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Introduction

The supplementary material includes the specific formulae for the ice crystal complex refractive index model developed
by Mitzler, the simplification process of particle size distribution and the derivation of the effective diameter, a detailed
derivation of the spherical harmonic expansion, as well as the complete formulae for the delta-M technique.

Refractive index of ice
The real part £ and the imaginary part &;’ of the complex refractive index are calculated using the following formulae:

£ =3.1884+9.1x 1074(T -273); 243<T <273, (S

o = % +py, (S2)

where T is the temperature in Kelvin, and v is the frequency in GHz. For the imaginary part of the complex refractive
index, adjustments based on temperature are required for the a and f. The term a is corrected by term 6 = Ty/T, Ty = 300
K:

@ = (0.00504 + 0.00626)exp(—-22.16) , (S3)

and S is computed from two parts:

B=Bu+AB, (S4)

where

*The online version of this article can be found at https://doi.org/10.1007/s00376-024-4117-7.
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pu =t SO g2, (85)

T b 2
=|-1
(ool
and the correction term Af is required only when 7> 200 K:

AB = exp(—9.963 +0.0372(T —273.16)) . (S6)

Particle size distribution

The modified gamma distribution was selected in this paper and its complete form can be expressed as:

Nop( D V' 1 DV
D)= —|— — 1= 1, S7
R e I B e (s7)
where x4 and /A are shape parameters, IV, is the slope intercept of the function, I" is the Gamma function, Dy is the scaling
parameter, and its inverse is the slope of the distribution. The Gamma function is:

I'z)= f ¥ exp(x)dx . (S8)
0
The u and Z are both set to 1 in this paper, and the simplified form of this distribution is:
(D) = N, ! ! D (59)
n(D) = Ngo—exp|-—D]| .
“Dy P\ Dy

The bulk scattering properties are parameterized as a function of effective particle size D.g, which also refers to the
mean diameter of the cloud layer:

| D3n(D)dD
off = oo - (S10)
|y D*n(D)dD
For the modified gamma distribution used in this study, the effective particle could be simplified to:
I'4)
Detr = Dy—— . S11
eff N T (3) ( )

Expansion coefficients of phase matrix

The optical scattering matrix of the scattering particles consists of six independent scattering phase matrix elements
including P11, P12, P2, P33, P34, Pas as

P11(6) P12(6) 0 0
| Pr2(®) Pxn(6) 0 0
PO=\"" 0 Pu® Pu®) (12
0 0 =P34(0) Py ()

where the Py () is normalized by Eq. (S12). The normalized scattering phase matrix elements could be expanded by general-
ized spherical functions F,, ,, where m and n are integers:

00

Pii(0) = ) aiFy(cost) , (S13)
5s=0
Py (60)+ P33 (6) = ) (a3 +a3)F3, (cost) , (S14)

s=2



Py ()= P33 (0) = ) (@3- a})F3_,(cosf) , (S15)

§=2
Pu ()= ) aiF;(coso) , (S16)
s=0
Pi2(0) = ) biFy,(cost) , (S17)
s=2
P3(0)= Y byF; 5 (cos) , (S18)
s=2

where s is the expanded items, depending on the required numerical precision; aj, a3, a3, aj, b{ and b; are the expansion
coefficients of Py (0), P2 (), P33(0), P44(0), P12 (0) and P34(0), respectively. The relationship between the Wigner d function
and the generalized spherical function is as follows:

d,,(0) =" ""F}, (6) . (S19)

The expansion coefficients of the scattering phase matrix elements could be derived through the relationship between
the Wigner d function and the generalized spherical function:

1
aj = (s + %)f dé,o (cosB) Py (6)d(cosb) , (S20)
-1
1
ay+a = (s + %)f d; ,(cos0) [P () + P33 (0)]d(cos6) , (S21)
-1
1
ay—ay = (s + %)f di_z (cos8) [Py (0) — P33 (6)]d(cosB), (S22)
-1
1 1
a; = (s + E) f dy  (cos6) Py (0)d(cosb) (823)
-1
1 1
b = (s + E) f dj 5 (cos6) P15 (6)d(cosb) , (824)
-1
1 1
b = (s + 5) f dy 5 (cos) P34 (0)d(cosb) . (825)
-1

