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ABSTRACT

The problems on evolution of large-scale disturbances and their interaction with mean flow recently
attract much effort of metecrologists due to their practical importance in weather and climate predictions.
In this paper, some theoretical results obtained in current investigations of these problems will be reviewed,
A barotropic atmosphere is taken in this paper, and the baroclinic atmosphere is left in our second paper.

The following aspects are reviewed: First, the general properties of two-dimensional barotropic motien
both in the nonlinear and linearized equations and both in the quasi-geostrophic and non-geostrophic
models. Second, the evolution and the structure of Rossby wave packet superimposed on a zomal or non-

zonal basic flow.
In this part, only the above two problems are reviewed. The remanent problems, i.e., the normal

modes and continuous spectra of both gquasi-geostrophic and non-geostrophic models, weakly nonlinear
theory and the fully nonlinear theory will be discussed in part II {(another paper).

I. INTRODUCTION

In the atmosphere of a rotating planet there is always a jet-like zonal flow around
the axis of the planet. There are also pronounced nonzonal disturbances superimposed on
this zonal flow in the atmosphere of some planets such as our (earth’s) atmosphere. There
are some very intensive large-scale vortexes observed in other atmospheres such as Jovian
atmosphere, although its wave—like disturbances are very weak. In all cases the generation
and maintenance of the zonal flow, the evolution (propagation and changes in the intensity,
structure and shape) of disturbances, waves and vortexes, and their interactions with the
zonal flow are basic theoretical problems in the dynamics.

Undoubtedly, a permanent zonal flow in our atmosphere is generated by the energy
imput of solar radiation and controlled by the earth’s rotation and other factors. This
zonal flow is disturbed by the non-homogeneous characters of the earth's surface such as
orography and the thermal difference between the continent and ocean, and results in some
quasi-steady nonzonal disturbances. This zonal flow, or plus forced quasi-steady nonzonal
disturbances, is the basic flow, on which there are superimposed ceaseless transient distur—
bances. Atmospheric statistics shows that, in general, large-scale transient disturbances are
amplifiedand maintained by the baroclinic conversion from zonal to eddy available poten-
tial energy and the internal heating, while they are damped by the barotropic conversion
from eddy to zonal kinetic energy. The last mechanism, namely, fulfils the requirement
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of angular momentum transfer to maintain the zonal circulation (see, for example, Starrt?
(1948), Yeh and Zhu'® (1958), and Lorenz®1 (1967). However, a daily individual situat-
ion can greatly differ from the statistical mean. A disturbance can be maintained for a
very long time, or grow and decay rapidly, depending on its structure and the charac-
teristics of zonal flow; and the energy cascade can be very different, there exists conti—
nuous feedback of eddy energy to the zonal in some cases, but the transfer of energy from
eddy to zonal and the reversed alternatively go on in other cases. The statistical properties
of general atmospheric circulation result from two factors, one is that the conditions for
transformation of eddy energy into zonal occur more often, and the other is that a dis—
turbance superimposed on a jet-like zonal flow is more easily changed into a decaying one.
Therefore to study the conditions and mechanism of growing, decaying and maintenance
of disturbances and their transport properties are the basic problems. They are important
for weather prediction as well as for the understanding of the statistical nature of general
atmospheric circulation.

Recently, long-range weather prediction (or short-term climate prediction) attracts
more attention of meteorologists. Blocking and the other anomalistic phenomena in the
atmospheric circulation are some intensive disturbances, having very long time scale or even
being quasi-steady. They interact with basic zonal flow, normal or abnormal, and the
transient nonzonal disturbances with relatively high frequency. These anomalistic flows.
can be considered as some disturbances with respect to the time mean zonal flow on one
hand, and must be considered as a basic but nonzonal flow with respect to the transient
disturbances on the other hand. Therefore, the topics for investigations have been extended.
At present there are some developments in the investigaiions, both . observational and
theoretical, on such extended problems.

Besides, the discovery of QBO phenomenon in the equatorial stratosphere and its relation
to the momentum transport of gravity waves indicates that the inleraction of gravily waves
and basic flow might be important in the change of general circulation. Much effort from
dynamical meteorologists has been devoted to this problem in the past ten Lo twenty years,
and promoted the study of interaction problems to a large extent. Currently, the impor—
tance of gravity waves in the meso-scale dynamics has also been pointed out, Maybe, the
interaction of tidal waves with basic flow is also Interesting.

We try to give a review of theorctical results obtained in some aspects of these extended
evolutionary and interaction problems, in which Chinese meteorologists have been interested,
making the emphasis on the Chinese works. In this paper we will deal with the barotropic
atmosphere, leaving the baroclinic atmosphere to the second paper,

Il. GENERAL PROPERTIES OF TWQ-DIMENSIONAL BAROTROPIC MOTION

|. Integral Properties of Barotropic Quasi-Geostropic Motion on a Sphere
We first take the barotropic quasi-geostrophic model on a sphere as follows

d /8 2 A
qu=(fiTTU‘ zsinfad V¢ azd )q—O, (1
where ¢ is the absolute potential vorticily
SO S O IO I fijz
o= {grsimg 50 0 55 +smgorr )~ K g 9 20080, (2)
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fo=2wcosd, is an average Coriolis parameter, ¢ is a constant (the average potential of
the free surface), and K=0 or I. If X=0 is taken, Eq. (1) is degenerated into the non-
divergent model. The other symbols are commonly used,

