts of asymmet-
ric basic flow on the vortex Rossby wave rays via analyzing
characteristics of the radial and tangential group velocities.

Figure 4 displays the distributions of dimensionless ra-
dial group velocity Cg - on the 6—r plane in both symmetric
and asymmetric basic flows. In the symmetric basic flow
(Fig. 4a), Cg, is always irrelevant to azimuth angle 6 and
only changes with radius r. The large value of Cg, appears
at r = 0.1 (where the maximum tangential wind speed ap-
pears). In the asymmetric basic flow (Fig. 4b), C, , changes
with both r and 0 and the largest value also appears at around
r=0.1. The average dimensionless value of C, , is about 0.50
and the largest is 1.21 within the ranges of r ~ [0,0.35] and
6 ~ [0, 2], corresponding to an average and maximum radial
group velocity of 25 m s™! and 60.5 m s~!. With Eq. (8), it
can be found that when y = 0.2 the dimensionless maximum
radial basic flow velocity # is —0.16, corresponding to —8.0
m s_l, which is much slower than the maximum C,,. The

0.3[( 4)-02
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02 o6
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0.1 1
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average dimensionless radial basic flow speed is —0.14, cor-
responding to the average value of —6.8 m s~!, which is also
much slower than the average C,,. When compared with 7,
although the average C, ; is smaller, the maximum value of
C, is almost the same as v. This indicates that the charac-
teristic of Cy, is identical to that of ¥, and the wave energy
could propagate outward rapidly.

The difference between radial group velocities in sym-
metric and asymmetric basic flows can be written as

ACg,r = Cg,r,asy - Cg,r,sy P (19)
where Cyg , a5y and Cy sy are radial group velocities in sym-
metric and asymmetric conditions, respectively.

The distribution of AC, , on the 6—r plane is displayed in
Fig. 5, which shows that AC, , also reaches its maximum at
around r =0.1.

It is worth noting that the distributions of C,, and ACy ,
shown in Fig. 4 and Fig. 5 are obtained under the condition of
an initial azimuth angle 8y = 0 in the tangential wavenumber-
1 perturbation flow and the radial basic flow. Compared with
Fig. 1, it is easy to identify that AC,, is affected by both
the features of asymmetry in the tangential and radial basic
flows. For example, the maximum and minimum values of
the wavenumber-1 perturbation flow are located at azimuth
angles of 6 = 0.57 and 1.57, and the locations of maximum
and minimum values of the radial basic flow are at a 0 = x
and 0. When r is small, the maximum and minimum values
of AC, - appear at 6 ~ m and 27, which is close to the location
of the maximum and minimum values of . Whereas, for the
larger r, the location of the maximum and minimum values of
AC, , will rotate clockwise and approach those of ¥, as shown
in Fig. 5. This suggests that both the tangential asymmetric
wavenumber-1 flow and the radial basic flow can affect the
distribution of radial group velocity C, ,; however, the tan-
gential and radial basic flow shows different importance for

0;)1 15 /

0.05 \0.6/\

{

0.01

Fig. 4. Distributions of dimensionless radial group velocity Cg , on the 6—r plane in (a) symmetric basic flow

and (b) asymmetric basic flow.
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Fig. 5. Distribution of AC,, on the 6—r plane.

different r. Generally, the locations of the maximum and min-
imum value of AC,, are closely linked with the azimuth an-
gles of the asymmetry. Therefore, if the asymmetries of the
basic flows intensify at specific azimuth angles, then Cy , will
increase around these angles, and the wave energy will prop-
agate outward more rapidly there. Similarly, when the asym-
metry decreases at specific azimuth angles, the wave energy
will propagate outward more slowly along these directions.
The distribution of tangential group velocity C, g on the
6-r plane is presented in Fig. 6, which shows that the distri-
bution of Cy ¢ (Fig. 6a) in the symmetric basic flow is similar
to that of Cy , (Figure 4a), and both change only with radius
and reach their maximum values at r = 0.1. In the asymmet-
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ric basic flow, however, although the maximum values of Cg ,
and Cy ¢ both appear at around » = 0.1 (Fig. 6b and Fig. 4b),
with little difference in values, Cg ¢ is much larger than Cg ,
at a certain radius (e.g., at 7 = 0.3, C, , 0.2, Cg 9 = 0.6), in-
dicating that Cy , and C, ¢ are different from each other. Cg ,
decreases more rapidly along the radial direction, and thereby
the speed of wave energy propagation along the radial direc-
tion will become slow beyond a certain radius. In contrast,
the radial gradient of Cy g is relatively small, so the tangential
propagation of wave energy can still maintain in regions far
away from the typhoon center. It can be estimated that the
average value of dimensionless Cg g in the region shown in
Fig. 6 (r ~[0,0.35],0 ~ [0,27]) is 0.75, which corresponds to
37.5 m s7!, and is just the same as the average value of 7.
Whereas, the maximum value of dimensionless Cg g is 1.20,
corresponding to 60.0 m s~!, which is also the same as the
maximum value of ¥. This suggests that wave energy can
propagate along the tangential direction at the average speed
of the tangential basic flow. In short, the wave energy propa-
gation along the tangential direction is much faster than that
in the radial direction.

The difference between tangential group velocities in
symmetric and asymmetric basic flows (ACg¢) can be ex-
pressed as

ACg,H = Cg,e,asy - Cg,e,sy s (20)

where Cg g 55y and Cy gy are the tangential group velocities
in symmetric and asymmetric basic flows, respectively.