The Wigner d function has the following recurrence relation:

(2s+1)[s(s+1)cosd—mn]ds, (0) — (s +1) Vs2 —m? Vs2 —n2d5, 1 (0)

ds+l (9) —
sV(s+ 12 —m2 (s +1)2 —n?

mn

(S26)

where § > Smin, Smin = max (|m|,|n|), while s < syin, the Wigner d function is equal to 0. The initial values of this recurrence
relation are:

1/2

2 . ! m—n| m+n
(2$min) (1=cos6)"2" (1 +cos) 5" . (827)

d;1nr11in 0) = mn2‘~“min
) =¢ (=)t (m+ )

In addition, the d,fq",;i"_l (6) =0, and the &, can be expressed as:



1 nzm
é‘:mn - { (_l)m—n n<m . (828)

Note that all expansion coefficients must be multiplied by the normalization coefficient 1/ a'? to ensure numerical preci-
sion.
The original phase function could be approximately expressed as:

P(cosh) = fiws X20(1 —cosb) + (1 — frws) P (cos0) , (S29)

where fiws is the fraction of forward-scattering, ¢ is the Dirac delta function, and P’ (cos6) is the truncated phase function,
which is normalized if the original phase function is normalized, and could be expressed in another form:

M-1 ,
P (cose):zl:() C,Py(cosf) . (S30)

Then, multiply the expression by P (cos6) and integrate the result by u = cosé from —1 to 1, using the orthogonal rela-
tionship of the Legendre polynomials:

’

— ( fW ) K= O l 2 AM - I
k )fWS 1 fws s Lyttt

Siws k=MM+1,---

The appropriate coefficient C; in Eq. (S31) for k < M — 1 is strictly equal, but the equation for kK > M is an approximation
of the phase function, which could cause a truncation error. Due to the accuracy of low-level expansion being more significant
than high-level, the frys could be represented as Cys/ (2M + 1). Therefore, the coefficients of the truncated phase function
could be expressed as:

r LG = fiws @I D] _ [Cz—( 20+1 )CM}/(I Cu ) (S32)

C ~ _
! (1= fws) oM+ 1 2M+1

In ARMS, the coefficients computed by setting 2M to 4, 6, 8, 16 are written in a look-up table in proper order for
two/four-stream, six-stream, eight-stream, sixteen-stream approximation.

Typhoon cases

Detailed information on the 14 typhoons over the western Pacific from 2022 to 2023 selected for simulation experiments
in this study is provided in Table S1, below. All fields of view within the rainbands of these typhoons were included for devia-
tion statistical analysis.

Table S1. List of typhoon cases for simulation experiments.

Typhoon name Year Time Area
Haikui 2023 0700 UTC 3 September 19°-28°N 115°-125°E
Saola 2023 0800 UTC 30 August 15°-25°N 115°-124°E
Lan 2023 0800 UTC 11 August 24°-32°N 139°-146°E
Khanun 2023 2100 UTC 4 August 22°-31°N 122°-131°E
Doksuri 2023 0900 UTC 27 July 17°-26°N 114°-123°E
Guchol 2023 2000 UTC 10 June 17°-26°N 127°-136°E
Mawar 2023 2000 UTC 25 May 9°-20°N 133°-146°E
Nalgae 2022 2100 UTC 1 November 9°-20°N 110°-120°E
Roke 2022 0700 UTC 30 September 25°-35°N 135°-150°E
Noru 2022 1000 UTC 26 September 11°-20°N 107°-121°E
Muifa 2022 0800 UTC 11 September 19°-30°N 119°-127°E
Hinnamnor 2022 0800 UTC 5 September 26°-37°N 120°-130°E
Tokage 2022 0700 UTC 24 August 30°-38°N 146°-154°E
Malakas 2022 0700 UTC 14 April 17°-29°N 134°-151°E




	Introduction
	Refractive index of ice
	Particle size distribution
	Expansion coefficients of phase matrix
	Typhoon cases