This model possesses conservations of total angular momentum M, total energy £
and total squared absolute potential vorticity F:

fua

M(t)=”s( avysind— K 1% p s )-a’smﬂdG,l:M(o), (1)

E(l‘)=“ ‘(aaa) (asmﬂaﬂ) ()z]

X ¢ sin8d@di=E(0), (5)

o ={| §easnedssi—F (), (6)

where S denotes the whole spherical surface. Combining Egs. (4) and (6) yields the
conservation of enstrophy (iotal squared relative potential vorticity) ©:

Q(‘);Hs ;:asin 9( aae sind aa% ) a*s?:ﬁeam ‘K%;:i'ﬁ }

% atsinfdfdi=000). (7
By making expansion of p into a series of spherical functions
$(6,7,0) = Z Zwm(f)ewmeosay (8)

n=]1 m=
from Eqgs. (5) and (7), we obtain the conservation of mean scale /** of the motion or
somewhat mean wave number n**,

R E (g*¥ 1) ~ __;=C0ﬂ5t. (9

The conservation of mean scale /** of non—divergent flow on a non-rotating sphere
{a=0) is first discovered by Fjdrtofttl (1953). However, in the case of rotating sphere,
the atmospheric motion possesses some anisotropy. The Fjgrioft’s types of energy trans-
fer, i. e., L>M<«S and L—M—8, take place when L, M and S only refer to the composed
relative long, medium and short waves, respectively. As to the wave lengths decomposed
along the latitudinal and meridional circles, the change in the spectral distribution of energy
can differ from the Fjgrtoft’s types. For example, during the period of transition from low
to high index of circulation the mean longitudinal wave number m* decreases, and the
mean meridional wave number #*=n** —m* increases; while during the inverse tramsition
the m* usually increases to some extent, and n* decreases. The important thing is that, on
a rotating sphere, m* can decrease monotonically and become zero in many cases, but
p*==#** _m* can never be zero, or some zonal fiow always remains unless a* =0 or M=0
initially, as can be seen in the following paragraph. The above mentioned anisotropy and
possibility of monotonic decrease of m* have been first emphasized by Rhinest? {1975) and
Zeng!® ™ {1979). A beta-plane has been used by the first author.

¥ TS TTATE TR Rk W LR



42 ADVANCES IN ATMOSPHERIC SCIENCES Vol. 2

In order to investigate the interaction between the disturbances and zonal flow, it is
convenient to decompose y and the correspondent properties into two parts. Denoting
the zonal part of ¢ by H(4, ), We get

P84, 1)=& (0,1} T/ (8,4,5. (10)
From Eq. (1) or ()—(7) we have

H=M, M'=0,

Erp=F, (11)

Q'}'Q':Qs

where the bar refers to the zonal flow, and the prime the disturbances.
The change of E or E’ is given by the following cquation

8E —dE’ o

T *=Usz);v;asm9mds, (12)
where ,=7,/asind. Similariy,

og 29 ([ ..,

o~ at _qu”f’aaads' (13)

We call a disturbance as developing if 37" /2¢>>0 and as decaying if 2E"/2t<<0. It is well
known that the most favorable structure of disturbances for developing (decaying) is that,
the trough or ridge lines are lilted eastward (westward) with the increasing of |8@—8;l,
where 8;_denotes the axis of the jet of westerlies, i €., aﬁja9=o at 4,.

If 21/80 =0 everywhere, we have 8E/at=8E’/ot=0. Moreover, it is not difficult
1o prove, that a flow with a]’t/ 70=0 has minimum zonal enstrophy § and minimum zonal
energy B=2F,—dmaA*/3 for a fixed M, where

28\ )
A= —’4‘9’;‘5! (2+Kf“%) :
This means, that if a flow with aﬁ/aﬂzo initially, its eddy energy will be bounded by its
initial value, i. ¢., £ {t)<<E’'(0). For an arbitrary flow the possible maximum portion of
zonal energy which can be drawn by the disturbance is
EB(0)-E,=E,. (14)
Thus, &, can be called as available zonal energy. _

The E, of a jet-like profile of §, which differs very much from 3i/28=0, may be
large. However, only a limited amount of E, can be released. This is due to the stabili-
zing effect of the rotating sphere. In fact, multiplying Eq. (1) by v,siné and integrating it
over the whole sphere, we obtain

HSQi;'ds= ”Sg%vésin’ﬂds ’ (15)

where p—=geosd, 7=d'n/dt* and ¢=g—2wcosd (the relative potential vorticity).
Thus, the average “acceleration” 7 over the region of cyclonic potential vorticity (§>0)
must be larger than that for anticyclonic potential vorticity {(g<0) if ©>0. This is a
favorable factor for separation of cyclonic vorticities from anticyclonic vorticities and slowing
down the development of cddies. Eg. (15) is the extension of Kuo’s formula®l {1950)
{Zeng!, 1982).