Figure 7 shows the distribution of ACy ¢ on the 6—r plane.
AC, ¢ changes with both azimuth angle 6 and radius r. The
change in ACgy with 6 demonstrates the asymmetric fea-
ture of tangential wavenumber-1 flow and the radial basic
flow, and the azimuth angles corresponding to the locations
of asymmetric maximum and minimum values also change
with 7.

Compared with Fig. 1, it is clear that when r is relatively

0.3
0.25
0.2

0.15
0.1

0.05

0.01

Fig. 6. Distribution of dimensionless tangential group velocity Cg g on the 6—r plane in (a) symmetric basic flow

and (b) asymmetric basic flow.
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Fig. 7. Distribution of ACy ¢ on the 6—r plane.

small, the large and small values of AC, ¢ are located just be-
tween the locations of the maximum and minimum value of
v and # (e.g., when r ~ [0.01,0.05], the maximum and min-
imum values of AC,zg are located at about 0.37 and 1.37),
which means that the basic flow ¥ and & are both important at
this radial scope. However, when r becomes larger, areas of
large and small values of AC, ¢ turn anticlockwise and basi-
cally overlap areas of large and small values of wavenumber-
1 perturbation flow (e.g., when r ~ 0.1, the large and small
AC, g are located at about 0.57 and 1.57), which suggests
that the tangential wavenumber-1 perturbation plays a more
important role for such conditions. Moreover, the locations
of large and small AC, ¢ turn anticlockwise with a continu-
ous increase of r, indicating that the influence of radial flow
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decreases rapidly with increasing r. As a result, both the tan-
gential wavenumber-1 perturbation flow and the radial basic
flow both can increase (decrease) the value of AC, g, but the
importance of the radial basic flow is only concentrated in
areas for smaller r, and AC, ¢ is dominated by the tangential
wavenumber-1 perturbation when r becomes larger.

Based on the wave ray equation, Eq. (17), the ratio of C, ,
to Cg ¢ determines the ray slope of vortex Rossby waves. Dis-
tributions of ray slopes in symmetric and asymmetric basic
flows are shown in Fig. 8, which indicates that in the sym-
metric basic flow (Fig. 8a) the ray slope is only associated
with the radius, and its distribution is similar to that of the
group velocity, with the maximum value occurring at r = 0.1.
In the asymmetric basic flow (Fig. 8b), the distribution of the
ray slope is completely different to that of the group velocity,
although the large ray slope still occurs at around » = 0.1. Im-
pacts of asymmetry in the basic flow on the wave ray slope are
mainly concentrated near the RMW, and the azimuth angle
corresponding to the maximum wave ray slope is at around
6 = 1.13x. Differences between the ray slopes in symmetric
and asymmetric basic flows (Fig. 9) indicate that large differ-
ences also occur around the RMW, whereas the azimuth angle
corresponding to the largest difference varies with the max-
imum speed of tangential wavenumber-1 perturbation flow
and the radial basic flow. It is worth noting that the influ-
ence of asymmetry is still important for larger r, and this can
explain the reason why the difference between wave rays of
asymmetric flow and symmetric flow is great in Fig. 3.

5. Conclusions

In the present study, wave ray theory is applied to inves-
tigate the impact of asymmetry in basic flow of typhoons on
vortex Rossby waves, including the wave ray path, the group
velocity, and the wave ray slope. The major conclusions are
as follows:

S DRSNS

0.15
0.1

0.01 -

()
o
[4)]
o= |
3+

Fig. 8. Distribution of the wave ray slope on the 6—r plane in (a) symmetric and (b) asymmetric basic flow.



538

0 0102_J, \/

i \

0.3/ / /
0.25}
02 —_0.2 0.2 W
-0.1
0.15] / / 0.2 /—02
0.1 / 01 / /

0.05}

1 1 1 \.
0'010 0.5m Tr ) 2
0

Fig. 9. Differences between wave ray slopes in asymmetric and
symmetric basic flows on the 6—r plane.

(1) Compared to symmetric basic flow, the asymmetry
in the basic flow will change the ray paths of vortex Rossby
waves in typhoons. The wave rays of the asymmetric basic
flow are always located outside that of the symmetric basic
flow. Stronger asymmetry in the basic flow corresponds to
a larger difference between the wave rays in symmetric and
asymmetric basic flows. The impacts of the asymmetry in
the basic flow on the wave ray path are mainly concentrated
in areas for smaller r, and it will diminish generally with in-
creasing r beyond a certain radius.

(2) The asymmetry in the basic flow has substantial im-
pacts on radial and tangential group velocities of vortex
Rossby waves. In the asymmetric basic flow, the radial and
tangential group velocities change not only with the radius,
but also the azimuth angle. The impact of asymmetry in the
basic flow on group velocity is mainly concentrated near the
RMW. Maximum wave energy propagation speeds along the
radial and tangential directions near the RMW are almost
equivalent to the maximum speed of tangential basic flow.
Both the tangential basic flow and the radial basic flow can
affect the group velocities, but the influence of radial basic
flow only appears for smaller , whereas the influence of tan-
gential basic flow can maintain in the whole area we studied.

(3) The asymmetry in the basic flow can change the wave
ray slope by affecting the radial and tangential group veloc-
ities of vortex Rossby waves, and eventually influence the
wave ray path. However, the impact of asymmetry in the ba-
sic flow on the wave ray slope is mainly concentrated near
the RMW.

Note that the above results are based on vortex Rossby
waves on the f-plane; the S-plane and the three-dimensional
structure of vortex Rossby waves in asymmetric conditions
should be considered in the future.
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