On the contrary, ihe eddy energy E' can be completely or almost completely absorbed
by the zonal flow in many cases. This is called by Zengl*'{(1979) as rotational adaptation.
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1
H
;“ The conditions and mechanism for existence of such completz absorption of disturbances
1 will be studied later.
]
$ 2. Integral Properties of Disturbances in g Linearized Model
H
" When the nonzonal flow is not very strong, the linearized equation
2 2 _ .
(3t + 2. “asin f2. )q ~ zad (16)
can be used. From Eq. (16) we obtain also {12)—(13). This means that the interaction
; aspect can be investigated by (16) together with
! 9§ dv.gsinf
j 3" " asindel (17}
' The structures of developing and decaying disturbances are the same as mentioned in
} the foregoing paragraph. Besides, from (16) we obtain the following two invariant in—
egrals
i, (aq/aaﬂ)___d‘s (18
2028+ )+
s{arl_ adf a5inaa F \a
! i—Jis) asiné 8¢’
' +L~%)q—“— 1 ds =0, (19)
) add
where L is an arbitrary constant (a reference angular velocity). It is not difficult to prove
that both integrals on the left hand side of Eqs. {18) and (19) exist even if a—g—-o at

some latitudes.
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From (19) we conclude, that the sufficient criterion for stability is the existence of a cons—

(20}

everywhere,

and that the necessary criterion for instability is existence of an interval {#,,0,) depending

such that

(9, <C0<8,) (21)

If 2g/28 does not change its sign in 0<<@<C the flow is stable. Besides, if #, is also

where
rz

)q

(22)

and (1—1,)/(0g/80)=0. We can determine a weighted average scale {, as follows
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e \_ E', (23)
( Ig )= Q.
where [,z is a generalized stationary Rossby wavelength
_F1 e
]ﬂﬁl_ ype Hsa 7 Smﬂds_ . (24)
o8

When the disturbances develop, E' increases, and (3, decreases simultaneously, hence i,
increases.  The reversal is true for decaying disturbances, An increase of [, can be achieved
either by the increase of actual mean scale [ of disturbances or by the moving of distur—
bances from the region of larger (iHID)/(aq/BH) to that of smaller (i—}fn)/(aq/ae),
Both take piace simultaneously, as can be seen later by using WKB method.

As (17) is used, i. e, the interaction is taken into account, #; is no longer steady.
However, 7, is a slowly varying function of r, so far as the jet is not too narrow and
the disturbances are not loo strong: Thus, our conclusion above the change of mean
scale of disturbances is valid approximately. When #; is al the unstable state, 2g/26=0
and (Z—Io)/(ag/36)<0 at some [atitudes, the change of mean scale can not be investi—
gated by integral properties alone.

Note thai according to (18) and (19), in the case of complete absorption of eddy energy
the eddy enstrophy does not approach to zero as f— oo if initially not zero. This means
that ¢ becomes an ideal function due to the infinitesimal mean wavelength as f—»co.

3. General Properties of Barotropic Motions without Quasi-Geostrophic Approximation

A barotropic model without quasi-geostrophic approximation, i. . the shallow water
equation on a rotating sphere, is usually taken as follows

;%{hz -vd-[20xv], (28)
29
T=#V'(¢'V)» (26)

where v=8°c, + A%, is the relative velocity of the fluid, ¢ the geopotential of the free
surface, @ the angular velocity of the rotating sphere, the symbol [ ], denotes the pro-
jection of vector standing in the brackets onto the horizontal surface, and V the gradient
operator on the spherical surface. From (25) and (26) we get the conservation of poten—

tial vorticity, dg/dt=0, where
hT 1 ¢ dvisingd  dv,\
a=§ zocost + g Ry ~5 )} (27)
and the conservation of total mass, total angular momentum, tolal energy and the total
:squared absolute potential vorticity as follows

Mo () zjj5¢ds=4m=4?=m(0), (28)

M(t)zﬂsqbasinﬂ(m-‘fmasmﬂ)ds=M(0): (29)
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E@={| F@iv+g0ds=£@), (30)

F) EJ'jS%Qst —F(0). 1)

In a manner similar to (9} we can introduce an invariant scale /** as follows
= (F/F)Y*=const. (32)

"Therefore, similar conclusions about the energy transfer can be drawn. But /** as well as
‘the conclusions drawn primarily, is relevant to the rotational part of the motion, because
only the vorticity is included in F. For the motions such as inertio-gravity waves, in which
the irrotational part is dominant or as large as the rotational part, ** determined by {32)
by no means indicates the actual scale of the motion because the scale determined by the
-divergence of velocity is alse important and is not included in F. In such case the physical
interpretation of (32) is not simple.

Linearizing (25) and (26) with respect to a zonal basic flow (5,5, =0,&), we have
dhe following three integrals

2l & 1. Y

WHS%(_(U;)W - g6 -}h: - J’quv,v,lasmﬁa—ag ds, (33)
©_$lasing 8 (q” N S A

Hs $12g/a08) @ ( 2 ) Fasind =5 " ds=0, : 31

a d B, —5,%2
,4§jq¢zil: 1_4% lU;2+U;Z+$]:_[¢"—('vi,u‘“?j,1)f)i]z}ds

at F
[ Uo—D)F'asing 2(% ) as- ]

+.-Hs H(—0g/a80) ot \ 2 ds=9, (33)

where 8;,=7,a5ind, and q=%j—2cocos€+ as%nﬁ aﬂ—fas(;n—B“| is th: potential vorticity

of the basic zonal flow. Notc that {33) is valid only if the basic flow is 2 stcady one.
Eqs. (34) and (35) have been obtained by Zeng'™ (1979) on a beta-plane.

These integrals are the extensions of (12), (18) and (19) respectively. Again, Eq. (33)
determines the dependence of development on the structure and relative location of the dis—
turbances, and the criterion for stability or instability is drawn from (35). For the large
scale motion we have always > 53, hence we get the same criterion for stability and insta—
bility as (20) and (21), and also (23) but with £’ and Q, replaced by the first and second
integrals (without the symbol 2/3f) in (35} respectively. All the conclusions obtained in
above subsection are valid qualitatively if the rotational part of the velocity field is dominant
1o matter whether the disturbance is quasi-geostrophic. However, [, by no means
indicates the scale of inertio-gravity waves. Moreover, besides barotropic instability there
xists another type of instability, the inertial instability, which causes a rapid development
©of pure inertio-gravity waves.

‘When the influence of disturbance on the basic flow is taken into account the basic flow
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is no longer steady, and (35) does not take place. Especialiy, a nonzero meridional circula-
tion, 7, %0, will be induced by the interaction. Therefore, we need to write perturbation
equations lingarized with respect to a basic zomal flow with #,%0 and the equations.
describing the evolution of the basic flow in the weakly nonlinear interaction theory. These
will be given in section V. (part II).
Finally, we point out that it is better to adopt a more accurate equation
Cdv -
ii"gﬁh=—‘7{b—|_2m><v]n—[fox(WXF)L (36}
instead of (25), where 1 is the vector radius, and the centrifugal force is included rather
than the visible horizon is introduced. dg/dt=0and Egs. (27), (28), (29) and (30) are all

valid, but (31) is replaced by
E@=(| y@lvroxtlice)ds=E®. 37

Besides, we have also the comservation of angular momentum vector
M= {[sigrx (v r@xIds =100, (38)

consequently, the conservation of inertial axis of the fluid, i. e. the direction of M,. M in
(29) is the projection of M, onto the axis of the rotating sphere. The use of (38) will be

interpreted in sectien VL

III. EVOLUTION AND STRUCTURE OF BAROTROPIC WAVE PACKET
\. General Formulas Describing the Evolution of Rossby Wave Packet

The concepts of wave packet and group velocity were early applied by Rossbyl'® (1945)
and Yehl' {1949) to the study of atmaspheric disturbances in a uniform basic flow. Later,
taking wave-packet representation and more or less using the WKB method, Dickinson,.
Zeng!® (his book was submitted to the press in 1977), Hoskins and many others have inves—
tigated various dynamic aspects of synoptic disturbances(® 1221, Especially, Dickinson!',
Grose and Hoskinst41, Hoskins and Karoly®?*4, and Hayashi®**! have paid attention to the-
propagation or the rays of Rossby wave; Chao and Yeht'*# and the others''*-*%0 have
paid attention to the spiral structure of the Rossby waves; while the evolutional aspects of
wave packets in non-uniform basic flow have been thoroughly studied by Zeng 2479,
Chent'™, Lu and Zengt*%, Lu®?, Yourg and Rhinest). Note that it is unnecessary
for using the WKB method to take uniform and zonal flow as the basic flow.

According to Zeng'! (1982), taking a Mercator projection of the sphere but a nonzonal
basic flow (3;,5,), introducing characteristic velocity U *  horizontal length L*, and
time ¢*=L*/U* for the perturbation, denoting the nondimensional time by ¢ and the non-
dimensional coordinates as follows

A 1+cogd
x=fer y=eln g (39)

we transform the linearized nondimensional quasi-geostrophic potential vorticity equation into
the following

!
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a8 a2 iL* catyt g LN i
(8t+uax+"'ay —Z(G)voosﬂ) ax“+ay‘_(L.,) sm“ﬂ;{:J

3¢ -8 3;(: =0, (407

+By 3o

where ¢' is the perturbatlon of nondimensional stream function, rU*a=2,/snd, rl*s=
—B,/sind, r is the ratio of scaling velocity for the basic flow to that for the perturbation,
L.=d¢/20c0s8, is the Rossby deformation radius, B,=R;'23/2x, By=R7'2g/0y,
Ro=rU*/L*2pcosf, is the Rossby Number, and g is the nondimensional geostrophic
potential vorticity of the basic flow whose nondimensional stream function is &
cos Fo v&§ 8% [L*N . ., -1
7= cosd, sin @ |_9x" ay? —(fﬁ)sm 0 _} (41

For simplicity we have taken K=1 in (40) and (41},

Assuming that 7, B, B, and B, are slowly varying fuoctions of {x, y, 1), and that
the scales of perturbation are small as compared with those of the basic flow, i. e. e, the
ratio of these two scales, is a small parameter, we introduce a slow time 7 and enlarged
coordinates (X, ¥) as follows

X=ex, Y=2y, T=¢t, (42)

and represent the perturbation in the form of a wave packet
W'(xyvst)=Re[W(X,V,T)e s e, {43}
WXV, T =0, (X,Y,T)+¥,/X,YV,T)+ -, (44>

then the partial derivatives of &, 5, B., By, @ and ¥; (j=0, 1, 2,...) with respect to
the arguments (X, Y, T) are all of O (1). Substituting (42)—(44) into (40) and expand
every term into a power series of e, we get the dispersion relation

{o—mB—nb)y*+B,m—B.n=0, (45}
and an equation governing the evolution of amplituds

-
8, -8 .2 S a9
: (aT-l—uaX +i§ay)v’lpn—(c—mu-—nv)LZ(maX-]-nay)q/.]
H
am . _ o, @%
+W(BX+3Y) ~B: Gy B S (46)
where o, m, n are the instantancous and local frequency, wave numbers along X and ¥
respectively, i. e.
_ 6 lC 20 o
CF T MT Xt Ty 7
vi=mir'+ P and
LaT
p?.E — . T £ y
(Lo) sin *d
- wherc @ is a phase function.
i Besides, we have also the following kinematic relationships
13
1 _ ov o2 B,B, BE_V)
E Dyo/DT =~ m g+ )= (wggt = m ), (48)
i
3
1
]
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o8 op ! BB, 2
Dt DT = —(m St n 22 )57 (5 — mBE), (49)
/' om . @®N ./ 8B, _8B,\ da 8P
Dgn/Dr“——“Lm 5; +n BY) v (:: GBY - %)“%W’ (50)
where
& 12 7l :
Dy DT =5 +Cax 55 TCor 3y s (51)

Cox=3c/dm, Cov=0a/dn are the componenis of the group velocily, and 3o/20% =
(mBy—nuB) »", Eqgs. (48)—(50) determine the change in o, m and n Therefore,
we have obtained all the equations describing all the characterlstlcs of evolutionary process
of the wave packet

Integrating (46) over the whele region cccupied by the wave racket w, we get the encrgy
cquation

2 ., r ez a8 o7
ET_E = “ (¥, [? Lm - +mﬂ( 27 -I-?X')
+ ]d,‘CdY (52}
where
= J%uzlwomxdr’ (53)

w
is the total energy of disturbances represented in the form of wave packet, Eq. {52) is the
wave packet representation of energy cquation

B0 AT L e, S ( )J T, ( oh . 2
ot .Us21_” reet a) |9s= ns_”*”’ sinf-pg Sinﬁa}',)
3 g .
—uviv; smﬂ-sﬁga-l-ugvgglg#v;’ctg 8- v, 'ds, (54)

but the last term in (54) is neglected duc to the smallness of &,.

Fq. (52) is a useful eguation indicating the dependency of the development on thc
structure and location of the disturbance. Especially, since the disturbance is a long wave
{Rossby wave), the mean flow & must consist of a zonal flow and some ulira-long waves, if
it {s rot a purely zonal one, hence (42) can be simpliﬁed as follows

aE"

B_vaﬂ TAE I(“: —ﬂ)aX i }, dXdY (55

because |d8,/2X | is veually smaller than |9a/3Y | in our atmosphere. More analyses will

be given later.
Next, from (49) and (30) we obtain an cquation descnbmg the temporal variation of

two—dimensional wave number (% +n?)"/*. When the jet profile is not too sharp, this
equation takes the following approximate form

22

—%—(m’+n’) me —2 [m( X +1 g;)ﬁ-ﬂ( ;——+nbayi)j. (56)
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Therefore we have

OF"  Wal? Da(mi+n)
aTm_ij - S dXdy. (57)

This means, that the scale (wavelength) of a disturbance is enlarged as it develops, while
its scale becomes smaller as it decays. This has been discovered first in Zeng and Lu's
worksliee2 0]
2. Rosshy Wave Packet in a Jet-like Zonal Flow

Rossby wave packet in a jet-like zonal flow has been analyzed in detail by Zeng
and Lub™20 (1981) and Zeng'l (1982)

Note that in this case the disturbances not necessarily have a wave packet form along
every latitudinal circ]'e, i. &, m can be a const., and &, o, ¥, be functions of ¥ and T.

Let v=0, from (45}—{50) we obtain

= j\ wE | W, [ X dY = H W, imn - dX Y, (58)
1 @
”wﬁi 2 Gl exdy =, (59)
g 0
H|3T AL T T e (|9 Y =0, (60)

where %, is a const., these three integrals namely are the analogues of (50}, (60) and (61}
respectively. So that the criteria for stability and instability are the same as mentioned in
section 11-2 but relevant to the local region occipied by the wave packet.

If & is a steady zonal flow, (46) can be transformed inte a more ¢compact form

AT Y. 8r CHLLIPA G [#, 1)
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According to (45), we have
L AP .
T 2B, _0;—17 ’ (62}
m '

where ¢ =v*|¥,]*/2 is the energy density of the disturbance and ¢'/((c/m)—a) is
called as wave action (Bretherton2), 1969). So that (51) is the conservation of wave action.
According to (48) and (49), o and m do not vary with time' along €, the group velocity,
if the basic flow is zonal and steady. Therefore, Eq. (61) together with (62)- is very conve—
nient for computing the evolution of ¢ along C,;. However, the wave action might not exist
at o line, where B, =0, hence o—mz=0, if there is such a line within the wave packet,
but (46) (58) and (59} are still valid. Besides, in the nonzonal case, the conservation of
wave action breaks down (Yamagata®), 1976). Instead, the conservation of total enstrophy
approximately takes place if O(B,)=0(B,)=0(&) and 28/2X +88/8Y =0 (Zeng
and Lu"'™, 1981, and Young and Rhines"'*), 1980). Even this conservatmn also breaks down
it 2a/8X +20/0Y =0 (Zeng and Lul'®), 1981} ' ' a

In a zonal, but not necessanly steady, basic flow we have two equations, oné describes
the variation of two—dimensional wave number and thé othef’ the varlatlon pf thd tﬂt of the
trough-ridge " linés, as follows e P L .
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Dy _ Do _ om0 2B,
Do (o) = = =t G +97By Gy G ). (63)
De (1 2% s P8
el vre %), (64
Eq. (63) can be transformed into a more compact form
Dy ¢ ou .
B"_D—T%—_E“=_2mﬂTBT’ if Byx0. (65
v Y 4 l—_-
m>0n - L]
\ n<h ! L) K 4
5 iF
1
Y s " ‘ W £ " X
V¥
m> I " m>
L] n<0
8 (bt

Fig. 1. (a) An ideal jet profile a(¥). (t) A typical trough or
ridge line of barotropically growing disturbance. (c) The
same as in (b), but for decaying disturbance. 1° is the
direction of the ray.

Suppose that there are westerlies with a jet whose axis (the maximum of #) is located
at Y=Y, in the Northern Hemisphere. The typical structure of developing and decaying
trough-ridge line is given in Fig. 1b and lc. respectively and some typical flow patterns
composed of basic flow and disturbances are given in Fig. 2.

In our atmosphere L,=3% 10° km, L*=10° km for long wave disturbance, and L*<Z10°
km for short oue, so that O (L,/L*)=0(1), O(R,)<0(1) and O(B,)=0(1) for the long
wave; and O(L/L*)>0(1) and. 0O(B,)<<O(1) for the short wave. In all cases, p? is small,
and ap*/aY can be neglected in (63) and (64). When the jet is moderate or weak, B, is
positive, and the leading term of By is B #lcosf/cosfl,) /oy hence 88./8Y is negative.
Therefore in the south of the jet, where 2a/8¥ >0, two terms remained in the right hand
side of {63) have the same sign, and are negative for developing disturbance (mn>-0) and
positive for decaying disturbance (mn<C0). This indicates that when a disturbance develops.
{decays) in the south of the jet, its wavelength enlarges {shortens), and its axis, i. ¢., the
trough or ridge line, becomes less (more) tilted, in accordance with (63) and (64). On the
other hand, when a disturbance is located in the north of the jet, where 28/8Y <0, the
leading term in (45) and (46) is 2a/aY, providing the jet is not too weak (98/8Y is
not too small), thus the conclusion about the change of scale and axis of disturbances is

also valid.
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As By>0, Cyey=2mnB,y~* has the same sign as sm, therefore the maximum
amplitude of developing (decaying) disturbance moves toward (out from ) the jet. Taking
do=u(V,yin (60), (#,—#)/B,>0 and has minimum at ¥ =Y, (the axis of the jet).
Thus, the two ways mentioned in section 1I-2 to enlarge or shorten [, take place simul-
taneously.

7

= Dz

SR ay
tch (d?

Fig. 2. Typical patterns of barotropic developing and decaying disturbances. {a) develop-
ing trough on the southside of the jet stream, (b) decaying trough on the southside
of the jet stream, ¢)  decaying trough on the northside of the jet stream. Dashed
lines are isotaches within the area with strong wind, and “J*' denotes the location
of maximum wnd speed.

Suppose that initially we have a developing wave packet, in the first stage this wave packet

.develops, draws energy from the zonal basic flow; and its trough-ridge lines gradually

become less tilted due to the shear of the zonal flow. Then, the trough-ridge lines are
directed nearly along a meridian, the cnergy of the wave packet reaches its maximum.
Allter that the trough-ridge lines become more and more tilted in the opposite direction, the
wave packet decays, and its energy is continuously absorbed by the zonal flow. This is
the whole life cycle of a Rossby wave packet, and can be schematically shown in Fig. 3.

Let a wave packet locate initially at ¥'=Y*® and have local wave number m'®, n'™, hence
ot = g0 _ ) B0 Y (p'932, where =gy, BY=5,(¥'"") and (pt¥)t=
(R 4 (24 PV ™), Y=Y, is called as a critical line with respect to the wave
packet if (¥ )= — B/ (»®)*. When a wave packet approaches its critical line, it
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keeps its o and m unchanged, but its ¢'-»0, |¥,|-»0 and »*—>co due to o —mu (¥, )0
in accordance with the conservation of wave action, (61) and (62), and the local dispersion
relation. This means that the wave packet will be finally and completely absorbed by the
zonal basic flow. This is the case when the wave packet consists of long wave (hence,
Bs/v?is not large) and the westerlies have a single but strong enough jet (z is a mono-
tonic function of ¥ on every side of the jet axés and has an increasement large enough to make
g=a"""— B/ (»")* satisfied at some Y}

( :ai\i\ C@Q\ N
W&z

I iy

Yo

fo

Fig. 3. Life cycle of a wave packet. Heavy lines are the trough lines, thin lines the
isopleths of disturbances. ¢.<[¢ ,<t,<t,.

If the wave packet-consists of ultra-long wave with very small |m'| and |a'™], ™

is negative, hence a strong enough east wind is nesded to completely absorb the wave
packet. Besides, if there are double jets, and if there is no critical line in the arca between
these two jets, a decaying wave packet will be amplified again after propagating across the
minimum of #, then reflected at some latitude, and then alternatively undergoes a grow
and decay. Therefore, some portion of energy of the wave packet will remain, and there
exists a wave guide in this area (ses, Fig. 4).

Y . ¥

Y Yo e e —— e — ——

¥ ’ ' Yifprormn o —o—_—m —_——_—m M—4 — —— —/
ta) o (bl X

Fig. 4. A zonal flow with double jets, (a}, and a wave guide (b). The heavy curve with
arrows indicates the wave ray.

Finally, when the jetis too weak, (|2&/8Y | is too small), the conclusions about the
disturbances in the north of westerlies jet can only be drawn under additional or detailed
analysis, for example, for short wave the term »—:3B,/dY is negligibly small due to

L
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smallness of O {B,) or largeness of »* or 2, hence »°. When the jet is too strong and
narrow, especially when B, even changes its sign, there is no simple law governing the
variation of scale of the distrubance, further investigation is needed.

Note that the wave packet representation of a disturbance is very simple and clear
in the geometric picture, and the WKB miethod gives mathematically simple and excellent
form of formulzs, but, the first, the real disturbance can hardly be represented by a single
wave packet with sufficient accuracy, hence a combination of several wave packets and the
study of their interference are needed; and the second, WKB method introduces certain
approximations to the original equation, hence the conclusions such obtained might be only
approximalely valid, so that a more exact method is desirable, this will be descrited in
section IV (another paper).

3. The Case of Nonzeonal Basic Flov

In our atmosphere there are always some forced ultra-long waves. Thus to study the
evolution of disturbances superposed on a nonzonal flow and their interaction is more im-
portant i practice. This problem needs further investigation. Here, we are able only to
show some examples.

Suppose that there are a zonal flow &, with jet axis located at ¥, and an ulirp-long
wave whose stream function is

$.=AcmMX -cos N (Y -V ), {86}
where M and N are the wave numbers of the ultra-long wave, N> M >0and A>0, ¥ <Y,
(on the southern side of the jet), and 4 of M is small encugh. The composed stream func-
tion f=¢, + @, is given in Fig 5. Denoting ¥,=min (¥, Y,+z/2N), we divide
XY plane into four regions: regions I, II, III and IV, corresponding to the northeast

Yo

Yo-x/2N -

Fig. 5. A nonzonal basic flow (solid lines) and a grcwing‘djst‘upba_nce {dashed thin
lines). The axis of the disturbance (trough Iine)‘is indicated by the dashed
heavy line. : : C
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side of the basic tidge (0< X <m/2M,¥,<Y <Y,), the southeast side of the basic ridge
O<X<zf2M, ¥,>Y>Y x/2N), the northeast gide of the basic trough (x/2M <X <<
7 M, ¥ <Y <Y,), and the southeast side of the basic trough (z/2M <X <a/M, Y ,>Y>
Y —a/2N) respectively. So that we have 2u/8Y >0 in all these four regions, while 2a/2X
<0 in regions [ and IV, and 2a/8X >0 in regions II and IIL

Suppose that there is a leading wave packet {mn>>0) located in regions I and 11 with
nt>m* (disturbance is shallow in the meridional direction, and its trough-ridge lines
cross Y-axis with an angle §> /4, see Fig. 5), according to (55), this is a growing dis-
turbance due to the fact that leading term, mn 28/8Y, is positive in these two regions,
but the northern part (in region I) develops more rapidly than the southern part (in region
11) because the two terms {(m*~—n')38/8X and mn2d J8Y are positive in region I, while (" —
n%) aE/aX gives a negative contribution, hence cancels some positive contribution of
mn 3u/aY.

Suppose that a trailing wave packet {mn<:0) with »*>>m* is located in regions JII and
IV. [ts northern part decays more rapidly than the southern part.

When mi—u* is zero or very small so is the additional contribution.

Besides, Eqgs. (49) and (50) are simplified as follows

T T - i E
Ty i (1) o
“ _ Ll ::,’ —= — :)(

il

(51 (67 (7 (8)

Fig. 6. The structures of various inertio—gravity wave packets superimposed on a shear
basic flow, Wind speeds of the basic flow are shown by the thin lines with arrows.
The rays and isophase lines of the wave packet are also shown. 1, 4, 6 and 7 are
the cases of decaying wave packets, the others growing.

Dom __ 0%
DT ST Rx (67)
Dgn 28 98 . m 8By (68)

-[ﬁ.,—ns—m_a?‘——u“a‘j{ +p, v -
According to these equations, for the leading wave packet both m and n decrease in regions
11, while m increases but n decreases in region I. Similarly, for the trailing wave packet
m decreases in tegion IV but increases in region I1L.
If ¥, is closed to Y, and if m*—n" is small, a leading trough {mn>0) on the east
gide of the basic ridge develops and simultaneously enlarges its tongitudinal and meridional
scales, then it becomes a deep and wide trough replacing the old basic trough. This is one
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of the typical types of the so-called retrograde propagation of ultra-long wave. On the other
hand, a trailing trough {mn<0) on the east side of the basic trough decays, and jts long—
itudinal and meridional scales simultaneously decrease.

4, Non-Geostrophic Wave Packets

There are three types of wave packets, the Rossby or vortic wave, forward propagating
inertio—gravity wave and backward propagating inertio-gravity wave, each of them is

.a solution to the primitive equations (25) and (26) linearized. Because of the linearity these

wave packets do not inmteract each other.
The behaviour of Rossby wave packet obtained by solving the linearized primitive equa-
tions slightly differs from that by the quasi-geosttophic model (see, Zeng and Lu,*1 1981)

.due to the fact, that the terms B, and B, are excluded in the dispersion relation (45), and

that B, is replaced by a const. in (59) (hence the total enstrophy is conserved as

Au/oX +85/8Y =0), if v},v; and ¢’ are directly expanded intc power series of &.

Using a local standard coordinate system and neglecting the small metric terms in the
linearized primitive equations, we get the same equations governing the evolution and the
structure of inertio-gravity wave packet, consequently, the same conclusions as in our pre-
vious works (Zeng!, 1979, Zeng and Lul), 1981, and Zeng®), 1983). Namely, introducing
characteristic scales t¥=f3', L*"——L‘,:\/g/f“ U* and ¢*=f,L*U* for the pertur—
bation, and &~ %, e7'L,, rU* and e™'rf L U* for the basic flow, we have the pertur—

bation equations as follows

| an' aw 2 . &g’ Lou L au
'W+U.éx_+V —ay——ff) +ut W+8[(ﬁ 2x T? W)
' _a B_LL .?.I/_ —i;o
. 8 (aX L% )J' ’
5’ av’ o’ . a9’ , 8V ,
y %t_+U_é?+V ?ﬁy +fa' g *a%—lrs[(ﬁ ax t? W—) (69)
(U, N
(G rar) o
lag o4 04 o8 o¢_ rdU W
|G U 3tV Sy v et oy et ax oy 70
where all the variables are nondimensional, including f; X =ex, Y =ey,
. rfo L JU* —
=1+ Py P,
(e, 0" =t (W), (70)

rU*
I U, = FL* (g, ),
and & is the departure of geopotential of the basic flow from its maen. Taking *= /7"
and ¢* = f,L*U* means that we are studying inertio—gravity wave rather than the pure gra-
vity wave. Taking L*= L, means that the perturbation is of meso-scale and basic flow of large

scale if L,~10°m, and that the perturbation is of large scale and basic flow of planetary
scale if L,~10" m, rU*/f,L¥=1asr=10, U*=1m sec™, L*=10° m and f,=10"" sec™';

* to be published

T eab: 40 q AEE S SRR



56 ADVANCES IN ATMOSPHERIC SCIENCES Vol. 3

and rL/*/f 1% =04 asr=40, U*=| sec™, L*=10° m and f,=10~* sec—:. In both cases

(U, V) and »* are all slowly varying functions, and we have a]sokaT +U = X + 6}’)

f o7 a :
+ut {ﬁf—a}}“)={), where T=¢¢ (the closed set of equations for the basic flow will
be given in section V)

Let

2 =[8,( X,V ,T)+ea,(X,V,T)+ = Jexplid{x, y,¢)],
& =00,(X, ¥, T)4er (X,V,T)+- Jexplid(x, v,£371, (713

$' =[ho(X Y. T+ e, (X, Y, T+ TJexplif(x, v,£)],
we have the dispersion relation, group velocity and equations governing the change of the
frequency and the wave numbers for the inertio-gravity wave packets as follows:

E=+u{m+n), E=—g4+ml+nr,
a I7]
Cox= ’a’;“':U""#Em/gr Cys'z'é'c; =V —-utn/t,

(Deg oL AU miint gy
Dr =My Thar 2t aT *

Do [ L e s 1o i
' (’" X T 28 AX T2 ox : (72)
Dsn TooaU + a’  wmita ant 1 At
COT T Ty TRy T T ag Ay T2 oy
Dg z 2 Ny ol _a_pf“
o ot ) == { e gy )
D S P S 4 N (30 _ar
mih ™ ax TH Gy Tmrigy * )
._L_j 'moAft  ptm Af
Tuilmitaty £ 8xX + g By u' (73)
The internal relation between the velocity and geopotential fields is given by
- 7 —im
e = ’;?15—:“"' quus Ug= f{}sn (74)

m' +nt

From the equation governing the evolution of ¢, we obtain the energy integral
a [y a8y

'ET’HW‘?G‘{XW= ” zg={(5 +fz)( ¥ )

. 2U ar U ar
2t g G (S5 +ox ) ldxay, (75)

and an. equation
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where ¢} and A are the energy density and the wave action respectively,

£ ) il {77

gi(m*+n

[H‘z(lﬂ P10+ [¢ai]

A=e /e, £18)

12 2 2 d
pr=ar Yax TV v

Eq. (75) is the analogue of (33). Note that there should be more terms on the right
hand side in (33} if the basic flow is not a nondivergent zonal one (see section V).

Suppose that there are westerlies with ¥~=0 in the Northern Hemisphere, hence al/ /2 X
=al jaX =0 and )7 /8¥ ~0. From (73) and (75) we have: (a) When the wave packets
are generated near the jet axis, the downstream propagating waves (£>>0) in both sides of the
jet are amplified, while the upstream propagating waves {£<0) are decaying. (b) When the
source emitting the wave packets is located far away from the jet axis the downstream pro-
pagating wave packets first propagate toward the jet with gradual decrease of energy; and
then cither are reflected or penetrate from one side into the other side of the jet axis, in both
cases they become amplified; but the upsiream propagating waves first propagate toward the
jet with gradual increase of energy, and then penetrate the jet axis and propagate away with
continuous decrease of energy. (c) The weighted wave number, u(m®+n*)'/" of a south-
ward propagating and decaying wave packet decreases, while it increases with a northward
propagatirg and growing one; the change of weighted wave number is unclear with northward
propagating and decaying waves or southward propagating and growing waves due to the
influence of af%/3Y. The structure of the various wave packets is sketched in Fig. 6.
Note that the word “wave™ used here means only the large-scale inertio-gravity wave.

From (77) we conclude that a barotropic zonal flow is not efficient to absorb the large-
scale inertio-gravity waves completely. Ln fact, we have the conservation of wave action if
V=0 and 8L/ /@ X + &V /¥ =0. However, £* s never zero, hence, e neither. In a baro-
tropic almesphere the interaction of ultra-long wave (basic flow) and large-scale inertio-
pravity waves or interaction of large scale divergent basic flow and meso-scale inertio—gravity
waves are needed to absorb the inertio—gravity waves more efficiently.

and
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